AN . . 


SS 


SN 


AN SA SN 
RAV 
RA 


\ \\ 
N 
LN 
SYS 


OO) 
Y 
~ 
Se 


NEY 


NS : 


NY 


WR SESS | WN 


wes SS 
SSN ‘ AN . LOAN 
S \ AS | AX AS 


\ 
si . . , : SN MAY . ‘ 
AQ \\\ ARAL 
we \ I 
| ‘\ \ 
es NS Nite : . NS 
DSS we on AE \ N ASS SN Wt : . ‘ 
< y » \ 7 SS ~ ‘ \ » . i : », \ ‘ \ wy SSS 
tS aN SENS ‘ SN \ AS ‘ NY . WN WS REA . WN SS : WY 
WSS SON . SS : X . . SS \ 
WSS WANS WAAgQ AX SK 
NY SS . 
- Sy 
SAS x8 SSS SRA SS 
Ss : . . SS . Wee 


» 
= 


Aas 


SN 


SN 
My 
SS : 
we 
; SAAR 


. ‘ : " POO NN pond 
- a> “ 5 ba - 3 
a) ; oS vet et <i . 3 OOS « 

+ ; SARS ISNA Sst NEN SES EY . - : Snares: 
~ AA, ah. 3 cial . ANN ana - a CN? 


3 Se Wits 
ES RESP SAN ARMA aR RAN CARS 


i 
if 
ig 
' 
t 
1 
ii 
i 
? 
it 
it 
1 
iq 
‘a 
if 
if 
i# 
+ 
i 
ii 
i 
4 
if 
' 
7 
i 
1 
{ 


aoe 
he 
nian 
: 
“EY 


ELEMENTS OF QUATERNIONS. 


ELEMENTS ...... 


QUATERNION S. 


SIR WILLIAM ROWAN HAMILTON, LL.D., 
M.R.dJeA. >. D.C. L. Canran. ; 


FELLOW OF THE AMERICAN SOCIETY OF ARTS AND SCIENCES; 

OF THE SOCIETY OF ARTS FOR SCOTLAND; OF THE ROYAL ASTRONOMICAL SOCIETY OF LONDON ; 
AND OF THE ROYAL NORTHERN SOCIETY OF ANTIQUARIES AT COPENHAGEN ; 
CORRESPONDING MEMBER OF THE INSTITUTE OF FRANCE 5 
HONORARY OR CORRESPONDING MEMBER OF THE IMPERIAL OR ROYAL ACADEMIES OF ST. PETERSBURG, 
BERLIN, AND TURIN ; OF THE ROYAL SOCIETIES OF EDINBURGH AND DUBLIN ; 

OF THE NATIONAL ACADEMY OF THE UNITED STATES; 

OF THE CAMBRIDGE PHILOSOPHICAL SOCIETY ; THE NEW YORK HISTORICAL SOCIETY ; 

THE SOCIETY OF NATURAL SCIENCES AT LAUSANNE ; THE PHILOSOPHICAL SOCIETY OF VENICE ; 
AND OF OTHER SCIENTIFIC SOCIETIES IN BRITISH AND FOREIGN COUNTRIES ; 

ANDREWS PROFESSOR OF ASTRONOMY IN THE UNIVERSITY OF DUBLIN ; 


AND ROYAL ASTRONOMER OF IRELAND. 
se COO IN to eo oe 


EDITED BY 


CHARLES JASPER JOLY, M.A., 


FELLOW OF TRINITY COLLEGE, DUBLIN 3 
ANDREWS’ PROFESSOR OF ASTRONOMY IN THE UNIVERSITY OF DUBLIN, 
AND ROYAL ASTRONOMER OF IRELAND. 


VOLUME. Tt. 


PON GALAN 82 Gh PBN AN. De OO |. 
39, PATERNOSTER ROW, LONDON. 
NEW YORK, AND BOMBAY. 


1901. 


PRINTED AT THE 


By Ponsonsy & WELDRICK. 


ADVERTISEMENT TO THE SECOND EDITION. 


I wave reserved for the Appendix to this Volume the longer additional and 
illustrative notes which I have written for the new edition of the ‘‘ Exements.”’ 
Some of those notes would have been inconveniently long as footnotes ; others 
would have been inconveniently placed. For example, although the Note on 
Screws relates naturally to Art. 416 and that on the Kinematical Treatment 
of Curves to Art. 396, I have placed the Note on Screws before the Note on 
Curves because Hamilton’s remarks on screw motion in the earlier Article required 
some development in order to make the Note on Curves easily intelligible. 
Accordingly the order of the notes has been arranged with reference to the 
notes themselves rather than with reference to the text. The selection and 
treatment of the subjects of these notes have been subordinated to the illustration 
of quaternion methods. I have not hesitated to sacrifice brevity for suggestive- 
ness, and above all I have tried to render the notation as explicit as possible. 

An analysis of the Appendix will be found on pages xlv—xlix. 

For greater convenience I have provided an Index to the whole work referring 
to the pages, the volumes being distinguished by the numbers i and ii. 

I take this opportunity of testifying to the extraordinary accuracy both of 
matter and of printing in the first edition of the ‘‘ Krements.”’ Every portion 
of the work bears evidence of Hamilton’s unsparing pains. I cannot recall a 
single sentence ambiguous in its meaning, or a single case in which a difficulty 
is not honestly faced. I see no sign of diminished vigour or of relaxed care 
in those portions of the work written in his failing health. My task as editor 
has convinced me of the extreme caution with which any endeavour should be 
made to improve or modify the calculus of Quaternions. 

In conclusion, I desire to express my thanks to the College Printer, Mr. 
George Weldrick, for the great care he has taken in printing this edition for 
the Board of Trinity College, and for his unvarying courtesy to myself. 


CHARLES JASPER JOLY. 


THE OxpsErvatory, Dunsinx, 


16th December, 1900. 
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ON QUATERNIONS, CONSIDERED AS PRODUCTS OR POWERS 
OF VECTORS; AND ON SOME APPLICATIONS OF QUATER- 
NIONS (continued), . 


CHAPTER III. 


On some ADDITIONAL APPLICATIONS OF QUATERNIONS, WITH SOME 
ConctupIne REMARKS. 


Srcrroy 1.—Remarks Introductory to this Concluding Chapter, . 
Section 2.—On Tangents and Normal Planes to Curves in Space, 
Section 3.—On Normals and Tangent Planes to Surfaces, . 


Sxction 4.—On Osculating Planes, and Absolute Normals to Curves of 
Double Curvature, . 


Sxction 5.—On Geodetic Lines, and Families of Surfaces, 


In these Sections, dp usually denotes a tangent to a curve, and v a normal to a surface. 
Some of the theorems or constructions may perhaps be new ; for instance, those connected 
with the cone of parallels (pp. 6, 26, &c.) to the tangents to a curve of double curvature ; 
and possibly the theorem (p. 42), respecting reciprocal curves in space: at least, the 
deductions here given of these results may serve as exemplifications of the Calculus 
employed. In treating of Families of Surfaces by quaternions, a sort of analogue 
(pp. 47, 48) to the formation and integration of Partial Differential Equations presents 
itself ; as indeed it had done, on a similar occasion, in the Lectwres (574). 


Sxcrion 6.—On Osculating Circles and Spheres, to Curves in Space; with 
some connected Constructions, . ; : : : 


The analysis, however condensed, of this long Section (III. iii. 6), cannot conveniently 
be performed otherwise than under the heads of the respective Articles (389-401) which 
compose it: each Article being followed by several sub-articles, which form with it a 
sort of Series. * 


Pages 


1-358 


]-4 
4-10 
11-23 


24-29 
29-49 


50-179 


* A Table of initial Pages of all the Articles will be elsewhere given, which will much facilitate 


reference. 
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ARTICLE 389.—Osculating Circle defined, as the limit of a circle, which touches a given 
curve (plane or of double curvature) at a given point Pp, and cuts the curve at a near point 
q (see fig. 77, p. 24). Deduction and interpretation of general expressions for the vector 
k of the centre K of the centre so defined. The reciprocal of the radius KP being called the 
vector of curvature, we have generally, 


Vector of Curvature = (p — x) = ——— = = V — = &e.; (8) 


and if the are (s) of the curve be made the independent variable, then 


2 

Vector of Curvature = p” = D,?p = Ss . (8) 
Examples: curvatures of helix, ellipse, hyperbola, logarithmic spiral ; locus of centres of 
curvature of helix, plane evolute of plane ellipse, . : ; , ° 

ARTICLE 390.—Abridged general calculations ; return fo (S’) (S), 

ARTICLE 391.—Centre determined by three scalar equations; Polar Avis, Pak 
Developable, . j . 

ARTICLE 392.— Vai Erne of penutatiie Sitio. , 

ARTICLE 393.—Intersection (or intersections) of a circle with a plane curve to ase it 
osculates; example, hyperbola, . 

ARTICLE 394.—Intersection (or Peomentons) of a ane curve ak a Oya ae 
osculating thereto; example, spherical conic ; constructions for the spherical centre (or pole) 
of the circle osculating to such a curve, and for the point of intersection above mentioned, 

ARTICLE 395.—Osculating Sphere, to a curve of double curvature, defined as the limit 
of a sphere, which contains the osculating circle to the curve at a given point P, and cuts 
the same curve at a near point a (comp. Art. 389). The centre s, of the sphere so found, 
is (as usual) the point in which the polar axis (Art. 391) touches the cusp-edge of the polar 
developable. Other general construction for the same centre (p. 77, comp. 106). General 
expressions for the vector, o = os, and for the radius, R= sp; R-1is the spherical curvature 
(comp. Art. 397). Condition of Sphericity (S=1), and Coefficient of Non-sphericity (S—1), 
for a curve in space. When this last coefficient is positive (as it is for the helix), the 
curve lies outside the sphere, at least in the neighbourhood of the point of osculation, : 

ARTICLE 396.—Notations 7, 7’, .. for Dp, Ds?p, &c. ; properties of a curve depending 
on the square (s*) of its arc, measured from a given point P ; 7 = wnit-tangent, rv’ = vector 
of curvature, r-' = Tr' = curvature (or first curvature, comp. Art. 397), y= rr’ = binormal ; 
the three planes, respectively perpendicular to 7, 7’, v, are the normal plane, the rectifying 
plane, and the osculating plane; general theory of emanant lines and planes, vector of 
rotation, axis of displacement, osculating screw surface ; condition gu developability of 
surface of emanants, . : : ‘ 

ARTICLE 397.—Properties depending on the ale (58) of the are ; Balas r (denoted 
here, for distinction, by a roman letter), and Vector r-7, of Second Curvature ; this radius 
r may be etther bee aS or negative (whereas the radius 7 of jirst curvature is always 
treated as positive), and its reciprocal r-! may be thus expressed (pp. 92, 88), 
dp i 


(Dy; 600s. kon = cg, (T’) 


Second Curvature* = x = § ——— 
ature* =r Ss Vande’ ; = 


the independent variable being the are in (T’), while it is arbitrary in (T): but quaternions 


Pages 


50-55 
55-56 


57-58 
58-60 


60-63 


63-74 


74-80 


81-88 


* In this Article, or Series, 397, and indeed also in 396 and 398, several references are given to a 


very interesting Memoir by M. de Saint-Venant, ‘‘ Sur les lignes courbes non planes’? 


: in which, 


however, that able writer objects to such known phrases as second curvature, torsion, &c., and proposes 
in their stead a new name “cambrure,’’ which it has not been thought necessary here to adopt. 


(Journal de ? Ecole Polytechnique, Cahier xxx.) 
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supply a vast variety of other expressions for this important scalar (see, for instance, the 
Table in p. 108). We have also (by p. 89, comp. Arts. 389, 395, 396), 


Vector of Spherical Curvature = sp) = (p — a)! = &e., (U) 


= projection of vector (1’) of (simple or first) curvature, on radius (R) of osculating sphere: 
and if y and P denote the /inear and angular elevations, of the centre (s) of this sphere 
above the osculating plane, then (by same page 89), 


p=rtan P=Rsin P=rr=rDsr. (U’) 
Again (pp. 89, 90), if we write (comp. Art. 396), 


7’ 


= v- —==r'r 47’ = Vector of Second Curvature plus Binormal, (V) 


this line A may be called the Rectifying Vector; and if H denote the inclination (considered 
first by Lancret), of this rectifying line (A) to the tangent (7) to the curve, then 


tan H =r"! tan P=97'r. (V’) 


Known right cone with rectifying line for its axis, and with H for its semiangle, which 
osculates at Pp to the developable locus of tangents to the curve (or by p. 99 to the cone of 
parallels already mentioned) ; new right cone, with a new semiangle, C, connected with H 
by the relation (p. 91), 


8} Tu 
tan C= ‘ tan H, (V") 


which osculates to the cone of chords, drawn from the given point P to other points @ of 
the given curve. Other osculating cones, cylinders, helix, and parabola; this last being 
(pp. 91, 96) the parabola which osculates to the projection of the curve, on its own osculating 
plane. Deviation of curve, at any near point a, from the osculating circle at Pp, decomposed 
(p. 96) into two rectangular deviations, from osculating helix and parabola. Additional 
formule (p. 109), for the general theory of emanants (Art. 396) ; case of normally emanant 
lines, or of tangentially emanant planes. General auxiliary spherical curve (pp. 110-112, 
comp. p. 28) ; new proof of the second expression (V’) for tan H, and of the theorem that if 
this ratio of curvatures be constant, the proposed curve is a geodetic on a cylinder: new 
proof that if each curvature (7-}, oe be constant, the cylinder is Sli and therefore the 
curve a helix, ; 

ARTICLE 398. Sep oneied of a curve in hae depending on the foot ae Jifth 
powers (s*, s°) of its are (s), . ‘ : : : 

This Series 398 is so much longer than ae ilies in the Wola and is spaces to 
contain so much original matter, that it seems necessary here to subdivide the analysis 
under several separate heads, lettered as (a), (4), (¢), &e 

(a). Neglecting s°, we may write (p. 112, comp. Art. 396), 
OPs = ps =p + 87 + $877’ + $537" + shestr’”’; (W) 
or (comp. p. 125), 

pPs= pt Ut + ysrr + 2,ry, (W’) 


with expressions (p. 126) for the coefficients (or coordinates) xs, y,, %s, in terms of 7, 7’, 7”, 
r,1’,ands. If s° be taken into account, it becomes necessary to add to the expression 
(Ww) the term, TEOSTIY ; with corresponding additions to the scalar coefficients in (W’), 
introducing *” and r”: the laws for forming which additional terms, and for extending 
them to higher powers of the arc, are assigned in a subsequent Series (399, pp. 156, 163). 

(4). Analogous expressions for 7”, v", x”, A’, o’, and yp’, R’, P’, H', to serve in questions 
in which s° is neglected, are assigned (in p. 113); 7”, v’, «’, A, o, and p, R, P, H, haying 
been previously expressed (in Series 397); while r1v, »”, «”, a”, o”’, &c. enter into 
investigations which take account of s°: the arc s being treated as the independent 
variable in all these derivations. 


HAmILTon’s ELEMENTS OF QUATERNIONS, Vot. II.; 


1x 
Pages 
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(c). One of the chief results of the present Series (398), is the introduction (p. 116, &c.) 
of a new auxiliary angle, J, analogous in several respects to the known angle H (397), but 
belonging to a higher order of theorems, respecting curves in space: because the new angle 
J depends on the fourth (and lower) powers of the arc s, while Lancret’s angle H depends 
only on s° (including s! and s?). In fact, while tan H is represented by the expressions 
(V’), whereof one is 7’-! tan P, tan J admits (with many transformations) of the following 


analogous expression (p. 116) 
tan J = FR! tan P; (X) 


where RF’ depends* by (4) on st, while * and P depend (397) on no higher power than s°. 

(d). To give a more distinct geometrical meaning to this new angle J, than can be 
easily gathered from such a formula as (X), respecting which it may be observed, in 
passing, that J is in general more simply defined by expressions for its cotangent 
(pp. 116, 126), than for its tangent, we are to conceive that, at each point p of any 
proposed curve of double curvature, there is drawn a tangent plane to the sphere, which 
osculates (395) to the curve at that point ; and that then the envelope of all these planes is 
determined, which envelope (for reasons afterwards more fully explained) is called here 
(p. 116) the ‘* Circumscribed Developable’’: being a surface analogous to the ‘‘ Rectifying 
Developable’? of Lancret, but belonging (c) to a higher order of questions. And then, as 
the known angle H denotes (397) the inclination, suitably measured, of the rectifying line 
(A), which is a generatrix of the rectifying developable, to the tangent (7) to the curve ; so 
the new angle J represents the inclination of a generating line (), of what has just been 
called the circumscribed developable, to the same tangent (7), measured likewise in a 
defined direction (p. 117), but in the tangent plane to the sphere. It may be noted as 
another analogy (p. 117), that while H is a right angle for a plane curve, so J is right 
when the curve is spherical. For the helix (p. 122), the angles H and J are egual; and 
the rectifying and circumscribed developables coincide, with each other and with the right 
cylinder, on which the helix is a geodetic line. 

(e). If the recent line @ be measured from the given point P, in a suitable direction 
(as contrasted with the opposite), and with a suitable length, it becomes what may be 
called (comp. 396) the Vector of Rotation of the Tangent Plane (d) to the Osculating Sphere ; 
and then it satisfies, among others, the equations (pp. 114, 116, comp. (V)), 


poo > To = RB" cosec J; (X’) 


this last being an expression for the velocity of rotation of the plane just mentioned, or of 
its normal, namely the spherical radius R, if the given curve be conceived to be described 
by a point: moving with a constant velocity, assumed = 1. And if we denote by v the 
point in which the given radius R or ps is nearest to a consecutive radius of the same kind, 
or to the radius of a consecutive osculating sphere, then this point v divides the line Ps 
internally, into segments which may (ultimately) be thus expressed (pp. 115, 116), 


pv=Rsin? J, vs = R cos? J. (X”) 


But these and other connected results, depending on s‘, have their known analogues (with 
H for J, and r for &), in that earlier theory (c) which introduces only s? (besides s! and s) : 
and they are all included in the general theory of emanant lines and planes (396, 397), of 
which some new geometrical illustrations (pp. 117, 120) are here given. 


* In other words, the calculation of >’ and P introduces no differentials higher than the third 
order ; but that of R’ requires the fourth order of differentials. In the language of modern geometry, 
the former can be determined by the consideration of four consecutive points of the curve, or by that 
of two consecutive osculating circles; but the latter requires the consideration of two consecutive 
osculating spheres, and therefore of jive consecutive points of the curve (supposed to be one of double 
curvature). Other investigations, in the present and immediately following Series (398, 399), 
especially those connected with what we shall shortly call the Oscwlating Twisted Cubic, will be found 
to inyolye the consideration of sia consecutive points of a curve. 
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(f). New auxiliary scalar (= py"! RR' = cot J sec P = Kc.), = velocity of centre s of 
osculating sphere, if the velocity of the point p of the given curve be taken as unity (e); n 
vanishes with R’, cot J, and (comp. 395) the coefficient S — 1 (= mr!) of non-sphericity, 
for the case of a spherical curve (p. 120). Arcs, first and second curvatures, and 
rectifying planes and lines, of the cusp-edges of the polar and rectifying* developables ; 
these can ail be expressed without going beyond s°, and some without using any higher 
power than s‘, or differentials of the orders corresponding ; 71 = wr, and ri = "7, are the 
scalar radii of first and second curvature of the former cusp-edge, 71 being positive when 
that curve turns its concavity at s towards the given curve at Pp: determination of the 
point R, in which the /atter cusp-edge is touched by the rectifying line A to the original 
curve (pp. 120, 125). 

(g). Equation with one arbitrary constant (p. 125), of a cone of the second order, which 
has its vertex at the given point p, and has contaet of the third order (or four-side contact) 
with the cone of chords (397) from that point; equation (p. 128) of a cylinder of the 
second order, which has an arbitrary line PE from P as one side, and has contact of the 
fourth order (or five-point contact) with the cwrve at Pp; the constant above mentioned can 
be so determined, that the right line pr shall be a side of the cone also, and therefore a 
part of the intersection of cone and cylinder; and then the remaining or curvilinear part, 
of the complete intersection of those two surfaces of the second order, is (by known 
principles) a gauche curve of the third order, or what is briefly calledt a Twisted Cubic: and 
this last curve, in virtue of its construction above described, and whatever the assumed 
direction of the auxiliary line Pz may be, has contact of the fourth order (or five-point 
contact) with the given curve of double curvature at pe (pp. 125, 129, comp. pp. 92, 104). 

(h). Determination (p. 129) of the constant in the equation of the cone (g), so that this 
cone may have contact of the fourth order (or five-side contact) with the cone of chords from 
p; the cone thus found may be called the Osculating Oblique Cone (comp. 397), of the 
second order, to that cone of chords; and the coefficients of its equation involve only », r, 
rr, 7’, x", but not r’”, although this last derivative is of no higher order than r”, since 
each depends only on s° (and lower powers), or introduces only fifth differentials. Again, 
the cylinder (g) will have contact of the fifth order (or six-point contact) with the given 
curve at P, if the line pz, which is by construction a side of that cylinder, and has hitherto 
had an arbitrary direction, be now obliged to be a side of a certain’ cubic cone, of which the 
equation (p. 128) involves as constants not only rrv’r’r’r”, like that of the osculating cone 
just determined, but alsov’”’. The ¢wo cones last mentioned have the tangent (r) to the 
given curve for a common side,t but they have also three other common sides, whereof one 


* The rectifying plane, of the cusp-edge of the rectifying developable, is the plane of A and 7’, of 
which the formula LIV’. in p. 124 is the equation; and the rectifying line nu, of the same cusp- 
edge, intersects the absolute normal PK to the given curve, or the radius (r) of first curvature, in the 
point H in which that radius is nearest (e) to a consecutive radius of the same kind. But this last 
theorem, which is here deduced by quaternions, had been previously arrived at by M. de Saint-Venant 
(comp. the Note to p. viii), through an entirely different analysis, confirmed by geometrical 
considerations. 

t By Dr. Salmon, in his excellent Treatise on Analytic Geometry of Three Dimensions (Dublin, 
1862), which is several times cited in the Notes to this final Chapter (III. iii.) of these Elements. 
The gauche curves, above mentioned, have been studied with much success, of late years, by M. 
Chasles, Sig. Cremona, and other geometers: but their existence, and some of their leading properties, 
appear to have been first perceived and published by Prof. Mobius (see his Barycentric Calculus. 
Leipzig, 1827, pp. 114-122, especially p. 117). 

{ This side, however, counts as three (p. 159), in the system of the six lines of intersection (real or 
imaginary) of these ¢wo cones, which have a common vertex », and are respectively of the second and 
third orders (or degrees). Additional light will be thrown on this whole subject, in the following 
Series (399) ; in which also it will be shown that there is only one osculating twisted cubic, at a given 
point, to a given curve of double curvature; and that this cubie curve can be determined, without 
resolving any cubic or other equation. 
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at least is veal, since they are assigned by a cubic equation (p. 129); and by taking this 
side for the line Px in (g), there results a new cylinder of the second order, which cuts the 
osculating oblique cone, partly in that right line Px itself, and partly in a gauche curve of 
the third order, which it is proposed to call an Osculating Twisted Cubic (comp. again (g)), 
because it has contact of the fifth order (or six-point contact) with the given curve at P 
(p. 129). 

(1). In general, and independently of any question of osculation, a Twisted Cubic (g), 
if passing through the origin o, may be represented by any one of the vector equations 
(pp. 181, 132), 

Vap + Vppp = 0, (Y); or (p + c)p =a, (Y’) 
or p= (+0), (Y"); or ~~ Vap+ pVyp + VpVapu=0,  (¥") 
in which a, y, A, mw are real and constant vectors, but ¢ is a variable scalar; while op 
denotes (comp. the Section III. ii. 6, or p. xxxii, vol. i., a linear and vector function, which 
is here generally not self-conjugate, of the variable vector p of the cubic curve. The number 
of the scalar constants, in the form (Y”’), or in any other form of the equation, is found 
to be ¢en (p. 132), with the foregoing supposition that the curve passes through the origin, 
a restriction which it is easy to remove. ‘The curve (Y) is cut, as it ought to be, in three 
points (real or imaginary), by an arbitrary secant plane; and its three asymptotes (real or 
imaginary) have the directions of the three vector roots B (see again the last cited Section) 
of the equation (same p. 131), 

VBoB = 0: (Z) 
so that by (P), p. xxxii, vol. i., these three asymptotes compose a real and rectangular system, 
for the case of self-conjugation of the function ¢ in (Y). 

(j). Deviation of a near point ps of the given curve, from the sphere (395) which 
osculates at the given point P; this deviation (by p. 132, comp. pp. 79, 120) is 


eae 784 R's4 ns* 


SP, — => —— 7 = &e.: Ai 
Sil Oden | Sarpy © lapen oe a 


it is ultimately equal (p. 134) to the guarter of the deviation (397) of the same near point 
Ps from the osculating circle at Pp, multiplied by the sine of the small angle ses,, which the 
small are 88s of the locus of the spheric centre s (or of the cusp-edge of the polar developable) 
subtends at the same point Pp; and it has an owtward or an inward direction, according as 
this dast are is concave or convex (f) ats, towards the given curve at P (pp. 122, 134). It 
is also ultimately equal (p. 136) to the deviation Ps, — Pss,, of the given point p from the 
near sphere, which osculates at the near point ps; and likewise (p. 137) to the component, 
in the direction of sp, of the deviation of that near point from the osculating cire/e at P, 
measured in a direction parallel to the normal plane at that point, if this /as¢ deviation be 
now expressed to the accuracy of the fourth order: whereas it has hitherto been considered 
sufficient to develope this deviation from the osculating circle (397) as far as the third order 
(or third dimension of s) ; and therefore to treat it as having a direction, tangential to the 
osculating sphere (comp. pp. 97, 138). 

(&). The deviation (A1) is also equal to the third part (p. 138) of the deviation of the 
near point Ps from the given circle (which osculates at Pp), if measured in the near normal 
plane (at Ps), and decomposed in the direction of the radius R, of the near sphere ; or to the 
third part (with direction preserved) of the deviation of the new near point in which the 
given circle is cut by the near plane, from the near sphere: or finally to the third part (as 
before, and still with an unchanged direction) of the deviation from the given sphere, of 
that other new point c, in which the near circle (osculating at Ps) is cut by the given normal 
plane (at P), and which is found to satisfy the equation, 


Sc = 88P, — 28P- (Bi) 


Geometrical connexions (p. 140) between these various results (/) (4), illustrated by a 
diagram (fig. 83). 
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(2). The Surface, which is the Locus of the Osculating Circle to a given curve in space, 
may be represented rigorously by the vector expression (p. 141), 


Wey uu = Pst sTs SINU + 157s VETS U5 (Ci) 


in which s and w are two independent scalar variables, whereof s is (as before) the are 
pps of the given curve, but is not now treated as small: and w is the (small or large) angle 
subtended at the centre %, of the circle, by the are of that circle, measured from its point of 
osculation Pp, But the same superficial locus (comp. 392) may be represented also by the 
vector equation (p. 156) involving apparently only one scalar variable (s), 


27; 


V +y,=0, (D,) 


WisaPs 
in which vy, = 7,7’s, and w = ws, = the vector of an arbitrary point of the surface. The 
general method (p. 11) of the Section III. iii. 3, shows that the normal to this surface (Ci), 
at any proposed point thereof, has the direction of ws.—os; that is (p. 141), the 
direction of the radius of the sphere, which contains the circle through that point, and 
has the same point of osculation Pp, to the given curve. The locus of the osculating circle is 
therefore found, by this little calculation with quaternions, to be at the same time the 
Envelope of the Osculating Sphere, as was to be expected from geometrical considerations 
(comp. the Note to p. 141). 

(m). The curvilinear locus of the point c in (k) is one branch of the section of the 
surface (1), made by the normal plane to the given curve at Pp; and if p be the projection 
of c on the tangent at p to this new curve, which tangent pp has a direction perpen- 
dicular to the radius ps or & of the osculating sphere at p (see again fig. 83, in p. 140), 
while the ordinate pc is parallel to that radius, then (attending only to principal terms), 
pp. 139, 140) we have the expressions, 


Rs —ns* 
pp = = Ur(a—p); pc = —— U (s — p), (E:) 


and therefore ultimately (p. 141), 


pe} 81_—mv*r (6 — p) 
poi 32 Rs 


= const. ; (F1) 


from which it follows that P is a singular point of the section here considered, but not a 
cusp of that section, although the cwrvature at P is mfinite: the ordinate pc varying 
ultimately as the power with exponent $ of the abscissa pp. Contrast (pp. 141, 142), of 
this section, with that of the developable Locus of Tangents, made by the same normal 
plane at Pp to the given curve; the vectors analogous to pp and vc are in this case 
nearly equal to —4s’7’ and — $s*rJyv; so that the latter varies ultimately as the 
power % of the former, and the point p is (as it is known to be) a ewsp of this last 
section. ; 

(n). A given Curve of double curvature is therefore generally a Singular Line (p. 143), 
although not a cusp-edge, upon that Surface (1), which is at once the Locus of its oscu- 
lating Circle, and the Envelope of its osculating Sphere: and the new developable 
surface (d), as being circumscribed to this superficial locus (or envelope), so as to touch 
it along this singular line (p. 156), may naturally be called, as above, the Circumseribed 
Developable (p. 116). 

(0). Additional light may be thrown on this whole theory of the singudar line (x), by 
considering (pp. 143-155) a problem which was discussed by Monge, in two distinct 
Sections (xxii. xxvi.) of his well-known Analyse (comp. the Notes to pp. 144, 145, 153, 
154, 155 of these Hlements) ; namely, to determine the envelope of a sphere with varying 
radius R, whereof the centre s traverses a given curve in space; or briefly, to find the 
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Envelope of a Sphere with One varying Parameter (comp. p. 171): especially for the Case 
of Coincidence (p. 145, &c.), of what are usually two distinct branches (p. 144) of a certain 
Characteristic Curve (or aréte de rebroussement), namely the curvilinear envelope (real or 
imaginary) of all the circles, along which the superficial envelope of the spheres is 
touched by those spheres themselves. 

(y). Quaternion forms (pp. 145, 146) of the condition of coincidence (0) ; one of these 
can be at once translated into Monge’s equation of condition (p. 145), or into an equation 
slightly more general, as leaving the independent variable arbitrary ; but a simpler and 
more easily interpretable form is the following (p. 146), 


ridr = + RAR, (Gi) 


in which * is the radius of the circle of contact, of a sphere with its envelope (0), while 71 
is the radius of (first) curvature of the curve (s), which is the locus of the centre s of the 
sphere. 

(¢). The singular line into which the two branches of the curvilinear envelope are 
fused, when this condition is satisfied, is in general an orthogonal trajectory (p. 151) to 
the osculating planes of the curve (s); that curve, which is now the given one, is therefore 
(comp. 391, 395) the cusp-edge (p. 151) of the polar developable, corresponding to the 
singular line just mentioned, or to what may be called the curve (Pp), which was 
formerly the given curve. In this way there arise many verifications of formule 
(pp. 151, 152) ; for example, the equation (G;) is easily shown to be consistent with the 
results of (f). 

(r). With the geometrical hints thus gained from interpretation of quaternion 
results, there is now no difficulty in assigning the Complete and General Integral of the 
Liquation of Condition (p), which was presented by Monge under the form (comp. p. 145) 
of a non-linear differential equation of the second order, involving three variables (p, , 7) 
considered as functions of a fourth (a), namely the coordinates of the centre of the sphere, 
regarded as varying with the radius, but which does not appear to have been either 
integrated or interpreted by that illustrious analyst. The general integral here found 
presents itself at first in a quaternion form (p. 158), but is easily translated (p. 154) into 
the usual language of analysis. A Jess general integral is also assigned, and its geo- 
metrical signification exhibited, as answering to a case for which the singular line lately 
considered reduces itself to a singular point (p. 155). 

(s). Among the verifications (gq) of this whole theory, it is shown (pp. 152, 153) that 
although, when the two branches (0) of the general curvilinear envelope of the circles of the 
system are real and distinet, each branch is a cusp-edge (or aréte de rebroussement, as 
Monge perceived it to be), upon the superficial envelope of the spheres, yet in the case of 
Jusion (p) this cuspidal character is lost (as was likewise seen by Monge*): and that then 
a section of the surface, made by a normal plane to the singular line, has precisely the 
form (m), expressed by the equation (Fi). In short, the result is in many ways con- 
firmed, by calculation and by geometry, that when the condition of coincidence (p) is 
satisfied, the Surface is, as in (), at once the Envelope of the osculating Sphere and the 
Locus of the osculating Circle, to that Singular Line on itself, into which by (g) the two 
branches (0) of its general cusp-edge are fused. 

(2). Other applications of preceding formule might be given ; for instance, the formula 
for x” enables us to assign general expressions (p. 155) for the centre and radius of the 
circle, which osculates at x to the locus of the centre of the osculating circle, to a given 
curve in space: with an elementary verification, for the case of the plane evolute of the 
plane evolute of a plane curve. But it is time to conclude this long analysis, which how- 
ever could scarcely have been much abridged, of the results of Series 398, and to pass to 
a more brief account of the investigations in the following Series. 


* Compare the first Note to p. 153 of these Elements. 
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ArticLe 399.—Additional general investigations, respecting that gauche curve of the 
third order (or degree), which has been above called an Osculating Twisted Cubic 
(398, (2)), to any proposed curve of double curvature; with eee x to the case, 
where the given curve is a helix, ‘ ° 

(a). In general (p. 159) the tangent pr to the gaenn curve is a aaa ee of ne eubie 
cone (398, (h)); one tangent plane to that cone (C3), along that side, being the oscwlating 
plane (P) to the curve, and therefore touching also, along the same side, the osculating 
oblique cone (C2) of the second order, to the cone of chords (397) from p; while the other 
tangent plane to the cubic cone (C3) erosses that first plane (P), or the guadric cone (C2), 
at an angle of which the trigonometric cotangent (31’) is equal to half the differential of 
the radius (r) of second curvature, divided by the differential of the are (s). And the three 
common sides, PE, PE’, PE’, of these two cones, which remain when the tangent Pr is 
excluded, and of which one at least must be rea/, are the parallels through the given point 
P to the three asymptotes (398, (i)) to the gauche curve sought ; being also sides of three 
quadrie cylinders, say (Lz), (L'2), (Z"2), which contain those asymptotes as other sides (or 
generating lines): and of which each contains the twisted cubie sought, and is ewt in it by 
the guadric cone (C2). 

(b). On applying this First Method to the case of a given helix, it is found (p. 159) 
that the general cubic cone (C3) breaks up into the system of a new quadric cone, (C2), and 
a new plane (P'); which latter is the rectifying plane (396) of the helix, or the tangent 
plane at p to the right cylinder, whereon that given curve is traced. The two quadric 
cones, (C2) and (C2') touch each other and the plane (P) along the tangent pr, and have 
no other real common side: whence two of the sought asymptotes, and two of the 
corresponding cylinders (a), are in this case imaginary, although they can still be used 
in calculation (pp. 159, 160, 162). But the plane (P’) cuts the cone (C2), not only in the 
tangent pt, but also in a second real side px, to which the real asymptote is parallel (a) ; 
and which is at the same time a side of a real quadric cylinder (£2) which has that 
asymptote for another side (p. 162), and contains the twisted cubic: this gauche curve 
being thus the curvilinear part (p. 161) of the intersection of the real cone (C2), with the 
real cylinder (Lz). 

(ec). Transformations and verifications of this result; fractional expressions (p. 162), for 
the coordinates of the twisted cubic ; expression (p. 161) for the deviation of the helix 
from that osculating curve, which deviation is directed inwards, and is of the sixth order: 
the least distance, between the tangent pr and the real asymptote, is a right line PB, 
which is cut internally (p. 162) by the axis of the right cylinder (b), in a point a such that 
PA is to AB as three to seven. 

(d). The First Method (a), which has been established in the preceding Series (398), 
succeeds then for the case of the feliz, with a facility which arises chiefly from the 
circumstance (b), that for this case the general cubic cone (C3) breaks up into ¢wo separate 
loci, whereof one is a plane (P’). But usually the foregoing method requires, as in 
(398, (2)), the solution of a ewbie equation: an inconvenience which is completely avoided, 
by the employment of a Second General Method, as follows. 

(e). This Second Method consists in taking, for a second locus of the gauche osculatrix 
sought, a certain Cubic Surface (3), of which every point is the vertex* of a quadric cone, 
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156, 167 


* It is known that the locus of the vertex of a quadric cone, which passes through six given points 
of space, A, B, C, D, E, F, whereof no four are in one plane, is generally a Surface, say (84), of the 
Fourth Degree: in fact, it is ewt by the plane of the triangle anc in a system of four right lines, 
whereof three are the sides of that triangle, and the fourth is the intersection of the two planes, aBc 
and per. If then we investigate the intersection of this surface (S;) with the guadric cone, 
(A. BCDEF), or say (Cz), which has a for vertex, and passes through the five other given points, we 
inight expect to find (in some sense) a curve of the eighth degree. But when we set aside the jive right 
lines, AB, AC, AD, AE, AF, which are common to the two surfaces here considered, we find that the 
(remaining or) curvilinear part of the complete intersection is reduced to a curve of the third degree, 
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having six-point contact with the given curve at r: so that this new surface is cut by the 
plane at infinity, in the same cubic curve as the cubic cone (C3). It is found (p. 166) to be 
a Ruled Surface, with the tangent pr for a Singular Line; and when this right line is 
set aside, the remaining (that is, the curvilinear) part of the intersection of the two loci, 
(C2) and (S3), is the Osculating Twisted Cubie sought: which gauche osculatrix is thus 
completely and generally determined, without any such difficulty or apparent variety, as 
might be supposed to attend the solution of a cubic equation (d), and with new 
verifications for the case of the helix (p. 167). 
ArticLe 400.—On Involutes and Evolutes in space, : 167, 178 
(a). The usual points of Monge’s theory are deduced from ae two Farannent ss 
quaternion equations (p. 168), 


S(c-p)p'=0, V(c—p)o'=0, (Hi) 


in which p and o are corresponding vectors of involute and evolute; together with a 


theorem of Prof. De Morgan (p. 169), respecting the case when the evolute is-a spherical 
curve. 


(4). An involute in space is generally the only real part (p. 171) of the envelope of a 
certain variable sphere (comp. 398), which has its centve on the evolute, while its radius R 
is the variable intercept between the two curves: but because we have here the relation 
(p. 169, comp. p. 143), 

R? 4+ 6%=0, (Hy) 


the circles of contact (398, (0)) reduce themselves each to a point (or rather toa pair of 
imaginary right lines, intersecting in a real point), and the preceding theory (398), of 
envelopes of spheres with one varying parameter, undergoes important modifications in its 
results, the conditions of the applications being different. In particular, the involute is 
indeed, as the equation (H;) express, an orthogonal trajectory to the tangents of the evolute ; 
but mot to the osculating planes of that curve, as the singular line (398, (g)) of the former 
envelope was, to those of the curve which was the Jocus of the centres of the spheres before 
considered, when a certain condition of coincidence or of fusion, 398, (p)) was satisfied. 

(c). Curvature of hodograph of evolute (p. 173): if Pp, P1, Pa, . . ands, Si, 82, . . be 
corresponding points of involute and evolute, and if we draw right lines st, sT2, . . in the 
directions of siP1, S2P2, . . and with a common length = sp, the spherical curve PT1T2 . . 
will have contact of the second order at Pp, with the involute pPiP2. . (p. 178). 

ArticiEr 401.—Calculations abridged, by the treatment of quaternion differentials 
(which have hitherto been finite, comp. p. xxix, vol. i.) as infinitesimals ;* new deductions 
of osculating plane, circle, and sphere, with the vector equation (392) of the circle; and of 
the first and second curvature of a curve in space, . ‘ : ‘ ; : ; Aine of ee We) 


which is precisely the twisted cubie through the six given points. In applying this general (and 
perhaps new) method, to the problem of the osculating twisted cubic to a curve, the osculating 
plane to that curve may be excluded, as foreign to the question: and then the quartic surface 
(Sx) is reduced to the eubic surface (S3), above described. 

* Although, for the sake of brevity, and even of clearness, some »yhrases have been used in 
the foregoing analysis of the Series 398 and 399, such as four-side or five-side contact between 
cones, and five-point or six-point contact between curves, or between a curve and a surface, 
which are borrowed from the doctrine of consecutive points and lines, and therefore from that of 
infinitesimals ; with a few other expressions of modern geometry, such as the plane at infinity, &c. ; 
yet the reasonings in the text of these Elements have all been rigorously reduced, so far, or are all 
obviously reducible, to the fundamental conception of Limits ; compare the definitions of the osculating 
circle and sphere, assigned in Articles 389, 395. The object of Art. 401 is to make it visible how, 
without abandoning such ultimate reference to limits, it is possible to abridge calculation, in several 
cases, by treating (at this stage) the differential symbols, dp, dp, &c., as if they represented infinitely 
small differences, Ap, A*p, &c.; without taking the trouble to write these latter symbols jirst, as 
denoting finite differences, in the rigorous statement of a problem, of which statement it is not always 
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Section 7.—On Surfaces of the Second Order; and on Curvatures of 
Surfaces, . ‘ ; ; : f ; : ; : ; . 179-283 
ARTICLE 402.—References to some equations of ston in earlier parts of the 
volume, : 179, 180 
ARTICLES 403. 6 aerion austin: of ce Sohere (e -1, pee act 180, 182 
In some of these equations, the Notation N for norm is pa ee (comp. ine Seuiion 
Pie d-6.) 
ARTICLE 404.—Quaternion equations of the Ellipsoid, 183, 185 
One of the simplest of these forms is (pp. 325, vol. i., 185) the eu 
T (1p + pe) = «2-2, (Li) 
in which « and « are real and constant vectors, in the directions of the cyclic normals. 
This form (I) is intimately connected with, and indeed served to suggest, that 
Construction of the Ellipsoid (II. i. 13), by means of a Diacentrie Sphere and a Point 
(p. 234, vol. i., comp. fig. 53, pp. 234, vol. i., and 184), which was among the earliest 
geometrical results of the Quaternions. The three semianxes, a, b, c, are expressed (comp. 
p. 238) interms of 1, « as follows: 
K? we ? ’ 
a= Ti+ Te; et eee e= Ti— Tk; (I1’) 
whence abe = T(r — «). (11”) 
ARTICLE 405.—General Central Surface of the Second Order (or central quadric), 
Sopp=fp=1, . . eee 186-189 
ARTICLE 406. — General Corie of Gis Said Or a (or nee done) Spop = fp = 0, 189-196 
ARTICLE 407.—Bifocal Form of the equation of a central but non-conical surface of the 
second order: with some quaternion formule, relating to Confocal Surfaces, 196-208 


(a). The bifocal form here adopted (comp. the Section ITI. ii. 6) is the eruaion 
Cfp = (Sap)? — 2eSapSa’p + (Sa’p)? + (1 — e*)p? = C, (Ji) 
in which, C= (ce? — 1) (¢ + Saa’)/. (J1’) 


a, a are two (real) focal unit-lines, common to the whole system of confocals; the (real 
and positive) scalar 7 is also constant for that system: but the scalar ¢ varies, in passing 
from surface to surface, and may be regarded as a parameter, of which the value serves to 
distinguish one confocal, say (e), from another (pp. 196, 197). 

(b). The squares (p. 197) of the three scalar semiaxes (real or-imaginary), arranged in 
algebraically descending order, are 


@=(e+1)?, P=(e+8ac)P, c&=(e—-1)F; (Ki) 
a? ahs Ce ar + Cc 
whence P= ay eka aa (Li) 
and the three vector semiaxes corresponding are, 
aU (at+a), bUVaa'’, cU(a-a). (Mi) 


(c). Rectangular, unifocal, and cyclic forms (pp. 197, 203, 205) of the scalar function 
Jp, to each of which corresponds a form of the vector function op; deduction, by a new 


easy to assign the proper form, for the case of points, &c., at finite distances: and then having the 
additional trouble of reducing the complex expressions so found to simpler forms, in which differentials 
shall finally appear. In short, it is shown that in Quaternions, as in other parts of Analysis, the 


rigour of limits can be combined with the facility of infinitesimals. 
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analysis, of several known theorems* (pp. 197, 198, 202, 208) respecting confocal 
surfaces and their focal conics; the lines a, a’ are asymptotes to the focal hyperbola 
(p. 202), whatever the species of the surface may be: references (in Notes to pp. 203, 
204) to the Lectwres,t for the focal ellipse of the Hllipsoid, and for several different 
generations of this last surface. 

(d). General Exponential Transformation (p. 206) of the equation of any central 
quadrie ; 


p=%a+ yVatB, (Ni), with #fa+ y*fUVaa' = 1, (Ny) 
_ (a — ea) UVaa' | wee 
and B ard € a Saa’ b (Ni ) 


this auxiliary vector B is constant, for any one confocal (e) ; the eaponent, t, in (Ni), is an 
arbitrary or variable scalar ; and the coefficients, x and y, are two other scalar variables, 
which are however connected with each other by the relation (N1’). 

(e). If any jived value be assigned to t, the equation (Ni) then represents the section 
made by a plane through a (p. 207) which section is an edlipse if the surface be an 
ellipsoid, but an hyperbola for either hyperboloid ; and the cutting plane makes with the 
focal plane of a, a’, or with the plane of the focal hyperbola, an angle = $¢. 

(f). If, on the other hand, we allow ¢ to vary, but assign to «and y any constant 
values consistent with (N1’), the equation (N:) then represents an ellipse (p. 206) whatever 
the species of the surface may be; « represents the distance of its centre o of the surface, 
measured along the focal line a; y is the radius of a right cylinder, with a for its axis, of 
which the ellipse is a section, or the radius of a circle in a plane perpendicular to a, into 
which that ellipse can be orthogonally projected: and the angle 3¢m is now the excentric 
anomaly. Such elliptic seetions of a central quadric may be otherwise obtained from the 
unifocal form (c) of the equation of the surface; they are, in some points of view, 
almost as interesting as the known circular sections: and it is proposed (p. 204) to call 
them Centro-Focal Ellipses. 

(g). And it is obvious that, by interchanging the two focal lines a, a’ in (d) a Second 
Exponential Transformation is obtained, with a Second System of centro-focal ellipses, 
whereof the proposed surface is the locus, as well as of the jirst system (f), but which 
have their centres on the line a, and are projected into circles, on a’ plane perpendicular 
to this latter line (p. 203). 

(h). Equation of Confocals (p. 207). 


Vv,ov, = Vvo,v. (01) 
ArticLte 408.—On Circumscribed Quadric Cones; and on the Umbilics of a central 
quadric, : : : ; ° ; : ; : : : ; : : 
(a). Equations (p. 209) of Conjugate Points, and of Conjugate Directions, with respect to 
the surface fp = 1, 
F(p,p')=1, (Pi), and f(p, p’) = 9; (Pr’) 
Condition of Contact, of the same surface with the right line Pr’, 
(F(p, p') — 1)? = (Fp - 1) (Sp - 1); (Q:) 


this latter is also a form of the equation of the Cone, with vertex at P’, which is 
circumscribed to the same quadric (fp = 1). 


Pages 
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* For example, it is proved by quaternions (p. 208), that the focal lines of the focal cone, which 
has any proposed point p for vertex, and rests on the focal hyperbola, are generating lines of the 
single-sheeted hyperboloid (of the given confocal system), which passes through that point: and an 
extension of this result, to the focal lines of any cone circumscribed to a confocal, is deduced by a 
similar analysis, in a subsequent Series (408, p. 213). But such known theorems respecting 


confocals can only be alluded to, in those Contents. 
+ Lectures on Quaternions (by the present author), Dublin, Hodges and Smith, 1853, 
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(6). The condition (Qi) may also be thus transformed (p. 211), 
FV pp’ = 0°60? f(p — p’), (Qi) 


F being a scalar function, connected with f by certain relations of reciprocity (comp. 
p- 547, vol. i.); and a simple geometrical interpretation may be assigned, for this last 
equation. 

(c). The Reciprocal Cone, or Cone of Normals o at P’; to the circumscribed cone (Q:) or 
(Qi), may be represented (p. 212) by the very simple equation, 


F (o: Sp'c) =1; (Qi) 


which likewise admits of an extremely simple interpretation. 

(d). A given right line (p. 214) is touched by two confocals, and other known results 
are easy consequences of the present analysis ; for example (pp. 216, 217), the cone 
circumscribed to any surface of the system, from any point of either of the two real focal 
curves, is a cone of revolution (real or imaginary): but a similar conclusion holds good, 
when the vertex is on the third (or imaginary) focal, and even more generally (p. 223), 
when that vertex is any point of the (known and imaginary) developable envelope of the 
confocal system. 

(e). A central quadric has in general Twelve Umbilics (p. 218), whereof only four (at 
most) can be real, and which are its intersections with the three focal curves: and these 
twelve points are ranged, three by three, on eight imaginary right lines (p. 222), which 
intersect the circle at infinity, and which it is proposed to call the Hight Umbilicar 
Generatrices of the surface. 

(f). These (imaginary) wmbilicar generatrices of a quadric are found to possess several 
interesting properties, especially in relation to the Jines of ewrvature: and their locus, for 
a confocal system, is a developable surface (p. 222), namely the known envelope (a) of that 
system. 

ArTIcLE 409.—Geodetic Lines on Central Surfaces of the Second Order, 

(a). One form of the general differential equation of geodetics on an arbitrary surface 
being, by ITT. iii. 5 (p. 29), 


Vvd?p = 0, (Ri), if Tdp =const., (Ri’) 
this is shown (p. 226) to conduct, for central quadrics, to the first integral, 
PAD* = Ty fUdo= h = const. ; (S:) 


where P is the perpendicular from the centre o on the tangent plane, and D is the 
(real or imaginary) semidiameter of the surface, which is parallel to the tangent (dp) to the 
curve. The known equation of Joachimstal, P. D =const., is therefore proved anew ; 
this last constant, however, being by no means necessarily veal, if the surface be moé an 
ellipsoid. 

(5). Deduction (p. 227) of a theorem of M. Chasles), that the tangents to a geodetic, 
on any one central quadric (¢) touch also a common confocal (e,); and of an integral 
(p. 228) of the form, 

é1 sin? v1 + ¢2c0s* v1 = é, = const., (Si’) 


which agrees with one of M. Liouville. 
(c). Without the restriction (Ri’), the differential of the scalar in (S;) may be thus 
decomposed into factors (p. 229). 


dh = d. P?D-? = 2Svdvdp!. Svdp-'d*p ; ($1) 


but, by the lately cited Section (III. iii. 5, p. 29), the differential equation of the second 
order, 

Svdpd*p = 0, (Ri”) 
with an arbitrary scalar variable, represents the geodetic lines on any surface: the 
theorem (@) is therefore in this way reproduced. 
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(d). But we see, at the same time, by (S:”), that the quantity 4, or P. D= +, is 

constant, not only for the geodetics on a central quadric, but also for a certain other set of 

curves, determined by the differential equation of the first order, Svdvdp=0, which 

will be seen, in the next Series, to represent the ines of curvature. 
ArticLe 410.—On Lines of Curvature pocued ; and in particular on such lines, for 

the case of a Central Quadric, : ; , ; , ‘ , ; . 280-239 
(a). The differential equation conn. 409, "(d)), F 


Syvdvdp = 0, (Ti) 


represents (p. 229) the Lines of Curvature upon an arbitrary surface; because it is a 
miting form of this other equation, 


SvAvdp = 0, (Ty’) 


which is the condition of intersection (or of parallelism), of the normals drawn at the 
extremities of the two vectors p and p + Ap. 

(4). The normal vector v, in the equation (T;) may be multiplied (pp. 237, 275) by 
any constant or variable scalar », without any real change in that equation; but in 
this whole theory, of the treatment of Curvatures of Surfaces by Quaternions, it is 
advantageous to consider the expression Svdp as denoting the exact differential of some 
scalar function of p; for then (by p. 553, vol. i.) we shall have an equation of the form, 


dv = odp =a self-conjugate function of dp, (Ui) 


which usually involves p also. For instance, we may write generally (p. 233, comp. (R), 
DP. XE¥Xii, ‘VOL. 12), 
dv = gdp + VAdpp ; (U1’) 


the scalar g, and the vectors A, wu being real, and being generally* functions of p, but not 
involving dp. 

(c). This being understood, the ¢wot directions of the tangent dp, which satisfy at 
once the general equation (Ti) of the lines of curvature, and the differential equation 
Sydp =0 of the surface, are easily found to be represented by the two vector 


expressions (p. 233) 
UVva + UVvp; irs 


they are therefore generally rectangular to each other, as they have long been known 
to be. 

(d). The surface itself remaining still quite arbitrary, it is found useful to introduce 
the conception of an Auxiliary Surface of the Second Order (p. 284), of which the 
variable vector is p+p’, and the equation is, 


Sp’pp' = gp’? + Sap'up’ = 1, (U.") 


or more generally = const. ; and it is proposed to call this surface, of which the centre is 
at the given point p, the Zndex Surface, partly because its diametral section, made by the 
tangent plane to the given surface at Pp, isa certain Index Curve (p. 231), which may be 
considered to coincide with the known “ indicatrice’’ of Dupin. 

(e) The expressions (T1") show (p. 234), that whatever the given surface may be, 
the tangents to the lines of curvature bisect the angles formed by the traces of the two 


* For the case of a central quadric, g, A, m are constants, 
+ Generally two; but in some cases more. It will soon be seen, that three lines of curvature 
pass through an wmbilic of a quadric. 
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cyclic planes of the Index Surface (d), on the tangent plane to the given surface; these 
two tangents have also (as was seen by Dupin) the directions of the aves of the Index 
Curve (p. 231); and they are distinguished (as he likewise saw) from all other tangents 
to the given surface, at the given point p, by the condition that each is perpendicular to 
its own conjugate, with respect to that indicating curve: the equation of such conjugation, 
of two tangents 7 and 7’, being in the present notation (see again p. 232), 


Stor’ =0, or S7’'o7r = 0. (U1) 


(f). New proof (p. 232) of another theorem of Dupin, namely that if « developable be 
circumscribed to any surface, along any curve thereon, its generating lines are everywhere 
conjugate, as tangents to the surface, to the corresponding tangents to the curve. 

(g). Case of a central quadric; new proof (p. 235) of still another theorem of Dupin, 
namely that the cwrve of orthogonal intersection (p. 198) of two confocal surfaces, is a line 
of curvature on each. 

(h). The system of the eight umbilicar generatrices (408, (e)), of a central quadric, is 
the imaginary envelope of the lines of curvature on that surface (p. 235); and each such 
generatriz is itself an imaginary line of curvature thereon: so that through each of the 
twelve umbilics (see again 408, (e)) there pass three lines of curvature (comp. p. 242) 
whereof however only one, at most, can be real: namely two generatrices, and a principal 
section of the surface. These last results, which are perhaps new, will be illustrated, 
and otherwise proved, in the following Series (411). 

ARTICLE 411.—Additional illustrations and confirmations of the foregoing theory, for 
the case of a Central* Quadric ; and especially of the theorem respecting the Three Lines 
of Curvature through an Umbilice, whereof two are always imaginary and rectilinear, 

(a). The general equation of condition (‘Ti’) or SvAvAp = 0, for the intersection of 
two finitely distant normals, may be easily transformed for the case of a quadric, so as to 
express (p. 240) that when the normals at P and p’ intersect (or are parallel) the chord pr’ 
is perpendicular to its own polar. 

(6). Under the same conditions, if the point Pp be given, the locus of the chord pr’ is 
usually (p. 241) a quadrie cone, say (C); and therefore the locus of the point v’ is usually 
a quartic curve, with Pp for a double point, whereat two branches of the curve cut each other 
at right angles, and touch the two lines of curvature. 

(c). If the point Pp be one of a principal section of the given surface, but not an 
umbilic, the cone (C) breaks up into a pair of planes, whereof one, say (P), is the plane 
of the section, and the other, (P’), is perpendicular thereto, and is not tangential to the 
surface ; and thus the quartic (b) breaks up into a pair of conics through Pp, whereof one 
is the principal section itself, and the other is perpendicular to it. 

(dZ). But if the given point p be an wmbilic, the second plane (P') becomes a 
tangent plane to the surface; and the second conic (c) breaks up, at the same time, 
into a pair of imaginaryt right lines, namely the two umbilicar generatrices through Pp 
(pp. 242, 245). 

(e). It follows that the normal pn at a real wmbilic p (of an ellipsoid, or a double- 
sheeted hyperboloid) is not intersected by any other real normal, except those which are in 
the same principal section ; but that this real normal pn is intersected, in an imaginary 
sense, by all the normals P'n', which are drawn at points pv’ of either of the two 
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* Many, indeed most, of the results apply, without modification, to the case of the Paraboloids ; 
and the rest can easily be adapted to this latter case, by the consideration of infinitely distant points. 
We shall therefore often, for conciseness, omit the term central, and simply speak of guadrics, or 


surfaces of the second order. 


t It is well known that the single-sheeted hyperboloid, which (alone of central quadrics) has real 


generating lines, has at the same time no real umbilics (comp. p. 221). 
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imaginary generatrices through the real wmbilic p; so that each of these imaginary 
right lines is seen anew to be a line* of curvature, on the surface (comp. 410, (A)), 
because all the normals p’n’, at points of this line, are situated in one common 
(imaginary) normal plane (p. 242): and as before, there are thus three lines of curvature 
through an umbilic. 

(f). These geometrical results are in various ways deducible from calculation with 
quaternions ; for example, a form of the equation of the lines of curvature on a quadric 
is seen (p. 242) to become an identity at an umbilic (v || A): while the differential of that 
equation breaks up into two factors, whereof one represents the tangent to the principal 
section, while the other (SAd?p = 0) assigns the directions of the two generatrices. 

(g). The equation of the cone (C), which has already presented itself as a certain locus 
of chords (b), admits of many quaternion transformations; for instance (see p. 240), it 
may be written thus, 


SapAp  Sa'pAp 
SadAp zs Sa'Ap Ms (Vi) 


p being the vector of the vertex p, and p+ Ap that of any other point pv’ of the cone; 
while a, a’ are still, as in 407, (a), two real focal lines, of which the lengths are here 
arbitrary, but of which the directions are constant, as before, for a whole confocal system. 

(h). This cone (C), or (Vi), is also the /ocus (p. 244) of a system of three rectangular 
lines; and if it be cut by any plane perpendicular to a side, and not passing through the 
vertex, the section is an equilateral hyperbola. 

(1). The same cone (C’) has, for three of its sides pr’, the normals (p. 243) to the three 
confocals (p. 197) of a given system which pass through its vertex »; and therefore also, 
by 410, (9), the tangents to the three lines of curvature through that point, which are the 
intersections of those three confocals. 

(j). And because its equation (V1) does not involve the constant 7, of 407, (a), (2), we 
arrive at the following theorem (p. 243):—Jf indefinitely many quadrics, with a common 
centre 0, have their asymptotic cones biconfocal, and pass through @ common point Pp. their 
normals at that point have a quadric cone (C) for their locus. 

ARTICLE 412.—On Centres of Curvature of Surfaces, : : : : : - 246-261 

(a). If o be the vector of the centre s of cwrvature of a normal section of an arbitrary 


* It might be natural to suppose, from the known general theory (410, (¢)) of the two 
rectangular directions, that each such generatrix Pp’ is crossed perpendicularly, at every one of its 
non-umbilicar points P', by a second (and distinct, although imaginary) line of curvature. But it 
is an almost equally well known and received result of modern geometry, paradoxical as it must 
at first appear, that when a right line is directed to the circle at infinity, as (by 408, (e)) the 
generatrices in question are, then this imaginary line is everywhere perpendicular to itself. Compare 
the Notes to pages 516 vol. i., 236. Quaternions are not at all responsible for the introduction of 
this principle into geometry, but they recognise and employ it, under the following very simple 
form: that if a, non-evanescent vector be directed to the circle at infinity, it is an imaginary value 
of the symbol 0? (comp. pp. 316, 516 vol. i., 222, 236) ; and conversely, that when this last symbol 
represents a vector which is not null, the vector thus denoted is an imaginary line, which cuts that 
circle. It may be noted here, that such is the case with the reciprocal polar of every chord of a 
quadric, connecting any two umbilics which are not in one principal plane; and that thus the 
quadratic equation (XXI., in p. 233) from which the two directions (410, (c)) can usually be 
derived, becomes an identity for every wmbilic, real or imaginary: as it ought to do, for consistency 
with the foregoing theory of the three lines through that umbilic. And as an additional illustration 
of the coincidence of directions of the lines of curvature at any ”on-wmbilicar point P’ of an umbilicar 
generatrix, it may be added that the cone of chords (C), in 411, (4), is found to touch the quadrie 
along that generatrix, when its vertex is at any such point P’. 
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surface, which touches one of the two lines of curvature thereon, at any given point Pp, 
we have the two fundamental equations (p. 247), 


o=p+RUy, (Wi), and Rdp+dUv=0; (W1’) 
whence 
= ” BL oy ad Wa) 
VdpdUy = 0, (W1"), and Rt pe (Wi 


the equation (Wi") being a new form of the general differential equation of the lines of 
curvature. 

(6). Deduction (pp. 248, 249, &c.) of some known theorems from these equations ; 
and of some which introduce the new and general conception of the Index Sunfac 
(410, (d)), as well as that of the known Index Curve. 

(c). Introducing the auxiliary scalar (p. 251), 


Ty dv 
i — i _-_ = ae 
r= S ie St} o7, (Xi) 


in which r (|| dp) is a tangent to a line of curvature, while dy = gdp, as in (U;), the two 
values of 7, which answer to the two rectangular directions (T1”) in 410, (c), are given 
(p. 248) by the expression, 


rang~Trn.cos(c i327), (X1') 


in which g, A, « are, for any given point Pp, the constants in the equation (Uj") of the 
index surface ; the difference of the two curvatures R-! therefore vanishes at an wmbilic of 
the given surface, whatever the form of that surface may be: that is, at a point, where 
v|| A or|| u, and where consequently the index curve is a cirele. 

(d). At any other p of the given surface, which is as yet entirely arbitrary, the values 
of 7 may be thus expressed (p. 249), 


i= Big 72 => ae’, (X1") 


a1, a2 being the scalar semiaxes (veal or imaginary) of the index curve (defined, comp. 
410, (d), by the equations Sp’gp’ = 1, Svyp' = 0). 

(e). The quadratic equation, of which 1 and rz, or the inverse squares of the two last 
semiazes, are the roots, may be written (p. 252) under the symbolical form, 


Syl (p+ r)y=0; (Yi) 
which may be developed (same page) into this other form, 
r+ Sy! xv + Sv} Ww = 0, (Y1') 
the linear and vector functions, y and x, being devived from the function ¢, on the plan 
of the Section III. ii. 6 (pp. 489, 494, vol. i). 
(f). Hence, generally the product of the two curvatures of a surface is expressed 


(p. 253) by the formula 


Pith he dire ly? = = 8" ve (Z1) 
V Vv 


which will be found useful in the following series (413), in connexion with the theory of 
the Measure of Curvature, 
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(7). The given surface being still quite general, if we write (p. 256), : 


+ = Udp, r’ = U (vdp), (Az), and therefore rr’ = Up, (A2’) 
so that 7 and 7’ are wnit tangents to the lines of curvature, it is easily proved that 
dr’ = 7 Sr'dr, (Bz), orthat Vrdr’=0; (Be’) 


this general parallelism of dr’ to r being geometrically explained, by obverving that a line 
of curvature on any surface is, at the same time, a line of curvature on the developable 
normal surface, which rests upon that line, and to which 7’ or yz is normal, if + be tangential 
to the line. 

(h). If the vector of curvature (389) of a line of curvature be projected on the normal v 
to the given surface, the projection (p. 257) is the vector of curvature of the normal section 
of that surface, which has the same tangent 7; but this result, and an analogous one (same 
page) for the developable normal surface (g), are virtually included in Meusnier’s theorem, 
which will be proved by quaternions in Series 414. 

(i). The vector o of a centre of curvature of the given surface, answering to a given 
point p thereon, may (by (W;) and (Xi)) be expressed by the equation, 


c=ptriy; (C2) 


which may be regarded also asa general form of the Vector Equation of the Surface of 
Centres, or of the locus of the centre s: the variable vector p of the point P of the given 
surface being supposed (p. 11) to be expressed as a vector function of two independent and 
scalar variables, whereof therefore v, *, and o become also functions, although the two 
last involve an ambiguous sign, on account of the Two Sheets of the surface of centres. 

(j). The normal at s, to which may be called the First Sheet, has the direction of the 
tangent + to what may (on the same plan) be called the First Line of Curvature at P; and 
the vector v of the point corresponding to s, on the corresponding sheet of the Reciprocal 
(comp. pp. 19, 20) of the Surfaces of Centres, has (by p. 254) the expression, 


v= (Spr)-!; (Dz) 


which may also be considered (comp. (i)) to be a form of the Vector Equation of that 
Reciprocal Surface. 
(k). The vector v satisfies generally (p. 254) the equations of reciprocity, 


Svo=Sov=1, Svio=0, Scdv=0, (D2’) 


do, 5u denoting any infinitesimal variations of the vectors o and v, consistent with the 
equations of the surface of centres and its reciprocal, or any /imear and vector elements of 
those two surfaces, at two corresponding points; we have also the relations (p. 255), 


Spu=1, Svv=0, Svugu=0. (D2") 
(2). The equation Su (w — p)= , or more simply, 
Svw = 1, (Es) 


in which w is a variable vector, represents (p. 254) the normal plane to the first line (7) 
of curvature at Pp; or the tangent plane at s to the jirst sheet of the surface of centres: or 
finally, the tangent plane to that developable normal surface (g), which rests upon the 
the second line of curvature, and touches the first sheet along a certain curve, whereof we 
shall shortly meet with an example. And if v be regarded, comp. (¢), as a vector 
function of two scalar variables, the envelope of the variable plane (Ez) is a sheet of the 
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surface of centres; or rather, on account of the ambiguous sign (i), it is that surface of 
centres itself; while, in like manner, the reciprocal surface (j') is the envelope of this 
other plane, 


Sow=1. (E2’) 
(m). The equations (W1), (W1’) give (comp. the Note to p. 254), 
do =dR. Up: (F2) 


combining which with (C2), we see that the equations (H1) of p. xvi are satisfied, when 
the derived vectors p’ and o’ are changed to the corresponding differentials, dp and do. 
The known theorem (of Monge), that each Line of Curvature is generally an involute, with 
the corresponding Curve of Centres for one of its evolutes (400), is therefore in this way 
reproduced: and the connected theorem (also of Monge), that this evolute is a geodetic on 
its own sheet of the surface of centres, follows easily from what precedes. 

(m). In the foregoing paragraphs of this analysis, the given surface has throughout been 
arbitrary, or general, as stated in (d) and (g). But if we now consider specially the case 
of a central quadric, several less general but interesting results arise, whereof many, but 
perhaps not ai/, are known; and of which some may be mentioned here. 

(0). Supposing, then, that not only dy = gdp, but also v = gp, and Spy = fp = 1, the 
Index Surface (410, (d)) becomes simply (p. 233) the given surface, with its centre 
transported from 0 to P; whence many simplications follow. 

(p). For example, the semiaxes a1, a2 of the index curve are now equal (p. 249) to the 
semiaxes of the diametral section of the given surface, made by a plane parallel to the 
tangent plane; and Ty is, asin 409, the reciprocal P-! of the perpendicular, from the centre 
on this latter plane; whence (by (Xi) and X1")) these known expressions for the two* 
curvatures result : 

hiv = Pane ; CUM we eee (Ge) 


(7). Hence, by (e), if a mew surface be derived from a given central quadric (of any 
species), as the locus of the extremities of normals erected at the centre, to the planes of 
diametral sections of the given surface, each such normal (when real) having the length ot 
one of the semiaxes of that section, the equation of this new surfacet admits (p. 258) of 
being written thus: 

Sp(p — p™)-1p = 0. (He) 


(vr). Under the conditions (0), the expression (C2) for o gives (p. 254) the two converse 


forms, 
c=r(p+r)p, (bh), p=r(pt rye; (I'2) 


whence (pp. 254, 260), 
v=r(ptr) 90, (Je), c=(p +r) v; (J2’) 
and therefore (p. 260), by (d), (), and by the theory (407) of confocal surfaces, 
a1 = pv = 2" pp, (Ke) 
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* Throughout the present series 412, we attend only (comp. (a)) to the curvatures of the two 
normal sections of a surface, which have the directions of the two lines of curvature: these being in 
fact what are always regarded as the two principal curvatures (or simply as the two curvatures) of the 
surface. But, in a shortly subsequent Series (414), the more general case will be considered, of the 


curvature of any section, normal or oblique. 


t+ When the given surface is an ellipsoid the derived surface is the celebrated Wave Surface of 
Fresnel: which thus has (Hz) for a symbolical form of its equation. When the given surface is an 
hyperboloid, and a semiaxis of a section is imaginary, the (scalar and now positive) square, of the 


(imaginary) normal erected, is still to be made equal to the square of that semiaxis. 
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if @2 be formed from ¢ by changing the semiaxes abe to azbyc2; it being understood that 

the given quadric (abc) is cut by the two confocals (a;41¢1) and (a2b2¢2), in the first and 

second lines of curvature through the given point Pp: and that oj is here the vector of that 

Jirst centre s of curvature, which answers to the first line (comp. (j')). Of course, on the 

same plan, we have the analogous expression, 


a2 = pi-ly = gi"! gp, (K’) 


for the vector of the second centre. 

(s). These expressions for o1, o2 include (p. 260) a theorem of Dr. Salmon, namely that 
the centres of curvature of a given quadric ata given point are the poles of the tangent plane, 
with respect to the two confocals through that point ; and either of them may be regarded, 
by an admission of an ambiguous ségn (comp. (i)), as a new Vector Form* of the Equation 
of the Surface of Centres, for the case (0) of a given central quadric. 

(t). In connexion with the same expressions for 01, o2, it may be observed thatif 7, r2 
be the corresponding values of the auxiliary scalar r in (c), and if 7, 7’ still denote the 
unit tangents (g) to the first and second lines of curvature, while abe, aibie1, and agbec2 
retain their recent significations (r), then (comp. pp. 257, 258, see also p. 208), 


W=fr—) Udo — a.) OC., (Lie) 
and Va = $4 =f Undp = (a? — ai") * = ac.; (L2") 


this association of 7; and o; with a2, &c., and of 72 and o2 with m, &c., arising from the 
circumstance that the tangents + and 7’ have respectively the directions of the normals v2 
and 1, to the two confocal surfaces, (a2b2cz) and (a1b1¢1). 

(w). By the properties of such surfaces, the scalar here called 12 is therefore constant, 
in the whole extent of a j/irst line of curvature; and the same constancy of 72, or the 
equation, 

df Uvdp = 0, (Mz) 


may in various ways be proved by quaternions (p. 248). 

(v). Writing simply r and 7’ for 7; and rz, so that 7’ is constant, but * variable, for a 
first line of curvature, while conversely 7 is constant and 7’ variable for a second line, it is 
found (pp. 254, 255, 256), that the scalar equation of the surface of centres (i) may be 
regarded as the result of the elimination of 7-! between the two equations, 


1=S8.¢ (1+ 719)", (Ne), and 0=S.o¢ (14+ 77!9)3¢2%e ; (N2’) 


whereof the latter is the derivative of the former with respect to the scalar 7-1. It follows 
(comp. p. 259), that the First Sheet of the Surface of Centres is touched by an Auxiliary 
Quadric (Nz), along a Quartic Curve (Nz) (N2’), which curve is the Locus of the Centres of 
First Curvature, for all the points of a Line of Second Curvature; the same sheet being also 
touched (see again p. 259), along the same curve, by the developable normal surface (/), 
which rests on the same second line: with permission to interchange the words, jist and 
second, throughout the whole of this enunciation. 

(w). The given surface being still a central quadric (0), the vectors p, o, v can be 
expressed as functions of v (comp. (y) (4) (/)), and conversely the latter can be expressed 
as a function of any one of the former; we have, for example, the reciprocal equations 
(p. 256), 

o=(1+9%9)?p1v, (02), and v=(1+19)* 90; (02! 


* Dr. Salmon’s result, that this surface of centres is of the twelfth degree, may be easily deduced 
from this form, 
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from which last the formula (Nz) may be obtained anew, by observing (&) that Sov = 1. 
Hence also, by (7), we can infer the expressions, * 


p=(pl+7) v= o2!v, (P2), and v=g2p=; (Pe’) 


and in fact it is easy to see otherwise (comp. p. 198), that v2 ||7 || v, and Spyz=1 = Spu, 
whence v2 = v as before. 

(z). More fully, the two sheets of the reciprocal (j) of the surface of centres may have 
their separate vector equations written thus, 


= G2 = 2, w= opip=; (P2”) 


and the scalar equationt of this reciprocal surface itself, considered as including both 
sheets, may (by page 255) be thus written, the nachos Jf and F being related as in 


408, (4), ; 
vt = (Fv - 1) fr, (Qe) 


with several equivalent forms; one way of obtaining this equation being the elimination 
of 7 between the two following (same p. 256): 


Fut+riv=1, (Q2’); futrv=0. (Q2”) 


(y). The two last equations may also be written thus, for the jirst sheet of the 
reciprocal surface, 
Fzv;=1, (Re), and fUu =7, (R2’) 


in which (comp. pp. 255, 260), 
Fov = Suge) v = Su(p! + r)0; (R2”) 


and accordingly (comp. pp. 548, vol. i, 199), we have For, = Fv=1, and fUr =fr=~,r. 

(2). For a line of second curvature on the given surface, the scalar 7 is constant, as 
before ; and then the two equations (Q2’), (Q2”), or (Re), (Re’), represent jointly (comp. 
the slightly different enunciation in p. 259) a certain quartic curve, in which the quadric 
reciprocal (Rez), of the second confocal (a2 bz cz), intersects the first ye (y) of the Reciprocal 
Surface (Q2); this quartic curve, being at the same time the intersection of the qguadric 
surface (Q2’) or (Re), with the guadrie cone (Q2") or (Re’), which is diconcyclic with the 
given quadric, fp = 1. 

ArtiIcLE 418.—On the Measure of Curvature of a Surface, 

The object of this short Series 413 is the deduction by quaternions, ceetacalat more 
briefly and perhaps more clearly than in the Lectures, of the principal results of Gauss 
(comp. Note to p. 261), respecting the Measure of Curvature of a Surface, and questions 
therewith connected. 

(a). Let P, Pi, P2 be any three near points on a given but arbitrary surface, and 
R, Ri, Re the three corresponding points (near to each other) on the unit sphere, which are 
determined by the parallelism of the radii on, OR1, ORg to the normals PN, PN}, P2N2 ; 
then the areas of the two small triangles thus formed will bear to each other the wltimate 
ratio (p. 262), 


ARRiRg = V.dUvdUr ee 
pote ete ey § 
a7 APP1P2 Vdpip y ¥ v (82) 
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* The equation v = vz, = the normal to the confocal (a 42 ¢2) at P, is not actually given in the 
text of Series 412; but it is easily deduced, as above, from the formule and methods of that Series. 
+ The equation (Qz) is one of the fourth degree; and, when expanded by coordinates, it agrees 
perfectly with that which was first assigned by Dr. Booth (see a Note to p. 255), for the Tangential 
Equation of the Surface of Centres of a quadric, or for the Cartesian equation of the Reciprocal 


Surface. 
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whence, with Gauss’s definition of the measure of curvature, as the ultimate ratio of 
corresponding areas on surface and sphere, we have, by the formula (Z;) in 412, (/), his 
JSundamental theorem, 


Measure of Curvature = Ri) Ry, (S2’) 


= Product of the two Principal Curvatures of Sections. 

(b). If the vector p of the surface be considered as a function of two scalar variables, 
¢and w, and if derivations with respect to these be denoted by upper and lower accents, 
this general transformation results (p. 263), 


Ud f ?i 
Measure of Curvature =8 Ps - ~ (s a) (T2) 
V e 


V 
in which v= Vp'p,; (T2’) 


with a verification for the notation pgrst of Monge. 
(c). The square of a linear element ds, of the given but arbitrary surface, may be 
expressed (p. 263) as follows: 


ds? = (Tdp? =) edt? + 2fdtdu + gdw?; (U2) 


and with the recent use (4) of accents, the measure (T2) is proved (same page) to be an 
explicit function of the ten scalars, 


CSISGS OPT oF Cy Ts I, and ¢,— 2h; +9’; (U2’) 


the form of this function (p. 264) agreeing, in all its details, with the corresponding 
expression assigned by Gauss. * 

(d). Hence follow at once (p. 264) two of the most important results of that great 
mathematician on this subject; namely, that every Deformation of a Surface, consistent 
with the conception of it as an infinitely thin and flexible but inextensible solid, leaves 
unaltered, Ist, the Measure of Curvature at any Point, and IInd, the Total Curvature of 
any Area: this last being the area of the corresponding portion (a) of the unit-sphere. 

(e). By a suitable choice of ¢ and w, as certain geodetic co-ordinates, the expression 
(Uz) may be reduced (p. 264) to the following, 


ds? = d¢? + n*du?; (U2") 


where ¢ is the /ength of a geodetic arc ap, from a fixed point a to a variable point P of 
the surface, and w is the angle nap which this variable arc makes with a fixed geodetic 
aB: so that in the immediate neighbourhood of a, we have n=¢, and »=Dm=1. 

(f). The general expression (c) for the measure of curvature takes thus the very 
simple form (p. 264), 


Ry Re! = — wn" = — n DP; (V2) 
and we have (comp. (d)) the equation (p. 265), 
Total Curvature of Area apa = Au —J|n'du; (V2’) 


this area being bounded by two geodetics, ap and aa, which make with each other an 
angle = Aw, and by an are pa of an arbitrary curve on the given surface, for which 
¢, and therefore ’, may be conceived to be a given function of wu. 


* References are given, in Notes to pp. 261, &c. of the present Series 413, to the pages of 
Gauss’s beautiful Memoir, ‘‘ Disguisitiones generales circa Superficies Curvas,’’ as reprinted in the 
Additions to Liouville’s Monge. 
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(g). If this arc Pa be itself a geodetic, and if we denote by »v the variable angle 
which it makes at P with ap prolonged, so that tan v= ndu: dt, it is found that 
dy = — n'du; and thus the equation (V2') conducts (p. 266) to another very remarkable 
and general theorem of Gauss, for an arbitrary surface, which may be thus expressed, 


Total Curvature of a Geodetic Triangle apc=A+B+C- 17, (V2") 


= what may be called the Spheroidal Excess of that triangle, the total area (4m) of the 
unit-sphere being represented by eight right angles: with extensions to Geodetie Polygons, 
and modifications for the case of what may on the same plan be called the Spheroidal 
Defect, when the two curvatures of the surface are oppositely directed. 

ArtictE 414.—On Curvature of Sections (Normal and Oblique) of Surfaces; and on 
Geodetic Curvatures, . ; ; ; > : ; : : : : : 

(a). The curvatures considered in the two preceding Series having been those of the 
principal normal sections of a surface, the present Series 414 treats briefly the more 
general case, where the section is made by an arbitrary plane, such as the osculating 
plane at P to an arbitrary curve upon the surface. 

(b). The vector of curvature (389) of any such curve or section being (p—x)-!=D,"p, 
its normal and tangential components are found to be (p. 267), 


d 
(p—o)= rss = (p — 01)" cos? v + (p — 02)! sin? », (W2) 
and (p — &)-} = v dp" Sydp-'d*p ; (W2’) 


the former component being the Vector of Normal Curvature of the Surfucc, tor the 
direction of the tangent to the curve: and the latter being the Vector of Geodetic 
Curvature of the same Curve (or section). 

(c). In the foregoing expressions, o and & are the vectors of the points s and x, in 
which the azis of the osculating circle to the curve intersects respectively the normal and 
the tangent plane to the surface (p. 267); s is also the centre of the sphere, which 
osculates to the surface in the direction dp of the tangent; o1, o2 are the vectors of the 
two centres $1, Se, of curvature of the surface, considered in Series 412, which are at 
the same time the centres of the two osculating spheres, of which the curvatures are 
(algebraically) the greatest and least: and v is the angle at which the curve here con- 
sidered crosses the first line of curvature. 

(d). The equation (W2) contains a theorem of Euler, under the form (p. 268), 


Ro} = £7"! cos* v + Re-! sin* o ; (W2”) 


it contains also Meusnier’s theorem (same page), under the form (comp. 412, (A)) that the 
vector of normal curvature (b) of a surface, for any given direction, is the projection on the 
normal vy, of the vector of oblique curvature, whatever the inclination of the plane of the 
section to the tangent plane may be. 

(e). The expression (W2’) for the vector of geodetic curvature, admits (p. 271) of 
various transformations, with corresponding expressions for the radius T(p —&) of 
geodetic curvature, which is also the radius of plane curvature of the developed curve, 
when the developable circumscribed to the given surface along the given curve is 
unfolded into a plane: and when this radius is constant, so that the developed curve 
is a circle, or part of one, it is proposed (p. 271), to call the given curve a Didonia 
(as in the Lectures), from its possession of a certain isoperimetrical property, which was 
first considered by M. Delaunay, and is represented in quaternions by the formula (p. 271), 


{S(Uv. dpdp) + c5sTdp = 0; (X2) 
or c1dp = V(Urv.dUdp), (X’2) 


by the rules of what may be called the Calculus of Variations in Quaternions: ¢ being a 
constant, which represents generally (p. 272) the radius of the developed circle, and 
becomes infinite for geodetic lines, which are thus included as a case of Didonias. 
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Aniices 465.—Sunplementary Romarks, 40.09.) sy Se ee tie 

(a). Simplified proof (referred to in a Note to p. xxxii, vol. i.), of the general existence 
of a system of three real and rectangular directions, which satisfy the vector equation 
Vpop =0, (P), when ¢ is a linear, vector, and self-conjugate function; and of a 
system of three real roots of the cubic equation M=0 (p. xxxii, vol. i.), under the same 
condition (pp. 272-274). 

(o). It may happen (p. 276) that the differential equation, 


Svdp = 0, (Y2) 


is integrable, or represents a system of surfaces, without the expression Svdp being an exact 
differential, as it was in 410, (4). In this case, there exists some scalar factor, n, such 
that Svvdp is the exact differential of a scalar function of p, without the assumption that 
this vector p is itself a function of a scalar variable, t; and then if we write (p. 276, 
comp. p. XX), 

dv=gdp, d.nv= dp, (Y2’) 


this new vector function & will be self-conjugate, although the function ¢ is not such 
now, as it was in the equation (U1). 

(c). In this manner it is found (p. 277), that the Condition* of Integrability of the 
equation (Yz) is expressed by the very simple formula, 


Sy = 0; (Y2”) 


in which y is a vector function of p, not generally linear, and deduced from ¢ on the 
plan of the Section III. ii. 6 (p. 492, vol. i), by the relation, 


pdp — p'dp = 2Vydp ; (Y2") 


¢ being the conjugate of », but not here equal to it. 

(d). Connexions (pp. 278, 279) of the Mixed Transformations in the last cited Section, 
with the known Modular and Umbilicar Generations of a surface of the second order. 

(e). The equation (p. 279), 


T(p — V. BVya) = T(a — V. 7VBp), (Zz) 


in which a, B, y are any three vector constants, represents a central quadric, and appears 
to offer a new mode of generationt of such a surface, on which there is not room to enter, 
at this last stage of the work. 

(f). The vector of the centre of the quadric, represented by the equation 
Jp — 28ep = const., with fp=Spop, is generally t=g e=m We (p. 280); case 
of paraboloids, and of cylinders. 

(7). The equation (p. 281), 


Sgpq'pqp + Spop + Syp + C= 0, (Z2') 


represents the general surface of the third degree, or briefly the General Cubie Surface ; 
C being a constant scalar, y a constant vector, and gq, q’, q” three constant quaternions, 
while gp is here again a linear, vector, and self-conjugate function of p. 


Pages 
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*It is shown, in a Note to p. 278, that this monomial equation (Y2/") becomes, when expanded, 
the known equation of six terms, which expresses the condition of integrability of the differential 


equation pdx + qdy + rdz=0. 


tIn a Note to p. 204 (already mentioned in p. xviii), the reader will find references to the 
Lectures, for several different generations of the ellipsoid, derived from quaternion forms of its 


equation. 
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(4). The General Cubic Cone, with its vertex at the origin, is thus represented in 
quaternions by the monomial equation (same page), 


Sgpq’pq"p = 0. (Z2") 


(i). Serew Surface, Screw Sections (p. 281); Skew Centre of Skew Arch, with 
illustration by a diagram (fig. 85, p. 283). 

Srction 8.—On a few Specimens of Physical Applications of Quaternions, 
with some Concluding Remarks, 283 to the end. 

ArTIcLE 416.—-On the Statics of a Rigid Body, 

(a). Equation of Equilibrium, 

Vy=B = SVaB; (As) 
each a is a vector of application; B the corresponding vector of applied force; y an 
arbitrary vector; and this one quaternion formula (A3) is equivalent to the system of 
the siz usual scalar equations (X=0, Y=0, 7=0, Z=0, M=0, N=0). 

(d.) When 
S(3B . SVaB) = 0, (Bs), but not =f = 0, (C3) 


the applied forces have an wnigue resultant = 3B, which acts along the line whereof (Az) 
is then the equation, with y for its variable vector. 

(c). When the condition (C3) is satisfied, the forces compound themselves generally 
into one couple, of which the aris = 3VaB, whatever may be the position of the 
assumed origin o of vectors. 

(d@). When 

=VaB=0, (Ds), with or without (C3), 


the forces have no tendency to turn the body round that point o ; and when the equation 
(Az) holds good, as in (a), for an arbitrary vector y, the forces do not tend to produce a 
rotation* round any point c, so that they completely Jalance each other, as before, and 
both the conditions (C3) and (Ds) are satisfied. 

(c). In the general case, when neither (C3) nor (Ds) is satisfied, if g be an auziliary 
quaternion, such that 


g2B = =VaB, (Es) 


then Vq is the vector perpendicular from the origin, on the central axis of the system; 
and if e= Sg, then cS8 represents, both in quantity and in direction, the azis of 
the central couple. 

(f). If Q be another auxiliary quaternion, such that 


Q2B = Xa8, (Fs) 


with T38>0, then SQ=c= central moment divided by total force; and VQ is the 
vector y of a point c upon the central axis which does not vary with the origin o, and 
which there are reasons for considering as the Central Point of the system, or as the 
general centre of applied forces; in fact, for the case of parallelism, this point c coincides 
with what is usually called the centre of parallel forces. 

(g). Conceptions of the Total Moment XaB, regarded as being generally a quaternion ; 
and of the Total Tension, — 3a8, considered as a scalar to which that quaternion with its 
sign changed reduces itself for the case of equilibriwm (a), and of which the value is in 
that case independent of the origin of vectors. 
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* It is easy to prove that the moment of the force B, acting at the end of the vector a from 0, 
and estimated with respect to any unit-line . from the same origin, or the energy with which the 
force so acting tends to cause the body to turn round that line :, regarded as a fied axis, is 
represented by the scalar, — Sia8, or Si-4a8; so that when the condition (Ds) is satisfied, the 
applied forces have no tendency to produce rotation round any axis through the origin: which origin 


becomes an arbitrary point c, when the equation of equilibriwm (As) holds good. 
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(A). Principle of Virtual Veloctties, 


=SBsa = 0, (Gs) 

ArTIcLE 417.—On the Dynamics of a rigid body, . : : : Rites : 
(a). General Equation of Dynamics, 

m8 (Da - f) On th; (Hs) 


the vector & representing the accelerating force, or mé the moving force, acting on a 
particle m of which the vector at the time ¢ is a; and 6a being any infinitesimal variation 
of this last vector, geometrically compatible with the connexions between the parts of the 
system, which need not here be a rigid one. 

(b). For the case of a free system, we may change each $a to e + Via, € and. being 
any two infinitesimal vectors, which do not change in passing from one particle m to 
another; and thus the general equation (H3) furnishes ¢vo general vector equations, 
namely, 


=m (Di? — é) =, (I3), and smVa (Dia _ é) = (0); (J3) 


which contain respectively the law of the motion of the centre of gravity, and the law of 
description of areas. 

(c) If a body be supposed to be rigid, and to have a fixed point o, then only the 
equation (J3) need be retained ; and we may write, 


Dia = Via, (Ks) 


t being here a finite vector, namely the Vector Axis of Instantaneous Rotation: its versor 
U. denoting the direction of that axis, and its tensor Tx representing the angular velocity 
of that body about it, at the time 7. 

(d2) When the forces vanish, or balance each other, or compound themselves into a 
single force acting at the fixed point, as for the case of a heavy body turning freely about 
its centre of gravity, then 


=smVat = 0, (Ls) ; and if we write, gi = SmaVa, (Ms) 


so that again denotes a linear, vector, and self-conjugate function, we shall have the 
equations, 


gDu+ Vidi. =0, (Ns); ~gity=0, (Os); Sipi=h?; (Ps) 
whence 
Siy + h?=0, (Qs), and Du = Viy; (Rs) 


the vector y being what we may call the Constant of Areas, and the scalar /? being the 
Constant of Living Force. 

(e). Une of Poinsot’s representations of the motion of a body, under the circumstances 
last supposed, is thus reproduced under the form, that the Ellipsoid of Living Force (Ps), 
with its centre at the fixed point 0, rolls without gliding on the fixed plane (Qs), which is 
parallel tothe Plane of Areas (Svy = 0); the variable semidiameter of contact, 1, being the 
vector-axis (c) of instantaneous rotation of the body. 

(f) The Moment of Inertia, with respect to any axis 1 through 0, is equal to the 
living force (h?) divided by the square (T.”) of the semidiameter of the ellipsoid (Ps), which 
has the direction of that axis ; and hence may be derived, with the help of the first general 
construction of an ellipsoid, suggested by quaternions, a simple geometrical representation 
(p. 290) of the sguare-root of the moment of inertia of a body, with respect to any axis AD 
passing through a given point A, asa certain right line gp, if cp = CA, with the help of 
two other points B and c, which are likewise fixed in the body, but may be chosen in more 
ways than one, 
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(g) A cone of the second degree, 
Sw=0, (Ss), with v=-y' — h?o%, (Ts) 


is fixed in the body, but rolls in space on that other cone, which is the locus of the instan- 
taneous axis 1; and thus a second representation, proposed by Poinsot, is found for the 
motion of the body, as the rolling of one cone on another. 

(i) Some of Mac Cullagh’s results, respecting the motion here considered, are obtained 
with equal ease by the same quaternion analysis ; for example, the line y, although fixed 
in space, describes in the body an easily assigned cone of the second degree (p. 291), which 
cuts the reciprocal ellipsoid, 

Syo"ly = h?, (Us) 
in a certain sphero-conie: and the cone of normals to the last mentioned cone (or the locus 
of the line. + h*y1) rolls on the plane of areas (Suy = 0). 

(1). The Three (Principal) Axes of Inertia of the body, for the given point 0, have the 
directions (p. 291) of the three rectangular and vector roots (comp. (P), p. xxxii, vol. i., and 
the paragraph 415, (a), p. xxx) of the equation 


Vigt=0, (Vs), because, for each, Du = 0; (Vs') 


and if 4A, B, C denote the three Principal Moments of inertia corresponding, then the 
Symbolical Cubic in » (comp. the formula (N) in page xxxi, vol. i.) may be thus written, 


(p+ 4) (p+ B) (p+ C) =0. (Ws) 


(7). Passage (p. 292), from moments referred to axes passing through a given point o, 
to those which correspond to respectively parallel axes, through any other point © of the 
body. 

ARTICLE 418.—On the motions of a System of Bodies, considered as free particles 
m, m', . . which attract each other according to the law of the Inverse Square, 

(a). Equation of motion of the system, 


smSDfada+8P=0, (Xs), if P= xmm'T(a—a’)"; (Ys) 


a is the vector, at the time ¢, of the mass or particle m; P is the potential (or force- 
Junction); and the infinitesimal variations 5a are arbitrary. 
(6). Extension of the notation of derivatives, 


5P = 38 (DP. da). (Zs) 
(c). The differential equations of motion of the separate masses m, . . become thus, 
mD?a+D,P=0,..; (Aq) 


and the laws of the centre of gravity, of areas, and of living force, are obtained under 
the forms, 
smDia = B, (By); SmVaDie= 7: (C4) 


and T =—33m(De)? = P+ A; (D4) 


B, y being two vector constants, and AH a scalar constant. 
(d). Writing, 


t t 
F=| (P+ 7)dt, (Ey), and v =| 2Tdt = F + tH, (F.) 
0 0 


F may be called the Principal* Function, and V the Characteristic Function, of the 
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* References are given to two Essays by the present writer, ‘‘On a General Method in 
Dynamics,’’ in the Philosophical Transactions for 1834 and 1835, in which the Action (V), and 
a certain other function (S), which is here denoted by F, were called, as above, the Characteristic 
and Principal Functions. But the analysis here used, as being founded on the Caleulus of 
Quaternions, is altogether unlike the analysis which was employed in those former Essays. 
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motion of the system; each depending on the final vectors of position, a, a’, .. and on 

the initial vectors, ao, ao,..; but F depending also (explicitly) on the time, t, while 

V (= the Action) depends instead on the constant H of living force, in addition to those 

final and initial vectors: the masses m, m’,.. being supposed to be known, or constant. 
(e). We are led thus to equations of the forms, 


mDa+D,F=0,.. (Ga); - mD a + D, f= OG .  (oals CDP) = = eg) 


whereof the system (G4) contains what may be called the Intermediate Integrals, while 
the system (H4) contains the Final Integrals, of the differential Equations of Motion (A,). 
(f). In like manner we find equations of the forms, 


DV =— mDy,.- (Js); Dag V = mDia,.- (Ka); Dal =t; (Ls) 


the intermediate integrals (e) being here the result of the elimination of H, between the 
system (J4) and the equation (Ly); and the final integrals, of the same system of 
differential equations (A4). being now (theoretically) obtained, by eliminating the same 
constant H between (K4) and (I). 

(g). The functions F and PV are obliged to satisfy certain Partial Differential 


Equations in Quaternions, of which those relative to the final vectors a, a’, . . are 
the following, 
(D:F) — 33m1(D, F)? = P, (Ma); 42m1(D,V)?+ P+ H=0; (N4) 


and they are subject to certain geometrical conditions, from which can be deduced, in a 
new way, and as new verifications, the law of motion of the centre of gravity, and the 
law of description of areas. 

(h). General approximate expressions (p. 298) for the functions F and V, and for 
their derivatives H and ¢, for the case of a short motion of the system. 

ArricLE 419.—On the Relative Motion of a Binary System ; and on the Law of the 
Circular Hodograph, . : : : : ; ; : ‘ ; : ° 

(a). The vector of one body from the other being a, and the distance being 7 (= Ta), 
while the sum of the masses is M, the differential equation of the relative motion is, 
with the law of the inverse square, 


D?¢ = Mar'; (O4) 


D being here used as a characteristic of derivation, with respect to the time ¢. 
(b). As a first integral, which holds good also for any other law of central force, we 
have 
VaDa = B = a constant vector; (Pa) 


which includes the two usual laws, of the constant plane (1 B), and of the constant 
areal velocity (5 = 18) : 

(c). Writing +t = Da = vector of relative velocity, and conceiving this new vector tT 
to be drawn from that one of the two bodies which is here selected for the origin o, the 
locus of the extremities of the vector 7 is (by earlier definitions) the Hodograph of the 
Relative Motion; and this hodograph is proved to be, for the Law of the Inverse 
Square, a Circle. 

(@). In fact, it is shown (p. 302), that for any Jaw of central force, the radius of 
curvature of the hodograph is equal to the force, multiplied into the square of the 
distance, and divided by the doubled areal velocity; or by the constant parallelogram ec, 
under the vectors (a and +) of position and velocity, or of the orbit and the hodograph. 

(e). It follows then, conversely, that the law of the inverse square is the only law 
which renders the hodograph generally a circle; so that the law of nature may be 
characterized, as the Law of the Circular Hodograph ; from which latter law, however, 
it is easy to deduce the form of the Orbit, as a conic section with a focus at 0, 
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(f). If the semiparameter of this orbit be denoted, as usual, by », and if / be the 
radius of the hodograph, then (p. 301), 


h= Me =cpt= (Mp-)?. (Qu) 


(g). The orbital excentricity e is also the hodographic excentricity, in the sense that eh 
is the distance of the centre u of the hodograph, from the point o which is here treated as 
the centre of force. 

(2). The orbit is an e/lipse, when the point 0 is interior to the hodographic circle (¢ < 1) ; 
it is a parabola, when o is on the circumference of that circle (e=1); and it is an hyperbola, 
when 0 is an exterior point (e>1). And in all these cases, if we write 


a=p(l—e)=ch-\1 —&), (Ry) 


the constant @ will have its usual signification, relatively to the orbit. 

(i). The quantity Mr-! being here called the Potential, and denoted by P, geometrical 
constructions for this quantity P are assigned, with the help of the hodograph (p. 307) ; 
and for the harmonic mean, 2M (r + 7’)-1, between the two potentials, P and P’, which 
answer to the extremities 7, 1’ of any proposed chord of that circle: all which constructions 
are illustrated by a new diagram (fig. 86). 

(J). lf u be the pole of the chord rr’; m, m’ the points in which the line ov cuts the 
circle ; Lu the middle point, and n the pole, of the new chord mm’, one secant from which 
last pole is thus the line nrr’; vu’ the intersection of this secant with the chord mm’, or 
the harmonic conjugate of the point vu, with respect to the same chord ; and nv,r/ any near 
secant from Nn, while v, (on the line ov) is the pole of the near chord 1,r/: then the éwo 
small ares, T,r and v'r/, of the hodograph, intercepted between these two secants, are proved 
to be ultimately proportional to the two potentials, P and P’; or to the two ordinates 
Tv, Tv’, namely the perpendiculars let fall from r and 1’, on what may here be called the 
hodographic axis un. Also, the harmonic mean between these two ordinates is obviously 
(by the construction) the line v'L; while vr, uv’, and v,r, u,1/ are four tangents to the 
hodograph, so that this circle is cut orthogonally, in the two pairs of points, T, v' and 7, '/, 
by two other circles, which have the two near points v, v, for their centres (pp. 808, 309). 

(A). In general, for any motion of a point (absolute or relative, in one plane or in space, 
for example, in the motion of the centre of the moon about that of the earth, under the 
perturbations produced by the attractions of the sun and planets), with a for the variable 
vector (418) of position of the point, the time dé which corresponds to any vector-eleinent 
dDa of the hodograph, or what may be called the time of hodographically describing that 
element, is the quotient obtained by dividing the same element of the hodograph, by the 
vector of acceleration D*a in the orbit ; because we may write generally (p. 308), 


Be eee ees 


Dia <* TD2a” ud C, (Sq) 


(2). For the law of the inverse square (comp. (a) and (i)), the measure of the fore, is, 
TD’. = Mr? = M-1P?; (Ts) 


the times dt, dé’, of hodographically describing the small circular aes Tr and T'T, of the 
hodograph, being found by multiplying the lengths (/) of those two arcs by the mass, 
and dividing each product by the square of the potential corresponding, are therefore 
inversely as those two potentials, P, P’, or directly as the distances, r, 7’, in the orbit: so 
that we have the proportion, 


dé:d¢:dé¢dté=ririrtr. (U4) 


(m). If we suppose that the mass, M, and the jive points 0, L, M, U, U, upon the chord 
MM’ are given, or constant, but that the radius, h, of the hodograph, or the position of the 
centre u on the hodographic azis un, is altered, it is found in this way (p. 309) that 
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although the two elements of time,.dt, di’, separately vary, yet their swm remains un- 
changed: from which it follows, that even if the two circular ares, 17, tt), be not small, 
but still intercepted (7) between ¢wo secants from the pole n of the jived chord mm’, the 
sum (say, At + At’) of the two times is independent of the radius, h. 
(nm). And hence may be deduced (p. 310), by supposing one secant to become a tangent, 
this Theorem of Hodographic Isochronism, which was communicated without demonstration, 
several years ago, to the Royal Irish Academy,* and has since been treated as a subject 
of investigation by several able writers: 
If two circular hodographs, having a common chord, which passes through, or tends 
towards, a common centre of force, be cut perpendicularly by a third circle, the times of 
hodographically describing the intercepted ares will be equal. 
(0). This common time can easily be expressed (p. 310), under the form of the definite 
integral, 


2M (wv 
Time of tut’ = — | etree ; (Va) 
gq? Jo (1-2 cos w)? 


2g being the length of the fived chord mm’; ¢ the quotient Lo: LM, which reduces itself 
to —1 when 0 is at m’, that is for the case of a parabolic orbit ; ¢' lying between + 1 for an 
ellipse, and outside those limits for an hyperbola, but being, in all these cases, constant ; 
while w is a certain auxiliary angle, of which the sine = UT: UL (p. 312), or = s(r + 2’)-}, 
if s denote the length pp’ of the chord of the orbit, corresponding to the chord vr’ of the 
hodograph ; and w varies from 0 to 7, when the whole periodie time 24n-! for a closed orbit 
is to be computed: with the verification, that the integral (V4) gives, in this last case, 


M = a*n*, as usual. (W4) 


(p). By examining the general composition of the definite integral (V4), or by more 
purely geometrical considerations, which are illustrated by fig. 87, it is found that, with 
the law of the inverse square, the time ¢ of describing an aye PP’ of the orbit (closed or 
unclosed) is a function (p. 314) of the three ratios, 


Pe SE 8 
Mw a? sar? coe 


and therefore simply a function of the chord (s, or PP’) of the orbit, and of the swm of 
the distances (r+ 7", or OP + OP’) when Uf and a are given: which is a form of the 
Theorem of Lambert. 

(q). The same important theorem may be otherwise deduced, through a quite 
different analysis, by an employment of partial derwatives, and ot partial differential 
equations in guaternions, which is analogous to that used in a recent investigation 
(418), respecting the motions of an attracting system of any number of bodies, m, m', &e. 

(r). Writing now (comp. p. xxxiii) the following expression for the relative living force, 
or for the mass (M = m + m’), multiplied into the square of the relative velocity (TDa), 


27 =- MDe = 2(P+ H) = U(r - «); (Y4) 


introducing the two new integrals (p. 314), 
t é 
e | (P+ Tat, (Z,), and v=| 27at = F + tH, (As) 
0 0 


which have thus (comp. (Ey) and (F4)) the same forms as before, but with different 
(although analogous) significations, and may still be called the Principal and Characteristic 
Functions of the motion; and denoting by a, a’ (instead of ao, a) the imitial and jinal 
vectors of position, or of the orbit, while 7, 7’ are the two distances, and 7, 7’ the 


* See the Proceedings of the 16th of March, 1847. It is understood that the common centre o of 
force is occupied by a common mass, M. 
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two corresponding vectors of velocity, or of the hodograph: it is found that when 
is given, F may be treated as a function of a, a, ¢, or of 7, ””, 8, t, and V asa 
function of a, a’, a, or of rv, 7’, s, and H; and that their partial derivatives, in the 
first view of these two functions, are (p. 314), 


DaF=DaV=7, (Bs); Da F=Da'Va-7; (Cs) 


2 
yee st ded = Ds = ; (E;) 
d 


while, in the second view of the same functions, they satisfy the two partial differential 
equations (p. 315), 


DE = Dek (is) sand: DV = Der; (Gs) 


along with two other equations of the same kind, but of the second degree, for cach of the © 


functions here considered, which are analogous to those mentioned in p. xxxiv. 

(s). The equations (F5) (Gs) express, that the two distances, r and 7’, enter into each 
of the two functions only by their sum; so that, if Jf be still treated as given, / may be 
regarded as a function of the three quantities, * +7’, s, and ¢; while V, and therefore 
also ¢ by (Es), is found in like manner to be a function of the three scalars, r+ 7’, 8, 
and a@: which last result respecting the time agrees with (py), and furnishes a new proof 
of Lambert’s Theorem. 

(¢). The three partial differential equations (7) in V conduct, by merely algebraical 
combinations, to expressions for the three partial derivatives, D,V, D,V(=D,V), and 
DsV; and thus, with the help of (Es), to two new definite integrals* (p. 317), which 
express respectively the Action and the Time, in the relative motion of a binary system 
here considered, namely, the two following : 


ak 
v=['(—-7) ta: (Hs) 
e\rtr+8 4a 
tf 4M MV od 
eee ki Paine: 2 Z 
t=3f) (= - 7) Fas: (Is) 


whereof the latter is not to be extended, without modification, beyond the limits within 
which the radical is finite. 

ArTicLe 420.—On the determination of the Distance of a Comet, or new Planet, 
from the Earth, 

(a). The masses of earth oa eainiet heing hoolenied: i ie mass of the sun ue 
denoted by J, let 7 and w denote the distances of earth and comet from sun, and z 
their distance from each other, while a is the heliocentric vector of the earth (Ta =~7), 
known by the theory of the sun, and p is the unit-vector, determined by observation, 
which is directed from the earth to the comet. Then it is easily proved by quaternions, 
that we have the equation (p. 320), 


$.D,Ua ey He =) ; : 
with w? = 77 + 2? — 22Sap; (Ks) 
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* References are given to the First Essay, &c., by the present writer (comp. the Note to 
p- Xxxiii), in which were assigned integrals, substantially equivalent to (H;) and (Is), but deduced by 


a quite different analysis. 


It has recently been remarked to him, by his friend Professor Tait of 


Edinburgh, that while the area described, with Newton’s Law, about the full foeus of an orbit, has 
long been known to be proportional to the time corresponding, so the area about the empty focus 


represents (or is proportional to) the action. 
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eliminating w between these two formule, clearing of fractions, and dividing by z, we 
are therefore conducted in this way to an algebraical equation of the seventh degree, 
whereof one root is the sought distance, z. 

(>). The final equation, thus obtained, differs only by its notation, and by the facility 
of its deduction, from that assigned for the same purpose in the Mécanique Céleste ; and 
the rule of Laplace there given, for determining, by inspection of a celestial globe, which 
of the two bodies (earth and comet) is the nearer to the sun, results at sight from the 
formula (J5). 

ARTICLE 421.—On the Development of the Disturbing Force of the Sun on the Moon ; 
or of one Planet on another, which is nearer than itself to the Sun, 5 A ‘ 

(2) Let a, o be the geocentric vectors of moon and sun; 7(= Ta), and s(= To), their 
geocentric distances; M the sum of the masses of earth and moon; S§ the mass of the 
sun ; and D (as in recent Series) the mark of derivation with respect to the time: then 
the differential equation of the disturbed motion of the moon about the earth is, 


D*a = Mga + n, (Ls) if ga = O(a) = a! Ta"!, (Ms) 
and n = Vector of Disturbing Force = S(po — o(6 — a) ; (Ns) 


gp denoting here a vector function, but not a linear one. 

(b). If we neglect 7, the equation (L5) reduces itself to the form D*?a = Mga; which 
contains (comp. (O4)) the laws of undisturbed elliptic motion. 

(c). If we develop the disturbing vector 7, according {to ascending powers of the 
quotient r: s, of the distances of moon and sun from the earth, we obtain an infinite series 
of terms, each representing a finite group of partial disturbing forces, which may be thus 
denoted 


n= m1 + n2 + nt &e. ; (Os) 
ML = M,1+ 1,2, 12 = 12,1 + 92,2 + 2,3 &e. ; (Ps) 


these partial forces increasing in number, but diminishing in intensity, in the passage from 
any one group to the following ; and being connected with each other, withia any such 
group, by simple numerical ratios and angular relations. 

(d). For example, the two forces 71,1, 1,2 Of the jirst group are, rigorously, 
proportional to the numbers 1 and 3; the three forces 72,1, 72,2, 72,3 Of the second group 
are as the numbers 1, 2, 5; and the four forces of the third group are proportional to 
5, 9, 15, 35: where the separate intensities of the first forces, in these three first group, 
have the expressions, 


3Sr? | , fy 5Sr° 
Sst’ 1391 = T6s8 


Sy 
Tm,1 = al T721 = (Qs) 


283’ 

(e). All these partial forces are conceived to act at the moon; but their directions may 
be represented by the respectively parallel unit-lines Umi, 1, &c., drawn from the earth, 
and terminating on a great circle of the celestial sphere (supposed here to have its radius 
equal to unity), which passes through the geocentric (or apparent) places, © and ), of the 
sun and moon in the heavens. 

(f). Denoting then the geocentric elongation ©) of moon from sun (in the plane of the 
three bodies) by + 6; and by ©1, Oz, and )1, 2, )3s what may be called two fictitious 
suns, and three fictitious moons, of which the corresponding elongations from ©, in the 
same great circle are + 20, — 20, and — 6, + 30, — 36, as illustrated by fig. 88 (p. 322) ; 
it is found that the directions of the two forces of the jirst group are represented by the 
two radii of this wnit-circle, which terminate in ) and )1; those of the three forces of the 
second group, by the three radii to ©1, ©, and ©2; and those of the four forces of the 
third group, by the radii to }2, >, 1, and 93; with facilities for extending all those results 
(with the requisite modifications), to the fourth and subsequent groups, by the same 
quaternion analysis. 
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(g). And it is important to observe, that o supposition is here made respecting any 
smallness of excentricities or inclinations (p. 323) ; so that all the formule apply, with the 
necessary changes of geocentric to heliocentric vectors, &c., to the perturbations of the 
motion of a comet about the sun, produced by the attraction of a planet, which is (at the 
time) more distant than the comet from the sun. 

ARTICLE 422.—On Fresnel’s Wave, 

(a) If p and w be two corresponding vectors of padeanionte a wave pines, or 
briefly Ray and Index, in a biaxal crystal, the velocity of light in a vacuum being unity ; 
and if 5p and du be any infinitesimal variations of these two vectors, consistent with the 
equations (supposed to be as yet unknown), of the Wave (or wave-surface), and its 
reciprocal, the Index-Surface (or surface of wave-slowness): we have then first the 
fundamental Equations of Reciprocity (comp. p. 461, vol. i.), 


Sup=—1, (Rs); Sudip =0, = (8s); Spiu=0, (Ts) 


which are independent of any hypothesis respecting the vibrations of the ether. 

(0). If 5p be next regarded as a displacement (or vibration), tangential to the wave, and 
if de denote the elastic force resulting, there exists then, on Fresnel’s principles, a relation 
between these two small vectors; which relation may (with our notations) be expressed 
by either of the two following equations, 


de= 3p, (Us), or += Sp = pe; (Vs) 


the function being of that linear, vector, and self-conjugate kind, which has been 
frequently employed in these Elements. 

(c). The fundamental connexion, between the functional symbol 9, and the optical 
constants abe of the crystal, is expressed (p. 330, comp. the formula (Ws) in p. xxxiii) by 
the symbolie and cubic equation, 


(p+ a*) (p+ b*) (pt c*) =0; (Ws) 


of which an extensive use is made in the present Series. 

(d). The normal component, w-Sude, of the elastic force de, is ineffective in Fresnel’s 
theory, on account of the supposed incompressibility of the ether; and the tangential 
component, p 5p — uw Sude, is (in the same theory, and with present notations) to be 
equated to u-*5p, for the propagation of a rectilinear vibration (p. 324); we obtain 
then thus, for such a vibration or tangential displacement, 5p, the expression, 


Sp = (pt — mw?) tu Sube ; (Xs) 
and therefore by (S;5) the equation, 
0= Sept — yw?) wr, (Ys) 


which is a Symbolical Form of the scalar Equation of the Index-Surface, and may be thus 
transformed, 
1 = Sp (u? — o)-1u. (Zs) 
(¢). The Wave-Surface, as being the reciprocal (a) of the index-surface (d), is easily 
found (p. 326), to be represented by this other Symbolical Equation, 


0 = Sp '(p — p?)-1p"}; (Ae) 
or 1 = Sp(p®? — p7!)"1p. (Be) 


(f). In such transitions, from one of these reciprocal surfaces to the other, it is found 
convenient to introduce two auxiliary vectors, v and w (= ov), namely the lines ov and 
ow of fig. 89; both drawn from the common centre o of the two surfaces; but v 
terminating (p. 325) on the tangent plane to the wave, and being parallel to the direction 
of the elastic force de; whereas w terminates (p. 328) on the tangent plane to the index- 
surface, and is parallel to the displacement 5p, 
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(7). Besides the relation, 


w= gv, or v= ge, " (C6) 


connecting the two new vectors (f) with each other, they are connected with p and uw by 
the equations (pp. 325, 328), 


Suv =-— by (De) ; Spu = 0; (Es) 
Spw=- 1, (Fe); Syuw=0; (Ge) 


and generally (p. 328), the following Rule of the Interchanges holds good: In any formula 
involving p, m, v, w, and , or some of them, it is permitted to exchange p with un, 
v with w, and @ with |; provided that we at the same time interchange 5p with de, but 
not generally* 8 with Sp, when these variations, or any of them occur. 

(i). We have also the relations (pp. 328, 329), 


~plav!Vysutvul; (He) 
— pi =wa!Vop =pt+ot; (Ie) 


with others easily deduced, which may all be illustrated by the above-cited fig. 89. 
(7). Among such deductions, the following equations (p. 330) may be mentioned, 


(Vudu)? + Supu=0, (Je); (Vad !w)? + Swo-w = 0; (Ke) 


which show that the Locus of each of the two Auxiliary Points, v and w, wherein the 
two vectors v and w terminate (/), is a Surface of the Fourth Degree, or briefly, a Quartic 
Surface; of which two loci the constructions pay be connected (as stated in p. 330) with 
those of the two reciprocal ellipsoids, 


Sppp =1, (Le), and Sppp=1; (Me) 


p denoting, for each, an arbitrary semidiameter. 

(j). It is, however, a much more interesting use of these two ellipsoids, of which (by 
(Ws), &c.) the scalar semiaxes are a, b, ¢ for the first, and a, 61, c for the second, 
to observe that they may be employed (p. 327) for the Constructions of the Wave and the 
Index- Surface, respectively, by a very simple rule, which (at least for the jist of these 
two reciprocal surfaces (a)) was assigned by Fresnel himself. 

(k). In fact, on comparing the symbolical form (Ag) of the equation of the Wave, with 
the form (Hz) in p. xxv, or with the equation 412, XLI., in p. 253, we derive at once 
Fresnel’s Construction: namely, that if the ellipsoid (abe) be cut, by an arbitrary plane 
through its centre, and if perpendiculars to that plane be erected at that central point, 
which shall have the lengths of the semiaxes of the section, then the locus of the extremities, 
of the perpendiculars so erected, will be the sought Wave-Surface. 

(2). A precisely similar construction applies, to the derivation of the Index-Surface 
from the ellipsoid (a-1b-1¢"!) : and thus the two auxiliary surfaces, (Le) and (Me), may be 
briefly called the Generating Ellipsoid, and the Reciprocal Ellipsoid. 

(m). The cubic (Ws) in ¢ enables us easily to express (p. 331) the inverse function 
(p + e)-!, where ¢ is any scalar; and thus, by changing ¢ to — p*, &c., new forms of 
the equation (Ag) of the wave are obtained, whereof one is, 


0 = (p-tp)? + (p? + a? + B® + 6%) Spprlp — a*bre? ; (Ne) 


with an analogous equation in u (comp. the rude in (g)), to represent the index-surface : 
so that each of these two surfaces is of the fourth degree, as indeed is otherwise known. 


* This apparent exception arises (pp. 328, 329) from the circumstance, that 5p and de have their 
directions generally fixed, in this whole investigation (although subject to a common reversal by +), 
when p and mw are given; whereas 5u continues to be used, as in (a), to denote any infinitesimal 
vector, tangential to the index-surface at the end of u. 
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(n). If either Spo-!p or p? be treated as constant in (Ne), the degree of that equation 
is depressed from the fourth to the second; and therefore the Wave is cut, by each of the 


two concentric quadrics, 
Spp-'p = hi, (Oc); p” +7? =0, (Pe) 


in a (real or imaginary) curve of the fourth degree: of which two quartie curves, answering 
to all scalar values of the constants / and 7, the wave is the common locus. 

(0). The new ellipsoid (Og) is similar to the ellipsoid (Me), and similarly placed, while 
the sphere (Pg) has r for radius; and every quartic of the second system (n) is a sphero-conic, 
because it is, by the equation (Ag) of the wave, the intersection of that sphere (Pe) with the 
concentric and quadrie cone, 


0=Spip tr?) 'p; (Qe) 
or, by (Be), with this other concentric guadric,* 
~1= Spl + 1)"1p, (Re) 


whereof the conjugate (obtained by changing — 1 to + 1 in the last equation) has [p. 346] 
a@—r, Br, &— 7, (Se) 


for the squares of its scalar semiaxes, and is therefore confocal with the generating 
ellipsoid (Le). 

(p). For any point p of the wave, or at the end of any ray p, the tangents to the two 
curves (n) have the directions of w and uw; so that these two quartics cross each other at 
right angles, and each is a common orthogonal in all the curves of the other system |p. 345]. 

(q). But the vibration 8p is easily proved to be parallel to w; hence the curves of the 
Jirst system (n) are Lines of Vibration of the Wave: and the curves of the second system 
are the Orthogonal Trajectoriest to those Lines. 

(vr). In general, the vibration Sp has (on Fresnel’s principles) the direction of the 
projection of the ray p on the tangent plane to the wave ; and the elastic force ¢ has in like 
manner the direction of the projection of the index-vector w on the tangent plane to the 
index-surface: so that the ray is thus perpendicular to the elastic force corresponding. 


9 August 25, 1865. 
(s). When a given or first ray, p, prolonged or shortened, becomes a second ray, pi, at 
the same side of the centre 0, so that Up: = Up, we can easily derive from LXIII. the 
expression [p. 349] 
n= Tp1 = abch-*, (Ts) 
or 
re = abe? (Spp-p) ; (Us) 


so that the two quantities, h andr, are constant together or variable together: similarly 
for the two other quantities, 4 and 7, which are obtained from these by interchanging sheets. 

(¢). It follows, then, that one sheet of the cone (Qe), which has its surface at the centre 
of the wave, and rests on a sphero-conic (71) traced on the wave-sheet, contains also, 
or may be considered as likewise resting upon, a line of vibration (hk) on the other sheet, 
and reciprocally ; so that each of these two curves is projected into the other, by rays 
from 0, and one would appear as superposed on the other, if we imagine them to be seen 
by an eye placed at that point. As a limiting case, when the projecting cone reduces 
itself to one of the two principal planes—tfor example, to the plane (#)—then the ellipse 
(a) in that plane may be represented by the equation h* = be, and the circle (a) has for 
equation 7; = @; so that the condition (Tg) is satisfied [p. 350]. 
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* For real curves of the second system (n), this new quadric (Re) is an hyperboloid, with one sheet 
or with ¢wo, according as the constant 7 lies between @ and 8, or between 0 and ¢; and, of course, 


the conjugate hyperboloid (0) has two sheets or one, in the same two cases respectively. 


t In a different theory of light (comp. the next Series, 423), these sphero-conics on the waye are 


themselves the lines of vibration. 
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(w). In fact the guadric cone (Qs) must cut the guartie wave in an octic curve, or else in 
a system of curves, of which the product of the dimensions is eight; and accordingly we 
find, as above, that the compilete intersection, here considered, of the two surfaces, consists 
of a system of two quartic curves, namely, a sphero-conic (11) on one sheet, and a line of 
vibration (h) on the other [p. 349]. 
(v).* [The section of the wave by a principal plane of the generating ellipsoid (Le) 
breaks up into a circle and an ellipse (p. 332) 


p2+a%=0, (Ve) ; 1 — b-%c-2Spptp = 0, (We) 


which we may refer to as the circle (a) and the ellipse (2). The intersections of a circle 
and the corresponding ellipse are nodal points on the wave. Those on the circle (8) and 
the ellipse (2) alone are real, and may be called by pre-eminence the Wave-Cusps. And 
the vectors (+ po, + pi) drawn from the centre o to these four cusps may be termed Lines 
of Single Ray- Velocity, or briefly Cusp-Rays (p. 332). Ata wave-cusp the vector yu is 
indeterminate (p. 354) but it is an edge of the cone (p. 336) 


vw? + SupoSpuuo = 0 (Xs) 


where go corresponds to po as terminating on the ellipse (d) (p. 884). Analogous cusps lie 
on the Index Surface at the ends of the vectors (+ vo, + 1) of Single Normal Slowness 
(p. 335). The tangent cone to a wave-cusp (p. 335) may be thus briefly written (p. 341) 


(Suopop)” = 4SpopSu p (Ye) 


with various other transformations (pp. 342-4).] 
[(w). There are four real Circular Ridges on the wave along which it is touched by 
the four planes 
Spvo =+ 1, Spy =+ 1 (Ze) 


+o and + v1 being the vectors thus designated in the last paragraph. The common 


length of the diameters of these circles is -!(a? — b2)? (2 — 2)? and each diameter in the 


principal plane subtends at the wave centre the angle tan-!b-?(a? — b2)2 (0? — 2) (p. 337). 
In virtue of the law of reciprocity these ridges correspond to the conical points on the 
Index Surface. New determination of a circular ridge by means of its vector equation 
and without assuming any knowledge of the existence of a wave-cusp. The relation 


cae ded Can a ieee 8 (Ar) 


* [The paragraphs (s), (¢) and (), accidentally omitted in the First Edition, were first printed by 
the Rev. R. P. Graves in the Appendix to the Third Volume of his Life of Hamiiton p. 640. They 
are of peculiar interest as they show that in spite of severe illness Hamilton was occupied in his work 
until a few days before his death which took place on the 2nd of September. In the manuscript-book 
nothing follows after (v). The Rev. Charles Graves in his Presidential éloge delivered to the Royal 
Trish Academy referred to Hamilton’s labours in the following terms :—‘‘ It will be a satisfaction to 
the members of this Academy to be told that his Elements of Quaternions—the work upon which he 
was engaged with most unceasing activity for the last two years—is all but complete. I have reason 
to know that at no period of his life—not even when he was in the prime of health and youthful 
vigour—did he apply himself to his mathematical labours with more devoted diligence. Those who 
did not actually know how he was employed, or who had formed a false estimate of his character, 
might imagine him indolently reposing upon his laurels, or pursuing his studies in a desultory way. 
Such a conception of them would be the very opposite to the true one. His diligence of late was 
even excessive—interfering with his sleep, his meals, his exercise, his social enjoyments. It was, I 
believe, fatally injurious to his health.’’—Proceedings, Royal Irish Academy, vol. ix., p. 315, and 
Graves’s Life of Sir W. R. Hamilton, vol. iii., p. 224.] 
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generally determines the index-vector » when the ray-vector p is given, but when @— p~? 
is a binomial the vector u, becomes indeterminate provided p is perpendicular to the 
direction 6 satisfying ( — p™)B=0. The vector equation of the Index-Ridge is then 
(p. 338) 


VB(u + po)! — VB(uo + po)? = 0 (Br) 
and the vector equation of the Wave-Ridge is (p. 339) 
VB(p + v0)? — VB(a0 + v0})") = 0 (Cr) 


where op) = — @c?pvo (CXIII., p. 337). The existence of the circular ridges may also be 
manifested (p. 344) by reducing the equation of the wave-surface to 


(2p? — (a? — c”) SvopSvip + a? + 62)? = (a? — c?)? {1 — (Svop)?} {1 — (Svip)?}  (Dz).] 


[(z). The laws of the two sets of vibrations, at a cusp and on a ridge, are illustrated 
by fig. 89 and are intimately connected with the two Conical Refractions, external and 
internal, in a biaxial crystal (p. 341). In the first case the vibration is in the tangent 
plane at the cusp P to the ellipsoid (4) (compare We) and has the direction of a chord Pr 
of the cone resting upon the index-ridge. In the second case the vibration at r has the 
direction of the chord xq’ of the wave-ridge through the point on the circle (4) (p. 340). | 

[(y). In addition to the symbolic forms of the equation of the wave (Ags) and (Be) 
(paragraph e) and (Ng) (paragraph m) the cyclic transformation is employed to derive this 
new equation (p. 332) 

gp? = 1 + SapSa’p + TVApTVa'p (Ez) 


(the upper sign belonging to one sheet, and the lower to the other sheet) with several other 
expressions. The bifocal transformation affords the equation (p. 344) 


(2p? — (a? — ¢2) SuopSrip + a + ®)? = (a? — ®)® {1 — (Svop)} {1 — (Svip)?} (Es) 


already referred to (w), and the equation T (1p + px)® = (x? — 1°)? has been selected by 
Professor Tait as the basis of his paper on ‘‘Quaternion Investigations connected with 
Fresnel’s Wave-Surface ’’ (p. 350). Some leading expressions are written down showing 
the Cartesian equivalents of quaternion forms (p. 352). ] 

[(z). Although the italic letters i, 7, & are not now much used having been superseded 
by general signs of operation such as S, V, T, U, K, they may be supposed to be still 
familiar to the student as links between quaternions and coordinates, p. 351.] 

ARTICLE 423.—Mac Cullagh’s Theorem of the Polar Plane, 

[(a). The vectors p, p’ and p” representing respectively the ray- pete of ee 
incident on, and refracted and reflected by, a biaxial crystal, and p’ being the index-vector 
for the refracted light, by all wave theories of light (p. 353) 


p=Sup'=p?=-1, (Gr); p°=— ver", (Hy); bat ae eee), 


where y is a normal to the face. The corresponding vectors of vibration being 7, 7’, 7”, 
by all theories of tangential vibration 


Spr=0, (Kx); Su'r'=0, (Lx); Sp’r"=0 — (Mz).] 


[(2). To these Mac Cullagh adds I. that the vibration in the crystal is perpendicular 
to p’, or 
Spr. —.0 ; (N7) 


he also assumes II. the Principle of Equivalent Vibrations expressed by 
tT-7+r"=0, (O7) 


III. the Principle of Vis Viva and IV. the Principle of constant Density of the Ether, 
jointly expressed by 
Sy (pr — p'r'? + p'r") = 0 (Ps).] 
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[(c). Eliminating p” and 7” and solving for 7 it is found (p. 354) that 


2rSpv = Vpr'r’ (Q;) if yv=p—p' | (Ry) 


which includes one form of the enunciation of the Theorem of the Polar Plane as ex- 
pressed by the equation (p. 355) 


Sy'r7’ = 0. (S7)] 
[(@). If w is an arbitrary vector (p. 856) the equations had to 
WV {(p — w)4 — (p' — wo) 7’ + (p” — w)7"} = 0 (T7) 


and this equation combined with the principle of Rectangular Vibrations contained in 
equations (K7), (M7) and (N7) is sufficient to give the same direction of +’ and the same 
dependencies of 7 and 7” thereon as those expressed by (07), (Pz), (Qz) and (Sz). Equation 
(T;) expresses that three forces 7, — 7’, 7” applied at the extremities of p, p’, p” would be 
equivalent to a couple having its axis parallel to v.] 
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CHAPTER III. 


ON SOME ADDITIONAL APPLICATIONS OF QUATERNIONS, 
WITH SOME CONCLUDING REMARKS. 


SECTION 1. 
Remarks Introductory to this Concluding Chapter. 


3866. WuEn the Zhird Book of the present Elements was begun, it was 
hoped (277) that this Book might be made a much shorter one, than either 
of the two preceding. Zhat purpose it was found impossible to accomplish, 
without injustice to the subject ; but at least an intention was expressed 
(817), at the commencement of the Second Chapler, of rendering that Chapter 
the dast: while some new Examples of Geometrical Applications, and some few 
Specimens of Physical ones, were promised. 

367. The promise, thus referred to, has been perhaps already in part 
redeemed; for instance, by the investigations (315) respecting certain tan- 
gents, normals, areas, volumes, and pressures, which have served to illustrate 
certain portions of the theory of differentials and integrals of quaternions. 
But it may be admitted, that the six preceding Sections have treated chiefly 
of that Theory of Quaternion Differentials, including of course its Principles 
and Rules; and of the connected and scarcely less important theory of Linear 
or Distributive Functions, of Vectors and Quaternions: Lxamples and Appli- 
cations having thus played hitherto a merely subordinate or illustrative part, 
in the progress of the present Volume. 

368. Such was, indeed, designed from the outset to be, upon the whole, the 
result of the present undertaking : which was rather to ¢feach, than to apply, 
the Caleulus of Quaternions. Yet it still appears to be possible, without quite 
exceeding suitable limits, and accordingly we shall now endeavour, to con- 
dense into a short Third Chapter some Additional Examples, geometrical and 

B2 
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physical, of the application of the principles and rules of that Calculus, sup- 
posed to be already known, and even to have become by this time familiar* 
to the reader. And then, with a few general remarks, the work may be 
brought to its close. 


SECTION 2. 
@n Tangents and Normal Planes to Curves in Space. 


369. It was shown (100) towards the close of the First Book, that if the 
equation of a curve in space, whether plane or of double curvature, be given 
under the form, 


I. .. p= lt) = ot, 
where ¢ is a scalar variable, and ¢ is a functional sign, then the derived vector, 
II. .. Do = Dt = pt = p’ = dp: di, 


represents a dine which is, or is parallel to, the tangent to the curve, drawn 
at the extremity of the variable vector p. If then we suppose that T is a 
point situated upon the tangent thus drawn to a curve pq at P and that v is 
a point in the corresponding normal plane, so that the angle rrv is right, 
and if we denote the vectors op, oT, ov by p, 7, v, the equations of the tangent 
line and normal plane at P may now be thus expressed : 


Te Wir ae Oe Ve Seale! = 0p 


the vector r being treated as the only variable in III., and in like manner v as 
the only variable in 1V., when once the curve Pa is given, and the point P is 
selected. 

(1.) It is permitted, however, to express these last equations under other 
forms; for example, we may replace p’ by dp, and thus write, for the same 
tangent line and normal plane, 


V...V(r—-p)dp = 0; VI...S(u- p)dp = 90; 


where the vector differential dp may represent any line, parallel to the tangent 
to the curve at p, and is not necessarily small (compare again 100). 
(2.) We may also write, as the equation of the tangent, 


¢ 


VII...7= p+ 4p’, where z is a scalar variable ; 


* Accordingly, even references to former Articles will now be supplied more sparingly than before. 


Arts. 368, 369.] TANGENTS AND NORMAL PLANES TO CURVES. 5 
and as the equation of the normal plane, 

WT du py 0; ore VIE a dio p) = 0, ibd ye 0: 
because this partial differential of T{v — p), or of Pu, is (by 334, XII., &.), 

Xe (yp OU (=o) p).* 
(3.) For the circular locus 314, (1.), or 337, (1.), of which the equation is, 
Xe p= ab, with la=1) and. Sag — 0, 
the equation of the tangent is, by VII., and by the value 337, VI. of p’, 
XI...7=p+yap, where y is anew scalar variable ; 


the perpendicularity of the tangent to the radius being thus put in evidence. 
(4.) For the plane but elliptic locus, 314, (2.), or 337, (2.), for which, 


A, op =V Be with Dea bul aor Sa — 90, 


the value 337, VIII. of p’ shows that the tangent, at the extremity of any 

one semidiameter p, is paradlel to the conjugate semidiameter of the curve; 

that is, to the one obtained by altering the excentric anomaly (314, (2.) ), by 

a quadrant: or to the value of p which results, when we change ¢ to ¢ + I. 
(5.) For the helir, 314, (10.), of which the equation is, 


».S 08 Pare p=ca tap, wi. Pel and jap — 0. 


c being a scalar constant, we have the derived vector, 


AT. op = car 5 a3; whence XY...Sa"p’ =e, 


XVI... TVap’=5 78, and XVII... (TV:S)q%p’ = ue: 


the tangent line (p’) to the helix is therefore inclined to the avis (a) of the 


* [Again we may write, as the equation of the normal plane, 
(VII.) v=p-+ &p’, where é is a variable vector at right angles to p’ ; 
and as the equation of the tangent, 
(VIII.) d,U(r—p)=0, or (VIII’.) dU(r-p)=0, if dr=0. 


Geometrically, VIII. expresses that the length of the line joining a point in the normal plane to the 
corresponding point on the curve does not vary when we pass to a consecutive point on the curve, 
and (VIII.) expresses that the direction of the line joining a point on the tangent to the corresponding 
point on the curve does not change when we pass to a consecutive point on the curve. } 
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cylinder whereon that curve is traced, at a constant angle (a), whereof the 
trigonometrical tangent (tan a) is given by this formula XVII.; and accord- 
ingly, the numerator 7I'3 of that formula represents the semicircumference of 
the cylindric base; while the denominator 2c is an expression for half the 
interval between two successive spires, measured in a direction parallel to the 
axis. We may then write, 


XVIII... eT = 2c tan a = 2c cot 4, 


if a thus denote the constant inclination of the helix to the azis, while 6 
denotes the constant and complementary inclination of that curve to the 
base, or to the circles which it crosses on the cylinder. | 

(6.) In general, the parallels p’ to the tangents to a curve of double curva- 
ture, which are drawn from a fixed origin 0, have a certain cone for their 
locus; and for the case of the helix, the equation of this cone is given by the 
formula XVII., or by any legitimate transformation thereof, such as the 


following, 
XIX. ..SUa'p’ = + cosa=+sin b; 


it is therefore, in this case, a cone of revolution, with its semiangle = a. 
(7.) As an example of the determination of a normal plane to a curve of 
double curvature, we may observe that the equation XIII. of the helix gives, 


XX... p?=6?-c'#, and therefore XXI...Spp =- ct; 
the equation IV. becomes therefore, for the case of this curve, 
XXIT...0=Sp'v+ ct, with the value XLV. of p’. 


(8.) If then it be required to assign the point vu in which the normal 
plane to the helix meets the axis of the cylinder, we have only to combine 
this equation XXII. with the condition v||a, and we find, by XIII. 
and XIV., 


XXIII... ov =v=~—cta: Sap’ = cla, XXIV) Ba (v - p) = 


~ 


the line pu is therefore perpendicular to the axis, being in fact a normal to 
the cylinder. 
370. Another view of tangents and normal planes may be proposed, which 


shall connect them in calculation with Zaylor’s Series adapted to quaternions 
(342), as follows. 


Arts, 369, 370. | CONNEXION WITH TAYLOR’S SERIES. 7 
(1.) Writing 
I... pe= pot tito, or briefly, I’... pr=p + utp’, 


the coefficient u, or u will generally be a quaternion, but its limiting value will 
be positive unity, when ¢ tends to zero as its limit; or in symbols, 
II... wm =lim. w= 1. 
t=0 

(2.) Admitting this, which follows either from Taylor’s Series, or (in so 
simple a case) from the mere definition of the derived vector p’, we may con- 
ceive that vector p’ to be constructed by some given line pr, without yet 
supposing it to be known that this ine is tangential at P to the curve Pe, 
of which the variable vector is 0a = pz, While oP = py = p, so that the line 
PQ = utp’ is a vector chord from Pv, which diminishes indefinitely with the 
scalar variable, t, and is small, if ¢ be small. 

(3.) Conceiving next that w = or = the vector of some new and arbitrary 
point rR, we may let fall a perpendicular em on the line pr, and so decompose 
the chord Pa into the two rectangular lines, pM and ma; which, when divided 
by the same chord, give rigorously the two (generally) quaternion quotients, 


PM — Sup’(w — p) 
PQ up'(w~p)’ 


ma Vup'(w—p) | 


ite es 


es 


the variable ¢ thus disappearing through the divisions, except so far as it 
enters into «, which tends as above to 1.* 
(4.) Passing then to the dimits, we have these other rigorous equations, 


Wo lam = ener Mics line eee 
PQ p(w ~p) PQ p (w— 9) 


* [Here Ppa = PM+™MQ = PQ.PR.pPR-!, and separately (vol. I. p. 194) pm = 8(PqQ. PR). PR! 
and mM@ = V(pq.PR). PR}. So we have 
PM S(pq . PR) 


MQ V(rPa.P 
— = S(Pa. Pr). PR pq = --—--——- and — = V(pq. PR). PR}. PQ?) = Mae aed 
PQ PQ. PR PQ PQ.PR 


The formule of these sub-articles may be easily deduced from the consideration of the versor 


24.0" 
EQ ot UMP 


3 PR U (p—o)’ 
or in the limit 
lim.U-- = +0. 
PR p-—w 
This reduces to a scalar when pr is on the tangent, and to a right versor when it is in the normal 
plane. Observe that Utwp’ = + Uup’.] 
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by comparing which with 369, III. and IV., we see that those two equations 
represent respectively, as before stated, the tangent and the normal plane to 
the proposed curve at P; because, if Vp’(w-p) = 0, the chord pa tends, by 
V. or VI., to coincide, both in length and in direction, with its projection PM 
on the line pr; while on the other hand, if Sp’(w—p) = 0, that projection 
tends to vanish, even as compared with the chord pa; which chord tends now 
to coincide with its other projection ma, or with the perpendicular to the 
line PR, erected so as to reach the point @: whence PR must, in this last 
case, be a normal to the curve at Pp. 

(5.) We may also investigate an equation for the normal plane, by con- 
sidering it as the dimiting position of the plane which perpendicularly bisects the 
chord. If R be supposed to be a point of this last plane, then, with the 
recent notations, the vector w = or must satisfy the condition, 


Vil Toss Ta peor Will eG ue Gol 
or | 2. Ger 2Sup’ (w - p) = t(up')*, 


in which it may be noted that wp’ is a vector (in the direction of the chord, Pa), 
although w itself is generally a quaternion, as before: such then is the 
equation of the bisecting plane, with w for its variable vector, and its “mit is, 


X...Sp’(w —p) = 0, as before. 
(6.) The last process may also be presented under the form, 
XI... 0 =lim.¢7{T(w — p2) — T(w — po)} = DT (w — pz), when ¢ = 0; 


and thus the equation 369, VIII. may be obtained anew. 

(7.) Geometrically, if we set off on re a portion Rs equal in length 
to RP, as in the annexed fig. 76, we shall have the limiting equation, 

XII... +sQ: PQ = (RQ—- KP): PQ = (ultimately) — cos RPT; 

which agrees with 369, IX.* 

(8.) If then the point r be taken out of the normal plane 
at p, this dimit of the quotient, Ra— Rp divided by pa, has a 
finite value, positive or negative; and if the chord pa be 
called smadl of the first order, the difference of distances of its 
extremities from r may then be said to be smad/ of the same (first) order. 
But if rx be taken zz the normal plane at Pp (and not coincident with that 


Fig. 76. 


* [sa denotes the length of the vector sa. ] 
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point Pp itself), this difference of distances may then be said to be small, of 
an order higher than the first: which answers to the evunescence of the first 
differential of the tensor, T(w—p) in XI., or T(v—p) in 869, VITIT’. 

371. A curve may occasionally be represented in quaternions, by an 
equation which is not of the form, 369, I., although it must always be con- 
ceived capable of reduction to that form: for instance, this new equation, 


Toe Nop.Vpa-= (Yaa), “with “2 Vaa-> 0; 


is not immediately of the form p = ¢f, but it is reducible to that form as 
follows, 

ae ate oo ta + ta’. 
An equation such as I. may therefore have its differential or its derivative 
taken, with respect to the scalar variable ¢ on which p is thus conceived to 
depend, even if the exact daw of such dependence be unknown: and dp, or 
p, may then be changed to the tangential vector w — p to which it is parallel, 
in order to form an equation of the tangent, or a condition which the vector 
w of a point on that sought line must satisfy. 

(1.) To pass from I. to II., we may first operate with the sign V, which 
gives, ; ; : , 
IETS a. p8aa p'—-0,-- or simply,- “Tl baa p — 0. 
whence, ¢ and ¢/’ being scalars, we may write, 

IV eo Sta tla. Vapi oN ao. “Veo =e Van te 4, 


and the required reduction is effected: while the return from II. to IL. or 
the elimination of the scalar ¢, is an even easier operation. 

(2). Under the form II., it is at once seen that p is the vector of a 
plane hyperbola, with the origin for centre, and the lines a, a’ for asymptotes ; 
and accordingly all the properties of such a curve may be deduced from 
the expression II., by the rules of the present Calculus. 

(3.) For example, since the derivative of that expression is, 


Vii OG et a 
the tangent may (comp. 369, VII.) have its equation thus written : 
| VI... w= ¢+a)at+t?(t-2)a’; 


it intersects therefore the lines a, a’ in the points of which the vectors are 
2ta, 2t a’; so that (as is well known) the intercept, upon the tangent, 
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between the asymptotes, is bisected at the point of contact: and the intercepted 
area is constant, because V(ta. ta’) = Vaa’, &e. 

(4.) But we may also operate immediately, as above remarked, on the 
form I.; and thus arrive (by substitution of w — p for dp, &c.) at the 
equation of conjugation, 


VIL... Vaw. Vpa’ + Vap.Vwa’ = 2 (Vaa’)’, 


which expresses (comp. 215, (13.), &c.) that if p = op, and w = or, as 
before, then either r is on the tangent to the curve, at the point p, or at 
least each of these two points is situated on the polar of the other, with 
respect to the same hyperbola. 

(5.) Again, it is frequently convenient to consider a curve as the inter- 
section of two surfaces; and, in connexion with this conception, to represent 
it by a system of two scalar equations, not explicitly involving any scalar 
variable: in which case, both equations are to be differentiated, cr derivated, 
with reference to such a variable understood, and dp or p’ deduced, or 
replaced by w — p as before. 

(6.) Thus we may substitute, for the equation I., the system of the 
two following (whereof the first had occurred as III’.): 


VIII... Saa’p = 0, p?Saa’ — SapSa’p = (Vaa’)’; 
and the derivated equations corresponding are, 
IX... Saa’p’ = 0, 28aa’Spp’ - Sap’Sa’p — SapSa’p’ = 0; 
or, with the substitution of w—p for p’, &e., 
X... Saa’w = 0, 28aa’Spw -SawSa’p - SapSa’w = 2 (Vaa’)’; 


the last of which might also have been deduced from VII., by operating 


with 8. 

(7.) And it may be remarked that the two equations VIII. represent re- 
spectively in general a plane and an hyperboloid, of which the intersection (5.) 
is the hyperbola I. or II.; or a plane and an hyperbolic cylinder, 1f Saa’ = 0.* 


* (If p= a where ¢(¢) is a rational and integral vector function of degree m in ¢, and 
f(t) a rational and integral scalar function of degree », the degree of the curve is equal to the 
greater of the two integers mand. This is evident when we substitute for p in the equation of an 
arbitrary plane, SAp = 1, for we obtain a scalar equation in ¢ whose roots determine the points 
in which the curve cuts the plane. Curves of this kind are unicursal. In general there is some 
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SECTION 3. 
On Normals and Tangent Planes to Surfaces, 


372. It was early shown (100, (9.)), that when a curved surface is repre- 
sented by an equation of the form, 


I... p = 9(%y); 
in which @¢ is a functional sign, and #, y are two independent and scalar 
variables, then either the two partial differentials, or the two partial derivatives, 
of the first order, 
adap dy, oh atl ley pe by: 


represent two tangential vectors, or at least vectors parallel to two tangents 
to the surface, drawn at the extremity or ferm P of p; so that the plane 
of these two differential vectors, or of lines parallel to them, is (or is 
parallel to) the tangent plane at that point: and the principle has been 
since exemplified, in 100, (11.) and (12.), and in the sub-articles to 345, &e. 
It follows that any vector v, which is perpendicular to both of two such 
non-parallel differentials, or derivatives, must (comp. 345, (11.)) be a normal 
vector at P, or at least one having the direction of the normal to the surface 
at that point; so that each of the two vectors, 


Ve SVG os ps Voor Ve Da Dep. 
if actual, represents such a normal. 

(1.) As an additional example, let us take the case of the ruled paraboloid, 
on which a given gauche quadrilateral ancy is superscribed. ‘The expression 
for the vector p of a variable point Pp of this surface, considered as a 
function of two independent and scalar variables, x and y, may be thus 
written (comp. 99, (9.)) : 

VI... p =ayat (l-2)yB + (1-2) (l-y)y+e(l-y)8; 


where the supposition y = 1 places the point p on the line aB; x = 0 places 
it on Bc; y=0, oncD; anda =1, on pa. 


irrationality in the functions of ¢, and the result of substitution in the equation of the plane must 
be rationalized before the degree of the curve can be determined. 

As examples of the equations of curves :— 
at? + 2Bi+-+y 
at? + 2bt+e 
p = (p+7)™a, in which ¢ is a linear vector function and m a constant scalar, represents a right line 
when m= 1, a twisted cubic when m = — 1, and a twisted quartic when m = 3.] 


P= is a conic provided there is no common factor in the numerator or denominator ; 


C2 
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(2.) We have here, by partial derivations, 
VIL... Dep =y(a-8) +(1-y)(8-y); Dyp = 2(a-8) + (1-2)(B-4); 


these then represent the directions of two distinet tangents to the paraboloid 
VI, at what may be called the point (w, y); whence it is easy to deduce the 
tangent plane and the normal at that point, by constructions on which we 
cannot here delay, except to remark that if (comp. fig. 381, Art. 98) we draw 
two right lines, as and rt, through Pp, so as to cut the sides AB, BO, cD, DA 
of the quadrilateral in points a, x, s, Tr, we shall have by VI. the vectors, 
(o9@=aa+(l-z)B, or=y8 + (1-y)y, 


VIIL. . 7 
os =a#d+(l-ay, or=ya+(l1-y)d, 


and therefore, by VIL, 
A. ea Dp = RT, D,p eae 
so that these two tangents are simply the ¢wo generating lines of the surface, 
which pass through the proposed point P.* 
(3.) For example, at the point (1,1), or a, the tangents thus found are 
the sides BA, DA, and the tangent plane is that of the angle BaD, as indeed 


is evident from geometry. 
(4.) Again, the equation of the screw surface (comp. 314, XVI.), 


X...p=ctat+ ya", with Ta=1, and SaG =0, 
gives the two tangents, 


ves D:p =Cca+t+ ye" B, D,p = a", 


whereof the latter is perpendicular to the former, and to the axis a of the 
cylinder; so that the corresponding normal to the surface X. at the point 
(z, y) is represented by the product, 


Le = peo ea a 5 Pia. 


373. Whenever a variable vector p is thus expressed or even conceived to 
be expressed, as a function of two scalar variables, x and y (or s and #, &c.), 


* [In VIII, @ and s are two variable points dividing homographically An and pc, and Rr and r 
divide sc and ap homographically. The ruled paraboloid is the locus of lines joining corresponding 
points of the homographic divisions on aB and pc, or on Bc and Ap, for VI. may be written in either 


of the forms 
p= yoa+(l-y)os, or p = cor + (1-2) on.] 
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if we assume any ¢hree diplanar vectors, such as a, [3, y (ort, x, A, &e.), the 
three scalar expressions, Sap, SBp, Syp (or Sip, Ske, Srp, &e.), will then be 
functions of the same two scalar variables; and will therefore be connected 
with each other by some one scalar equation, of the form, 


I... F(Sap, SBp, Syp) = 0, 


or briefly, ee Pe 
opie Os 


where C is a scalar constant, introduced (instead of zero) for greater 
generality of expression; and /, f are used as functional but scalar signs. 
If then (comp. 361, XIV.) we express the first differential of this scalar 
function fo under the form, 


Lib 7 —Osudn, 


in which yp is a certain derived vector, and is here considered as being (at least 
implicitly) a vector function (like p) of the two scalar variables above mentioned, 
we shall have the two equations, 


LV Svdzp = 0, Svdyp = 0, 
or these two other and corresponding ones, 
eae SvD,p =a). SvDyp =A 


from which it follows (by 372) that v has the direction of the normal to the 
surface I. or II., at the point p in which the vector p terminates. Hence 
the equation of that normal (with w for its variable vector) may, under these 
conditions, be thus written : 


Niles wo Vp Gir pi= iis 
and the corresponding equation of the tangent plane at the same point P is, 
VII... Sv(w- p) = 0. 


(1.) For example, if we take the expression 308, XVIII., or 345, XIL., 


namely 
Wit o = thigh inewhich Aj? = 7k, &o., 


treating the scalar 7 as constant, but s and ¢ as variable, we have then (comp. 
345, XIV.), the equations, a denoting any unit-vector, 


IX... Sip =18.a%S.0%, Bjo= 78.0 '8.a%, Sho = 78.0%"; 
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between which s and ¢ can be eliminated, by simply adding their squares, 
because (Sa’)* + (Sa’)? = 1, by 315, V., if Ta =1. In this manner then we 
arrive at equations of the forms I. and II., namely (comp. 357, VII., and 
308, (10.) and (13.)), 


D. Cre (Sip)? ot (Syp)? + (Skp)? ty 0, 
and 
Rip p= = Const OF Sk pa 


which last results had indeed been otherwise obtained before.* 


(2.) With this form XI. of fp, we have the differential expression of the 
first order, 


Md jo = O8vde = Sedo, whence XIE n= os 


and if we sti/l conceive that p is, as above, some vector function of two.scalar 
variables, s and ¢, although the particular law VIII. of its dependence on 


them may now be supposed to be wnknown (or to be forgotten), we may 
write also, 


b.@ Bee 3d fp = Svdp = Spdp = So(ds Bk di)p = SeD.p . ds + SpDip rae 


if then the function fp have (as above) a value, =- 1°, which is constant, or 
is independent of both the variables, s and ¢, while their differentials are 


arbitrary, and are independent of each other, we shall thus have separately 
(comp. V., end vor, STIL, XVII), 


MV. eo elo 


The radius p of the sphere XI. is therefore in this way seen to have the 
direction of the normal at its own extremity, because it is perpendicular to 
two distinct tangents, D,p and Dyp, at that point; which are indeed, in the 
present case, perpendicular to each other also (337, (8.)). 

(3.) Instead of treating the ¢wo scalar variables, 2 and y, or s and ¢, &c., 
as both entirely arbitrary and independent, we may conceive that one is an 
arbitrary (but scalar) function of the other; and then the vector v, determined 
by the equation III., will be seen anew to be the normal at the extremity 
p of p, because it is perpendicular to the tangent at P to an arbitrary curve 
upon the surface, which passes through that point: or (otherwise stated) 


* [OF course p? = r2ktyshy-sh-t + ktjshj-sh-t = 19h? = — 9) 
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because it is a line in an arbitrary normal plane at Pp, if a normal plane to a 
curve on a surface be called (as usual) a normal plane to that sufuce also. 

(4.) For example, if we conceive that s in VIII. is thus an arbitrary 
function of ¢, the last expression XIV. will take the form, 


D. Gila Pacman tae 3d fp =§. p(s Dsp + Dip) dé, ib Ge sles 
whence, dé being still arbitrary, we have the one scalar equation, 
Daa td S. p(s’ Dsp os Dip) SOF eV ene p-Ls' Dsp + Dip, 


and although, on account of the arbitrary coefficient s’, this one equation 
XVIT. is equivalent to the system of the ¢wo equations XV., yet it cmmediutely 
signifies, as in XVIII., that the directed radius p, of the sphere XI., is 
perpendicular to the arbitrary tangent, s’'D.p + Dip; or to the tangent to an 
arbitrary spherical curve through p, the centre o and tensor 'I'p (or undirected 
radius, *) remaining as before. 

(5.) As regards the Jogic of the subject, it may be worth while to read 
again the proof (331), of the validity of the rule for differentiating a function 
of a function; because this rule is virtually employed, when after thus 
reducing, or conceiving as reduced, the scalar function fp of a vector p, to 
another scalar function such as F% of a scalar t, by treating p as equal to 
some vector function ¢¢ of this last scalar, we infer that 


XIX... dt =d fet = 28.vdgt, if dfp = 28Srdp, as before. 


(6.) And as regards the applications of the formule VI. and VILI., or 
of the equations given by them for the normal and tangent plane to a surface 
generally, the difficulty is only to select, out of a multitude of examples 
which might be given: yet it may not be useless to add a few such here, 
the case of the sphere having of course been only taken to illustrate the 
theory, because the normal property of its radii was manifest, independently 
of any calculation. 

(7.) Taking then the equation of the e//ipsoid, under the form, 


XX... Tio + px) =«* - ’, 2825 Ne 
of which the first differential may (see the sub-articles to 336) be thus written, 


XXT.,.0=S8.{(0 -— «)’p + 2(Skp + KSip)}do = Svdp, 
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and introducing an auxiliary vector, on or &, such that 
XXII... on = & =- 2(1 — x)? (WSxp + KSip), 


we have v || o—&, and may write, as the equation of the normal at the 
extremity P of p, the following, 


MMM Ve pu) 0 or XV a pe 


in which w is a scalar variable (comp. 369, VII.) ; making then zw = 1, 
we see that € is the vector of the point n in which the normal intersects 
the plane of the two fixed lines 1, x, supposed to be drawn from the origin, 
which is here the centre of the ellipsoid. 

(8.) If we look back on the sub-articles to 216 and 217, we shall see 
that these lines 1, « have the directions of the two real cyclic normals, or 
of the normals to the two (real) cyclic planes; which planes are now repre- 
sented by the two equations, 


MMV Cin 0 oes 0. 


Accordingly the equation XX. of the ellipsoid may be put (comp. 336, 
307, 3809) under the cyclic forms, 


XXVI... Sp¢p re (c° ee kK) 9° - 2Sipxp 
= (t— k)’p” + 48ipSxp = (x — 7)? = const. 5 


hence each of the two diametral planes XXYV. cuts the surface in a circle, 
the common radius of these two circular sections being 


Te? -— Tx? 
».@.6 10D ny TES ea b, 
where 6 denotes, as in 219, (1.), the length of the mean seméaxis of the 
ellipsoid ; and in fact, this value of Tp can be at once obtained from the 
equation XX., by making either 10 = — pi, or px = — xp, in virtue of XXYV. 
(9.) By the sub-article last cited, the greatest and least semiaxes have 
for their lengths, 


XXVITI...a=Ti+ Tx, e=T.-Tk; 


and the construction in 219, (2.) shows (by fig. 53, annexed to 217, (4.)) 
that these three semiaxes a, b, c have the respective directions of the lines, 


XXIX.. eT — «Ti, Vee, eT + «Tr; 
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all which agrees with the rectangular transformation, 


BOKER eee (= a) 
G az ) i ae 
ee S.pU(Tk - ay (=! —«)s. fo") + (- pUrTe+ «Ti 
. Te + Tk T? — Tk? Te - Tk ; 


in deducing which (comp. 859, (1.)) from 357, VIII., by means of the 
formule 857, XX. and XXI., we employ the values (comp. XXVI.), 


RX gt ee. Ca jE = K. 


(10.) The fived plane (7.), of the cyclic normals 1 and « (8.), is therefore 
also the plane of the extreme semiaxes, a and ec (9.), or that which may be 
called perhaps the principal plane* of the ellipsoid: namely, the plane of 
the generating triangle (218, (1.)), in that construction of the surface (217, 
(6.) or (7.)) which is illustrated by fig. 538, and was deduced as an inter- 
pretation of the quaternion equation XX., or of the somewhat less simple 
form 217, XVI., with the value Ti? — Tx? of #2. 

(11.) Let » denote the length of that portion of the normal, which is 
intercepted between the surface and the principal plane (10.), so that, by (7.), 


ROE es eae ee eee) 


with the value XXII. of & Let « = os be the vector of a point s on the 
surface of a new or auxiliary sphere, described about the point n as centre, 
with a radius = , and therefore tangential to the ellipsoid at Pp; and let us 
inquire in what curve or curves, real or imaginary, does this sphere cut the 
ellipsoid. 

(12.) The equations (comp. 871, (5.)) of the sought intersection are the 
two following, 


MOOI (60) on 0 and KRY Ge ea 


whereof the first expresses that s is a point of the sphere, and the second 
that it is a point of the ellipsoid; while p or op enters virtually into 
XXXIIT., through € and n, but is here treated as a constant, the point p 
being now supposed to be a given one. 


* This plane may also be said to be the plane of the principal elliptic section (219, (9.)); or it 
may be distinguished (comp. the Note to page 240, vol. i.) as the plane of the focal hyperbola, of 
which important curve we shall soon assign the equation in quaternions. 
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(13.) We shall remove (18.) the origin to this point P of the ellipsoid, 
if we write, 


MARV C= pe og Ore ARV glo 1p ee 
and thus we obtain the new or transformed equations, 
XXXVI...0=67+28(p-&)o’", XXXVII...0=N(to’+ o’k) + Bro’; 
in which (as in (7.), comp. also 210, XX.), 
XXXVITI. .. v = (e — kp + 2(t8kp + KSip) = (c — x}? (p - &), 


and : 
XXXIX... N(to’ + ox) = (c — k)?a? + 4800'S’. 


(14.) Eliminating then o”, we obtain from the two equations XXXVI. 
and XX XVII. this other, 


Me ieee 0 


which like them is of the second degree in o’, but breaks up, as we see, into 
two linear and scalar factors, representing two distinct planes, parallel by XXYV. 
to the two diametral and cyclic planes of the ellipsoid. The songht intersection 
consists then of a pair of (real) circles, upon that given surface; namely, 
two circular (but not diametral) sections, which pass through the given point P. 

(15.) Conversely, because the equations XX XVII. XXXVIII. XXXIX. 
XL. give XXXVI. and XXXIII., with the foregoing values of € and n, 
it follows that these ¢wo plane sections of the ellipsoid at P are on one 
common sphere, namely that which has n for centre, and » for radius, as 
above; and thus we might have found, without differentials, that the line PN 
is the normal at Pp; or that this normal crosses the principal plane (10.), in 
the point determined by the formula XXII. 

(16.) In general, the cyclic form of the equation of any central surface of 
the second orde, namely the form (comp. 367, IT.), 


XLUI. . . Sopp = gp? + 2BApSup = C = const., 


shows that the ¢wo circles (real or imaginary) in which that surface is cut by 
any two planes, 


KELL Sipe 4 2 Sip ain, 


drawn parallel respectively to the two real cyclic planes, which are jointly 
represented (comp. XL., and 216, (7.)) by the one equation, 


XIGIUE 4 Gps = 0; 
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are homospherical, being both on that one sphere of which the equation is, 
XLLYV... 9p? + 2(Sup + mSAp) = 2lm + C. 
(17.) But the centre (say n) of this new sphere, has for its vector (say &), 
RG. ON =~ Sig tha + maA)s 


it is therefore situated zm the plane of the two real cyclic normals, X and p; 
and if Zand m in XLY. receive the values XLII., then this new & is the 
vector of intersection of that plane, with the normal to the surface at P: because 
it is (comp. (15.)) the vector of the centre of a sphere which ¢ouches (though 
also cutting, in the two circular sections) the surface at that point. 

(18.) We can therefore thus ¢fer (comp. again (15.)), without the differen- 
tial calculus, that the line, 


XLVI... 9'(o — €) = 9p + Sup + uSAp = gp, 


as having the direction of np, is the normal at P to the surface XLI.; which 
agrees with, and may be considered as confirming (if confirmation were 
required), the conclusion otherwise obtained through the differential ex- 
pression (361), 

pa aa fe dSp¢p = 28vdp = 2S8¢pdp : 


the linear function ¢p being here supposed (comp. 861, (3.)) to be self- 
conjugate. 

(19.) Hence, with the notation 362, I., the equation of the tangent plane to 
a central surface of the second order, at the same point p, may by VII. be 
thus written, 


ALVITII...f(w, p)=C, if Spdp = C = const. ; 
in which it is to be remembered, that 
XLIX. .. f(w, p) = f(p, w) = Swop = Spdw. 


(20.) And if we choose to interpret this equation XLVIII., which is only 
of the first degree (362) with respect to each separately of the two vectors, 
p and w, or op and or, and involves them symmetrically, without requiring 
that Pp shall be a point on the surface, we may then say (comp. 215, (13.), and 
316, (31.)), that the formula in question is an equation of conjugation, which 
expresses that each of the two points Pp and Rk, is situated in the polur plane of 
the other. 

D 2 
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(21.) In general, if we suppose that the length and direction of a line v 
are so adjusted as to satisfy the ¢wo equations (comp. 336, XII. XIII. XTV.), 


L...Svp=1, Svdoe=0, and therefore also LI... Spdv=0; 


then, because the equation VII. of the tangent plane to any curved surface may 
now be thus written, 


LE. Sule =a) =O, 


it follows that v7 represents, in length and direction, the perpendicular from 
0 on that tangent plane at P; so that v dtse/f represents the reciprocal of that 
perpendicular, or what may he called (comp. 336, (8.)) the vector of proximity, 
of the tangent plane to the origin. And we see, by LI., that the two vectors, 
p and », if drawn from a common origin, terminate on two surfaces which are, 
in a known and important sense (comp. the sub-arts. to 861), reciprocals* of 
one another: the line p™, for instance, being the perpendicular from o on the 
tangent plane to the second surface, at the extremity of the vector v. 

374. In the two preceding Articles, we have treated the symbol dp as 
representing (rigorously) a tangent to a curve on a given surface, and therefore 
also to that surface itse//; and thus the formula Sydp = 0 has been considered 
as expressing that v has the direction of the normal to that surface, because 
it is perpendicular to two tangents (372), and therefore generally ¢o every 
tangent (373), which can be drawn at a given point p. But without at 
present introducing any othert signification for this symbol dp, we may 
interpreé in another way, and with a reference to chords rather than to 
curves, the differential equation, 


Ld fo. —Zoudp, 


* Compare the Note to page 549, vol. i. 


t It is permitted, for example, by general principles above explained, to treat the differential dp 
as denoting a chordal vector, or to substitute it for Ap, and so to represent the differenced equation of 
the surface under the form (comp. 342), 


0 = Afp = (4-1) fp = dfp + 3d%fp + &e.; 
but with this meaning of the symbol dp, the equation d tp = 9, or Svdp = 0, is no longer rigorous, and 
must (for rigour) be replaced by such an equation as the following, 


0 = 2Svdp + Sdvdp + R, if dfp = 2S8vdp, as before ; 


the remainder R vanishing, when the surface is only of the second order (comp. 362, (3.)). Accord- 
ingly this last form is wseful in some investigations, especially in those which relate to the curvatures 
of normal sections: but for the present it seems to be clearer to adhere to the recent signification of 
dp, and therefore to treat it as still denoting a tangent, which may or may not be small. 


Arts, 373, 374. | CONNEXION WITH TAYLOR’S THEOREM. 21 


supposed still to be a rigorous one (in virtue of our definitions of differentials, 
which do not require that do should be smad/); and may sti// deduce from it 
the normal property of the vector v, but now with the help of Zaylor’s Series 
adapted to quaternions (comp. 342, 3870). In fact, that series gives here a 
differenced equation, of the form, 


ii Aye epvAp rou: 
where #2 is a scalar remainder (comp. again 342), having the property that 


Eee im tee Ap) 0, at fans bape, 
whence 
iV, bm (Ajo.* VAs) = im, meen, 


whatever the ultimate direction of Ap may be. If then we conceive that Ap 
represents a small and indefinitely decreasing chord pa of the surface, drawn 
from the extremity p of p, so that 


V...Afp=/(p+Ap)-/p=0, and lim, TAp = 0, 
the equation LV. becomes simply, 
Vi tim, apie =0- 


and thus proves, in a new way, that v is normal to the surface at the proposed 
point P, by proving that it 1s wtimately perpendicular to all the chords pa from 
that point, when those chords become indefinitely small, or tend indefinitely 
to vanish. 


(1.) For example, if 
WEEP Op vimips then; Vibe de Ao Mand oe Ae Ae 
thus, for every point of space, we have rigorously, with this form of fp, 
IX... Afp: TAp = 28pUAp — TAp; 


and for every point a of the spheric surface, fp = const., we have with equal 
rigour, 
Do eo Ap = Ap, or. Xl) .7, Fo 2 Or 2 cosi0ra:: 


in fact, either of these two last formule expresses simply, that the projection 
of a diameter of a sphere, on a conterminous chord, is equal to that chord itself, 
and of course diminishes with it. 
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(2.) Passing then to the /imit, or conceiving the point @ of the surface 
to approach indefinitely to p, we derive the limiting equations, 


XIT...lim.SpUAp=0; XIII... lim. cosora = 0; 


either of which shows, in a new way, that the radii of a sphere are its 
normals; with the analogous result for other surfaces, that the vector v in 
I. has a normal direction, as before: because its projection on a chord Pa tends 
indefinitely to diminish with that chord. 

(3.) We may also interpret the differential equation I. as expressing, 
through II. and III., that the plane 373, VII., which is drawn through 
the point P in a direction perpendicular to v, is the ¢angent plane to the 
surface: because the projection of the chord Ap on the normal v to that plane, 
or the perpendicular distance, 


MV 698i Ues An) Se eet 


of a near point a from the plane thus drawn through Pp, is small of an order 
higher than the first (comp. 870, (8.)), if the chord pa itself be considered 
as small of the first order. 

375. This occasion may be taken (comp. 374, I. II. III.) to give a 
new Enunciation of Taylor’s Theorem, in a form adapted to Quaternions, which 
has some advantages over that given (342) in the preceding Chapter. We 
shall therefore now express that important Theorem as follows :— 

“ Tf none of the m+1 functions, 


Lelie, GIO fo to (G70. mn Wile 0c) =U: 


become infinite in the immediate vicinity of a given quaternion q, then the 


quotient, 
ee dé 
II... Q= fla + a9) — fa - agg - 2 - 4 - &e 


Cle aed 
O38 fen) oe ae 


can be made to tend indefinitely to sero, for any ultimate value of the versor 
Udg, by indefinitely diminishing the tensor Tdq.” 

(1.) The proof of the theorem, as thus enunciated, can easily be supplied 
by an attentive reader of Articles 341, 342, and their sub-articles; a few 


hints may however here be given. 
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(2.) We do not now suppose, as in 342, that d™fy must be different from 
zero; we only assume that it is not infinite: and we add, to the expression 
342, VI. for Fx, the ferm, 

— gm hag ty 


Ti... en wee rk 


(3.) Hence each of the expressions 342, VII., for the successive derivatives 
of Fr, receives an additional term; the Jast of them thus becoming, 


IV... D°Fe'= Fe = d"f(¢+ adr) - dq; 
so that we have now (comp. 342, X.) the values 


Ne PO Orr OSS Oe Pe Oa 0 er 


(4.) Assuming therefore now (comp. 342, XII.) the new auxiliary function, 


redo? 
Das es ¢ 


Vie eee = with Tdqg> 0, 


which gives, 
VIT...~0=0, pO=0, p’0=0,.. P20=0, WM = dg, 
we find (by 341, (8.), (9.), comp. again 342, XIT.) that 
GBD hey: lim. OL a ees Up 


(5.) But these two new functions, Fe and wx, are formed from the 
dividend and the divisor of the quotient Q in II., by changing dg to xdq; 
and (comp. 342, (3.)) instead of thus multiplying a given quaternion differential 
dg, by a small and indefinitely decreasing scalar, x, we may indefinitely 
diminish the tensor, Tdq, without changing the versor, Udg. 

(6.) And even if Udg be changed, while the differential dg is thus made 
to tend to sero, we can always conceive that it tends to some limit; which 
Limiting or ultimate value of that versor Udg may then be treated as if it 
were a constant one, without affecting the /imzt of the quotient Q. 

(7.) The theorem, as above enunciated, is therefore fully proved; and 
we are at liberty to choose, in any application, between the two forms of 
statement, 342 and 375, of which one is more convenient at one time, and 
the other at another, 
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SECTION 4. 


On Osculating Planes, and Absolute Normals, to Curves of 
Double Curvature. 


376. The variable vector p; of a curve in space may in general be thus 
expressed, with the help of Taylor’s Series (comp. 370, (1.)) : 


I... pr=ptip + $eup’, with w=1; 


p, p'; p’, & being here abridged symbols for ae Pos Pos 3 and the product 
up” being a vector, although the factor wu is generally a quaternion (comp. 
370, (5.)). And the different terms of this expression I. may be thus con- 
structed (compare the annexed fig. 77) : 


Tio po Ors ip = Pry Sl ae 10); 
while 
Til: pr= 6G). aid. ip. Scup- — POs 


the line ra, or the term 3fup’’, being thus what may be 
called the deflerion of the curve Par, at a, from its tangent 
pr at p, measured in a direction which depends on the daw 
according to which p; varies with ¢, and on the distance 
of a from vp. The equation of the plane of the triangle pre is rigorously 
(by II.) the following, with w for its variable vector, 


TV. ..0=B8up'p (w- p); 


oteemy ye 


this plane IV. then touches the curve at p, and (generally) cuts it at Q3 so 
that if the point @ be conceived to approach indefinitely to Pp, the resulting 
formula 
: gran ae Sep (w —p), Orne Sp’p” (w — p)s 

is the equation of the plane pre in that Mmiting position, in which it is called 
the osculating plane, or is said to osculate to the curve Par, at the point P. 

(1.) If the variable vector p be immediately given as a function ps of a 
variable scalar, s, which is itse/f a function of the former scalar variable ¢, 
we shall then have (comp. 331) the expressions, 


Vir. pee Dion? oa es DA Dion with Se Da = Dee 


Ak 


thus the vector p” may change, even in direction, when we change the 


independent scalar variable; but p” will always be a line, either im or parallel 
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to the osculating plane; while p’ will always represent a tangent, whatever 
scalar variable may be selected. 

(2.) As an example, let us take the equation 314, XV., or 369, XIII, 
of the helix. With the independent variable ¢ of that equation, we have 
(comp. 369, XIV.) the derived expressions, 


Vea =e a, fe -(5 5) a’ = (zy 5) (cla — p); 


p has therefore here (comp. 869, (8.)) the direction of the normal to the 
cylinder; and consequently, the oseulating plane to the helix is a normal 
plane to the cylinder of revolution, on which that curve is traced: a result 
well known, and which will soon be greatly extended. 

(3.) When a curve of double curvature degenerates into a plane curve, its 
osculating plane becomes constant, and reciprocally. The condition of planarity 
of a curve in space may therefore be expressed by the equation, 

VIIe. UV” = + 2 constant unit. tine; 
or, by 335, II., and 838, VIIL., 
nee (aes PET: Vee : 


Vio Vp”? 


Ke epee 20 ce el 


IX...0=V—— 
or finally, 


(4.) Accordingly, for a plane curve, if X be a given normal to its plane, 
we have the three equations, 


Kil Op Or Ble = 


which conduct, by 294, (11.), to X. 

(5.) For example, if we had not otherwise known that the equation 
337 (2.) represented a plane ellipse, we might have perceived that it was the 
equation of some plane curve, because it gives the three successive derivatives, 


fig 3 
pad Rare p= apa: a ee a (3) Va‘ (3, p oes (5) ry aero, 


which are complanar lines, the third having a direction opposite to the first. 
(6.) And generally, the formula X. enables us to assign, on any curve of 
double curvature, for which p is expressed as a function of ¢, the points* at 


* Namely, in a modern phraseology, the places of four-point contact with a plane. The equation, 
Vp’p” = 0, indicates in like manner the places, if any, at which a curve has three-point contact with a 
right line. For curves of double curvature, these are also called points of simple and double inflexion. 
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which it most resembles a plane curve, or approaches most closely to its own 
osculating plane. 

3877. An important and characteristic property of the osculating plane 
to a curve of double curvature, is that the perpendiculars let fall on it, 
from points of the curve near to the point of osculation, are smal? of an 
order higher than the second, if their distances from that point be considered 
as small of the first order. 

(1.) To exhibit this by quaternions, let us begin by considering an 
arbitrary plane, 


I... SAlw - p) = 9, Wither N= 14 


drawn through a point p of the curve. Using the expression 376, I., for 
the vector oa, or pz, of another point @ of the same curve, we have, for the 
perpendicular distance of @ from the plane I., this other rigorous expression, 


cB re SA (p: = p) = iSAp’ Eo 3¢°S)rup” : 


which represents, 7» general, a small quantity of the first order, if ¢ be 
assumed to be such. 

(2.) The expression IT. represents however, gexerally, a small quantity 
of the second order, if the direction of X satisfy the condition, 


je peauc) Veg ew ii 


that is, if the plane I. touch the curve. 
(3.) And if the condition, 


LV Nes 0, 


be also satisfied by A, then, but not otheriise, the expression II. tends to bear 
an evanescent ratio to ¢?, or is smad/ of an order higher than the second. 

(4.) But the combination of the two conditions, III. and IV., conducts 
to the expression, 

Vi..Aet UV p'p” ; 

comparing which with 376, V., we see that the property above stated is one 
which belongs to the oseulating plane, and to no other. 

378, Another remarkable property* of the osculating plane to a curve is, 
that it is the tangent plane to the cone of parallels to tangents (369, (6.)), 
which has its verter at the point of oseulation. 


* The writer does not remember seeing this property in print; but of course it is an easy conse- 
quence from the doctrine of infinitesimals, which doctrine however it has not been thought convenient 
to adopt, as the dasis of the present exposition. 
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(1.) In general, if p = pv be (comp. 369, I.) the equation of a curve in 
space, the equation of the cone which has its vertex at the origin, and passes 
through this curve, is of the form, 


Tes oe ass 


in which a and y are two independent and scalar variables. 
(2.) We have thus the two partial derivatives, 


A Age Br a DAT nee cn 
and the tangent plane along the side (w) has for equation, 
IIl...0=S(w.¢r.¢’%); or briefly, III’... 0 =Swdq’. 


(3.) Changing then a, ¢, ¢’, w to ¢, p’, p’, w — p, we see that the equation 
376, V., of the oseulating plane to the curve 376, I., is also that of the tangent 
plane to the cone of parallels, &c., as asserted. 

379. Among all the normals to a curve, at any one point, there are two 
which deserve special attention; namely the one which is in the osculating 
plane, and is called the absolute (or principal) normal; and the one which is 
perpendicular to that plane, and which it has been lately proposed to name 
the binormal.* It is easy to assign expressions, by quaternions, for these two 
normals, as follows. 

(1.) The absolute normal, as being perpendicular to p’, but complanar 
with p’ and p”, has a direction expressed by any one of the following 
formule (comp. 203, 334): 


Peep Pop}. Che bie Cp yr hl ld eile 


(2.) There is an extensive classt of cases, for which the following 
equations hold good: 
AN eso Lp. Const, iN neg Const Vincceee 10s 


and in all such cases, the expression I. reduces itself to p’’, which is therefore 
then a representative of the absolute normal. 


* By M. de Saint-Venant, as being perpendicular at once to éwo consecutive elements of the curve, 
in the infinitesimal treatment of this subject. See page 261 of the very valuable Treatise on Analytic 
Geometry of Three Dimensions (Hodges and Smith, Dublin), by the Rev. George Salmon, D.D., 
which has been published in the present year (1862), but not till after the printing of these Llemenis 
of Quaternions (begun in 1860) had been too far advanced, to allow the writer of them to profit by the 
study of it, so much as he would otherwise have sought to do. 

t+ Namely, those in which the are of the curve, or that arc multiplied by a scalar constant, is 
taken as the independent variable. 

E 2 
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(3.) For example, in the case of the heiiz, with the equation several times 
before employed, the conditions (2.) are satisfied; and accordingly the abso- 
lute normal to that curve coincides with the normal p” to the cylinder, on 
which it is traced: the locus of the absolute normal being here that screw 
surface or Helicoid, which has been already partially considered (comp. 314, 
(11.), and 372, (4.)). 

(4.) And as regards the binormal, it may be sufficient here to remark, 
that because it is perpendicular to the osculating plane, it has the direction 
expressed by one or other of the two symbols (comp. 377, V.), 


Nie Ong con UI. vat: 


(5.) There exists, of course, a system of three rectangular planes, the 
osculating plane being one, which are connected with the system of the three 
rectangular lines, the tangent, the absolute normal, and the binormal, and 
of which any one who has studied the Quaternions so far can easily form 
the expressions. 

(6.) And a construction* for the absolute normal may be assigned, ana- 
logous to and including that lately given (378) for the osculating plane, as 
an tnterpretation of the expression II. or IIIL., or of the symbol dUp’ or dUdp. 
From any origin o conceive a system of unit lines (Up’ or Udp) to be 
drawn, in the directions of the successive tungents to the given curve of 
double curvature; these lines will terminate on a certain spherical curve; 
and the tangent, say ss’, to this new curve, at the point s which corresponds 
to the point P of the o/d one, will have the direction of the absolute normal 
at that old point. 

(7.) At the same time, the plane oss’ of the great circle, which touches 
the new curve upon the unit sphere, being the tangent plane to the cone of 
parallels (378), has the direction of the osculating plane to the old curve ; 
and the radius drawn to its pole is parallel to the binomial. 

(8.) As an example of the auziliary (or spherical) curve, constructed as 
in (6.), we may take again the helix (869), XILI., &c.) as the given curve 
of double curvature, and observe that the expression 369, XIV., namely, 


T° {3” 


47 = const. (comp. (3.)) ; 


EAA tee eer aa gives IX... p?=-¢+ 


* This construction also has not been met with by the writer in print, so far as he remembers ; 
but it may easily have escaped his notice, even in the books which he has seen. 
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whence '‘I'p’ is constant (as in TYV.), and we have the equation (comp. 369, 
».G'59p.G B. G0 


COs min. =e (e- “') eae cos a = const., 
a being again the inclination of the helix to the axis of its cylinder; which 
shows that the new curve is in this case a plane one, namely a certain small 
circle of the unit sphere. 

(9.) In general, if the given curve be conceived to be an orbit described 
by a point, which moves with a constant velocity taken for unity, the auwiliary 
or spherical curve becomes what we have proposed (100, (5.)) to call the 
hodograph of that motion. 

(10.) And if the given curve be supposed to be described with a variable 
velocity, the hodograph is still some curve upon the cone of parallels to tangents. 


SECTION 5. 
@n Geodetic Lines, and Families of Surfaces. 


380. Adopting as the definition of a geodetic line, on any proposed curved 
surface, the property that is one of which the osculating plane is always a 
normal plane to that surface, or that the absolute normal to the curve is also 
the normal to the surface, we have two principal modes of expressing by 
quaternions this general and characteristic property. For we may either 
write, 

sheers Svp’p” = 0, Or ea Svdpd’p = 0, 
to express that the normal v to the surface (comp. 373) is perpendicular to 
the binormal Vp'p” or Vdpd’p to the curve (comp. 879, VII. VII’); or 
else, at pleasure, 


TT e Na (Up \n =, 03> or Ly. 4... Vid Udp. 0; 


to express that the same normal » has the direction of the absolute normal 
(Up’)’ or dUdp (comp. 3879, II. III.), to the same geodetic dine. And thus it 
becomes easy to deduce the known relations of such dines (or curves) to some 
important families of surfaces, on which they can be traced. Accordingly, 
after beginning for simplicity with the sphere, we shall proceed in the 
following sub-articles to determine the geodetic lines on cylindrical and 
conical surfaces, with arbitrary bases; intending afterwards to show how 
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the corresponding lines can be investigated, upon developable surfaces, and 
surfaces of revolulion. 

(1.) On a sphere, with centre at the origin, we have v || p, and the 
differential equation IV. admits of an immediate integration ;* for it here 
becomes, 


Vio 0 Ved dpe dN allda, 
whence 


Viee. VpUdp =) i, Nace Retin (ee Aare Swe = 0, 


w being some constant vector; the curve is therefore in this case a great 
circle, as being wholly contained in one diametrical plane. 
(2.) Or we may observe that the equation, 


VI. opp a0, Ore LX Badod p — 0; 


obtained by changing v to p in I. or IIL., has generally for a first integral 
(comp. 335, (1.)), whether Tp be constant or variable, 


X... UVpp’ = UVpde = w = const. ; 


it expresses therefore that p is the vector of some curve (or line) in a plane 
through the origin; which curve must consequently be here a great circle, 
as before. 

(3.) Accordingly, as a verification of X., if we write 


XI... p = av+ By, «and y being scalar functions of ¢, 


where ¢ is still some independent scalar variable, and a, [3 are two vector 
constants, we shall have the derivatives, 


A. Gps ae oy. rae = te ay wi Os in & 


so that the equation VIII. is satisfied. 
(4.) For an arbitrary cylinder, with generating lines parallel to a fixed 
line a, we may write, 


Rol. save 0, View Sad Udo — 0; Mone . Sa Udo comet. 


a geodetic on a cylinder crosses therefore the generating lines at a constant 
angle, and consequently becomes a right line when the cylinder is wnfolded 


* We here assume as evident, that the differential of a variable cannot be constantly zero (comp. 
335, (7.)); and we employ the principle (comp. 338, (5.)), that V.dpUdp = —~ VTdp = 0, 
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into a plane: both which known properties are accordingly verified (comp. 
369, (5.), and 376, (2.)) for the case of a cylinder of revolution, in which 
case the geodetic is a helia. 

(5.) Foran arbitrary cone, with vertex at the origin, we have the equations, 


DA beer ri ae an. GME Garin PT LOG aren 
My dene eid Udo eed aes 


multiplying the last of which equations by 2SeUdp, and observing that 
— 2Sedp = —d.p’, we obtain the transformations, 


DEUX. re = di (SoUde)’ + ot = dol VpUdp), 9 OX. DV 5 Uap = const. ; 


the perpendicular from the vertex, on a tangent to any one geodetic upon a cone, 
has therefore a constant length; and all such tangents touch also a concentric 
sphere,* or one which has its centre at the vertex of the cone. 

(6.) Conceive then that at each point Pp or P’ of the geodetic a tangent 
Pr or P’'1” is drawn, and that the angles orp, ov’P’ are right; we shall have, 
by what has just been shown, 


XXI... or = 01 = const. = radius of concentric sphere ; 


and if the cone be developed (or unfolded) into a plane, this constant or 
common length, of the perpendiculars from o on the tangents, will remain 
unchanged, because the length op and the angle 
opr are unaltered by such development; the 
geodetic becomes therefore some plane line, with the 
same property as before ; and although this property 
would belong, not only to a right line, but also to 
a circle with o for centre (compare the second part 
of the annexed figure 78), yet we have in this 
result merely an effect of the foreign factor SpUdp, 
which was introduced in (5.), in order to facilitate 
the integration of the differential equation XVIIT., 
and which (by that very equation) cannot be con- 
stantly equal to zero. We are therefore to exclude the curves in which the 


cone is cut by spheres concentric with it: and there remain, as the sought 
geodetic lines, only those of which the developments are rectilinear, as in (4.). 


% When the cone is of the second order, this becomes a case of a known theorem respecting geodetic 
lines on a surface of the same second order, the tangents to any one of which curves touch also a 
confocal surfuce, 
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(7.) Another mode of interpreting, and at the same time of integrating, the 
equation XVITI., is connected with the interpretation of the symbol Tdp; 
which can be proved, on the principles of the present Calculus, to represent 
rigorously the differential ds of the are (s) of that curve, whatever it may be, 
of which p is the variable vector; so that we have the general and rigorous 
equation, 


XXIJ...Tdo=ds, if s thus denote the arc: 


whether that are7fse/f, or some other scalar, t, be taken as the independent variable; 
and whether its differential ds be smad/ or large, provided that it be positive. 

(8.) In fact if we suppose, for the sake of greater generality, that the 
vector p and the scalar s are thus both functions, py and s, of some one 
independent and scalar variable, ¢, our principles direct us first to take, or 
to conceive as taken, a submu/tiple, n dé, of the finite differential dt, considered 
as an assumed and arbitrary increment of that independent variable, t; to 
determine next the vector pts. a, and the scalar 84424, Which correspond to 
the point Pisnta of the curve on which p; terminates in P;, and of which s is 
the are, PoP yy measured to p; from some fixed point P) on the same curve; to 
take the differences, 

Pt+n-lae — Pts and Stina — St, 


which represent respectively the directed chord, and the length, of the are 
PePinaey Which are will generally be smad/, if the number n be darge, and will 
indefinitely diminish when that number tends to infinity ; to multiply these two 
decreasing differences, of p; and s, by n; and finally to seek the Zits to 
which the products tend, when » thus tends to «: such Jimits being, by our 
definitions, the values of the two sought and simultaneous differentials, dp and 
ds, which answer to the assumed values of ¢ and dé. And because the smad/ 
are, As, and the length, TAp, of its smad/ chord, in the foregoing construction, 
tend indefinitely to a ratio of equality, such must be the rigorous ratio of ds 
and T'dp, which are (comp. 320) the limits of their equimultiples. 

(9.) Admitting then the exact equality XXII. of Tdp and ds, at least 
when the latter like the former is taken positively, we have only to substitute 
—ds for —- Tdp in the equation XVIII., which then becomes immediately 
integrable, and gives, 


XXIII... 8 + Spe Udp =§—- S(p : Udp) = const. ; 


where S(p: Udp) denotes the projection Tp, of the vector p or op, on the 
tangent to the geodetic at P, considered as a positive scalar when p makes an 
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acute angle with dp, that is, when the distance Tp or op from the vertex is 
increasing ; while s denotes, as above, the /ength of the are p,p of the same 
curve, measured from some fixed point Pp, thereon, and considered as a scalar 
which changes sign, when the variable point P passes through the position Pp. 
(10.) But the /ength of rp does not change (comp. (6.)), when the cone is 
developed, as before ; we have therefore the equations (comp. again fig. 78), 


a ee ~~ ; ee ee eg ee, 
XXTV... PP — TP = const. = P,P’ — T’P’, XXV... PP = TP — TP, 


which must hold good both before and after the supposed development of the 
conical surface; and it is easy to see that this can only be, by the geodetic on 
the cone becoming a viyht line, as before. In fact, if or’ in the plane be 
supposed to intersect the tangent TP in a point 1’, and if P’ be conceived to 
approach to p, the second member of XXYV. bears a limiting ratio of equality 
to the first member, increased or diminished by rr; which latter /ine, and 
therefore also the angle tot’ between the perpendiculars on the two near 
tangents, or the angle between those tangents themselves, if existing, must 
bear an indefinitely decreasing ratio to the arc Pe’; so that the radius of 
curvature of the supposed curve is infinite, or v’ coincides with v, and the 
development is rectilinear as before. 

(11.) The important and general equation, Tdp = ds (XXII.), conducts 
to many other consequences, and may be put under several other forms. 
For example, we may write generally, 


eX VE sae TDsp = I RXV Ae (Dsp)° +l= OG; 
also 


AXONAL. (Dip) + (py = 05. Or eRe 9 8 ee, 


if p’ and s’ be the first derivatives of p and s, taken with respect to any 
independent scalar variable, such as ¢; whence, by continued derivation, 


RKO Se aaa XR XRT Solo i ee 0 ee, 


(12.) And if the are s be ‘tse// taken as the independent variable, then 
(comp. 379, (2.)) the equations XXIX., &c., become, 


Pe oe — 04 oo 0, Ppp: ie we, 


381. In general, if we conceive (comp. 372, I.) that the vector p of a given 
surface is expressed as a given function of two scalar variables, « and y, whereof 
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one, suppose y, is regarded at first as an unknown function of the other, so 
that we have again, 


I... p=¢@, ¥), but now with Il. 2.4 =z, 


where the form of @ is known, but that of fis sought; we may then regard 
p as being implicitly a function of the single (or independent) scalar variable, «x, 
and may consider the equation, 


Oe ey eee Cee 


as being that of some curve on the given surface, to be determined by 
assigned conditions. Denoting then the unknown total derivative po(a, fx) 
by p’, but the known partial derivatives of the same first order by p,@ and Dy¢, 
with analogous notations for orders higher than the first, we have (comp. 
376, VI.) the expressions, 


IV...p =D + yDyp, p’ = Dz’ + 2y'DrDyp + Y* Dy + Y'" Dy, Ke. ; 
in which 9’ = Dz =f'a, y” =n2y = f’x, &e. Hence, writing for the normal 
v to the surface the expression, 
Vou. v= Vd Dy) = ¥- DeoD,o (comp. 372, V.), 


or this vector multiplied by any scalar, the equation 380, I. of a geodetic line 
takes this new form, 


VI...0=Svpp =S8(V.n,¢n,9 .Vpp ) ; 


or, by a general transformation which has been often employed already 


(comp. 302, XXXI., &.), 
VII... 0 =Sp’p,¢. Sp’”’n.@ — Sp’Ded . Sp’’Dy@ 5 


and thus, by substituting the expressions IV. for p’ and p”’, we obtain an 
ordinary (or scalar) differential equation, of the second order, in # and y, which 
is satisfied by all the geodetics on the given surface, and of which the complete 
integral (when found) expresses, with two arbitrary and scalar constants, the 
form of the scalar function f in II., or the daw of the dependence of y on 2, 
for the geodetic curves in question. 

(1.) As an example, let us take the equation, 


VIII... p=9(@, y) = yte (comp. 878, I.), 


of a cone with its vertex at the origin; which cone becomes a known one, 
when the form of the vector function ~ is given, that is, when we know a 
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guiding curve p = Ya, through which the sides of the cone all pass. We have 
here the partial derivatives, 


EXSS. Die = De = bb ee comp. aro, Lies 
and 


X...Dep=ydet=yl", DDd=wW, Dd,’ =0; 


the expressions IV. become, then, 


XI... p =yl + yd, p= yh + 2yW'+ yd; 


and since only the direction of the normal is important, we may divide V. by 
— y, and write, 


BGS er pn te 


(2.) The expressions XI. and XII. give (comp. VI. and VII.) for the 
geodetics on the cone VIII., the differential equation of the second order, 


XIII... 0 = S(VdW’. Vp'p”) = Sp’PSp’W’ - Sp’W’Sp’b 
= (YSdh”" + 2y/Se’ + oP) (yl? + y/SW’) 
— (YSW'b" + 2yP? + y" Sb’) (ySd’ + WL), 


in which {* and ~” are abridged symbols for (pr)? and (~’x)?; but this 
equation in « and y may be greatly simplified, by some permitted sup- 
positions. 

(3.) Thus, we are allowed to suppose that the guiding curve (1.) is the 
intersection of the cone with the concentric unit sphere, so that 


XIV...Tye#=1, Y=-1, SWW’=0, SW” +y7=0:; 


and if we further assume that the aie of this spherical curve is taken as the 
independent variable, x, we have then, by 380, (12.), combined with the last 
equation XIV., 


XV...TWe=1, Y?=-1, SW" =0, Sy” =-y?=1. 
(4.) With these simplifications, the Wiferential equation XLII. becomes, 
XVI...0=(y- 9") 9) -(2W) Cy) = yy” -2y2-y'; 
and its complete integral is found by ordinary methods to be, 
XVII... y=) sec (x + ©), 


in which 4 and ¢ are two arbitrary but scalar constants. 


F 2 
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(5.) To interpret now this integrated and scalar equation in x and y, of the 
geodetics on an arbitrary cone, we may observe that, by the suppositions (3.), 
y represents the distance, ‘I'p or op, from the vertex 0, and « + ¢ represents 
the angle aop, in the developed state of cone and curve, from some fired line oa 
in the plane, to the variable line op; the projection of this new or on that 
fixed line oA is therefore constant (being = 6, by XVII.), and the developed 
geodetic is again found to be a right line, as before. 

382. Let apcpr ... (see the annexed figure 79) be any given series of 
points in space. Draw the successive right lines, aB, Bc, cD, DE, .. and 
prolong them to points B’, o’, p’, z’,... the lengths 


of these prolongations being arbitrary ; join also ee es 
BC’, CD’, DE’,.... We shall thus have a series of _ Ss 
plane triangles, BBC’, con’, DDE, ... all generally . Fig. 79 ae 
in different planes; so that Bop’c’B’, cDE'D’c’,... are ra 


TAD LAS 


generally gauche pentagons, while BcpE’p’c’B’ is a gauche heptagon, &c. But 
we can conceive the fist triangle BBC’ to turn round its side Bcc’, till it comes 
into the plane of the second triangle c'cy’; which will transform the first 
gauche pentagon into a plane one, denoted still by Bep’c’B’. We can then 
conceive ¢his plane figure to turn round its séde cpp’, till it comes into the 
plane of the third triangle, p’Dn’ ; whereby the first gauche heptagon will have 
become a plane one, denoted as before by BcpE’p’c’B’: aud so we can proceed 
indefinitely. Passing then to the “mit, at which the points ABcDE ... are 
conceived to be each indefinitely near to the one which precedes or follows it in 
the series, we conclude as usual (comp. 98, (12.)) that the docus of the tangents 
to a curve of double curvature is a developable surface: or that it admits of being 
unfolded (like a cone or cylinder) into a plane, without any breach of continuity. 
It is now proposed to translate these conceptions into the language of quater- 
nions, and to draw from them some of their consequences: especially as 
regards the determination of the geodetic lines, on such a developable surface. 

(1.) Let y,, or simply ~, denote the variable vector of a point upon the 
curve, or cusp-edge, or edge of regression of the developable, to which curve the 
generating lines of that surface are thus tangents, considered as a function ~ of 
its arc, z, measured from some fixed point a upon it; so that while the 
equation of the surface will be of the form (comp. 100, (8.)), 


IL... p= oy) =e te = btw, 
y being a second scalar variable, we shall have the relations (comp. 381, XV.), 


Coty i be 1, Se 0, Se = ee ee 
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(2.) Hence Tit. Ded = f+ ot. Dh = 
IV... p= (1+ y)V+ yy, p™= V+ (14 2) Wt wh; 
V...v= VWy” = WW”, multiplied by any scalar. 


(3.) The differential equation of the geodetics may therefore be thus 
written (comp. 381, XIII.), 


VI. ee 0 Bs S (Viy” a Vp'p”) acid Sp’ W’SpY’ Sai Sp'P"Sp'W’ ; 
in which, by (1.) and (2.), 
Spf” = — yz’, Bey = — y+ ys, 
So"y” = ~ (1+ 2y/)s- se’, SW’ = -(1+9); 


and 


VIL... 


the equation becomes therefore, after division by — z, 
VIII... 0 = 2{(14+y’)? + (ys)?} + (1+4’) (yz)’-y’ys, 
or simply, 


EX ete = 0,7 or. TX? wid de = 01 im: tan) ae 
l+y l+y 


(4.) To interpret now this very simple equation IX. or [X’., we may 
observe that zs, or TW”, or Td’: dz, expresses the limiting ratio, which the 
angle between two near tangents W’ and ~’+ Ay’, to the cusp-edge (1.), bears 
to the small are Aw of that curve which is intercepted between their points 
of contact; while v is, by IV., that other angle, at which such a variable 
tangent, or generating line of the developable, crosses the geodetic on that 
surface; and therefore its derivative, v’ or dv: dv, represents the limiting 
ratio, which the change Av of this last angle, in passing from one generating 
line to another, bears to the same small are Aw of the curve which those 
lines touch. 

(5.) Referring then to fig. 79, in which, instead of two continuous curves, 
there were two gauche polygons, or at least two systems of successive right lines, 
connected by prolongations of the lines of the first system, we see that the 
recent formula IX. or 1X’. is equivalent to this Amiting equation, 

cD’c’ — Bo’B’ 


DG Bong ibiie =-1; 


c’cD’ 


but these three angles remain unaltered, in the development of the surface: 
the bent line w’c’v’ for space becomes therefore ultimately a straight line in 
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the plane, and similarly for al/ other portions of the original polygon, or 
twisted line, B’c’D’x’ .. ., of which B’c’D’ was a part. 

(6.) Returning then to curves and surfaces in space, the quaternion 
analysis (3.} is found, by this simple reasoning,* to conduct to an expression 
for the known and characteristic property of the geodetics on a developable: 
namely that they become right lines, as those on cylinders (380, (4.)), and on 
cones (880, (6.) and (10.), or 381, (5.)), were lately seen to do, when the 
surface on which they are thus traced is wnfolded into a plane. 

383. This known result, respecting geodetics on developables, may be very 
simply verified, by means of a new determination of the absolutet normal 
(379) to a curve in space, as follows. 

(1.) The are s of any curve being taken for the independent variable, we 
may write (comp.376,I.), by Taylor’s Series, the following rigorous expressions, 


I... p= p—8p' + 98Usp, po=p, pp=ptsp + gsup, with m=1, 


for the vectors of three near points, P-; Po, Ps, on the curve, whereof the 
second bisects the arc, 2s, intercepted between the first and third. 

(2.) If then we conceive the parallelogram P_sPoPsRs to be completed, we 
shall have, for the two diagonals of this new figure these other rigorous 
expressions, 

ET eR GPs Os — Pa hp Fae ip ta\e S 
TIT... PyRs = pst ps — 2po = 38" (Us + Us) $ 
which give the limiting equations, 
/ t\ mn 8 Pe Vio os Nios = Pete =. 5 
s=0 3=0 

(3.) But the length p_,p, of what may be called the Jong diagonal, or the 
chord of the double arc, 2s, is ultimately equal to that double arc; we have 
therefore by IV., the equation, 


VI...Tp’=1, If p’ = Dp, and if s denotes the are, 


considered as the scalar variable on which the vector p depends: a result 
agreeing with what was otherwise found in 380, (12.). 


* In the Lectures (page 581), nearly the same analysis was employed, for geodetics on a 
developable; but the interpretation of the result was made to depend on an equation which, with 
the recent significations of ~ and v, may be thus written, as the integral of IX’., v + JTdy’ = const. ; 
where {Tdy’ represents the finite angle between the extreme tangents to the finite are [Tdy, or Az, 
of the eusp-edge, when that curve is developed into a plane one. 

+ Called also, and perhaps more usually, the principal normai. 
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(4.) At the same time, since the ultimate direction of the same long 
diagonal is evidently that of the tangent at P, we see anew that the same 
first derived vector p’ represents what may be called the wait tangent* to 
the curve at that point. 

(5.) And because the lengths of the two sides P_sP) and P)Ps, considered 
as chords of the two successive and equal arcs, s and s, are ultimately equal 
to them and to each other, it follows that the parallelogram (2.) is ultimately 
equilateral, and therefore that its diagonals are ultimately rectangular; but 
these diagonals, by IV. and V., have ultimately the directions of p 
p’; we find therefore anew the equation, 


VII. . . Sp’p” = 0, if the arc be the independent variable, 


which had been otherwise deduced before, in 380, (12.).t 
(6.) But under the same condition, we saw (879, (2.)) that the second 
derived vector p’’ has the direction of the absolute normal to the curve; such 


i. 


and 


then is by V. the wltimate direction of what we may call the short diagonal 
PoRs, constructed as in (2.); or, ultimately, the direction of the bisector of 
the (obtuse) angle P_sPoPs, between the two near and nearly equal chords 
from the point Pp): while the plane of the parallelogram beeomes ultimately 
the osculating plane. 

(7.) All this is quite independent of the consideration of any surface, 
on which the curve may be conceived to be traced. But if we now conceive 
that this curve is formed from a right line B’c’v’... (comp. fig. 79), by 
wrapping round a developable surface a plane on which the /ine had been 
drawn, and if the successive portions Bc, c’p’,. . of that line be supposed 
to have been equal, then because the two right lines c’B’ and cD’ originally 
made supplementary angles with any other line c’c in the plane, the two chords 
oR’ and c’p’ of the curve on the developable tend to make supplementary 
angles with the generatriz c’c of that surface; on which account the bisector 
(6.) of their angle p’c’D’ tends to be perpendicular to that generating line cc, as 
well as to the chord BD’, or ultimately to the tangent to the curve at co’, when 
chords and arcs diminish together. The absolute normal (6.) to the curve 
thus formed is therefore perpendicular to two distinct tangents to the surface 
at c’, and is consequently (comp. 372) the normal to that surface at that 
point; whence, by the definition (380), the curve is, as before, a geodetic 
on the developable. 


* Compare the first Note to page 152, Vol. I. + [See note to 396 (19.), p. 88.] 
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(8.) As regards the asserted rectangularity (7.), of the bisector of the 
angle B’c’D’ to the line c’c, when the angles cc’B’ and cc’p’ are supposed 
to be supplementary, but not in one plane, a simple proof may be given by 
conceiving that the right line Bc’ is prolonged to c”, in such a manner 
that o’c” = cp’; for then these two equally long lines from c’ make equal 
angles with the line c’c, so that the one may be formed from the other 
by a rotation round that line as an awis; whence c’p’, which is evidently 
parallel to the bisector of B’c’n’, is also perpendicular to c’c. 

(9.) In quaternions, if a and p be any two vectors, and if ¢ be any 


scalar, we have the equation, 
Neds canbe, a(a‘pa’ — p) =), 


which is, by 308, (8.), an expression for the geometrical principle as stated. 

384. The recent analysis (882) enables us to deduce with ease, by 
quaternions, other known and important properties of developable surfaces : 
for instance, the property that each such surface may be considered as the 
envelope of a series of planes, involving only one scalar and arbitrary constant 
(or parameter) in their common equation; and that each plane of this series 
osculates to the cusp-edge of the developable. 

(1.) The equation of the developable surface being still, 


Ie..p = 66,9) = tye = vt (as in 382, I.), 


its normal v is easily found to have, as in 382, V., the direction of Vp'h", 
whether the scalar variable a be, or be not, the arc of the cusp-edge, of 
which curve the equation is, 


‘Gea psa 
(2.) Hence, by 373, VII., the equation of the tangent plane takes the 


form, 
ITI... Sw” = Sd’, 


from which the second scalar variable y thus disappears: this common equation, 
of all the tangent planes to the developable, involves therefore, as above 
stated, only one variable and scalar parameter, namely x; and the envelope 
of all these planes is the developable surface itself. 

(3.) The plane III., for any given value of this parameter 2, that is, 
for any given point of the cusp-edge, touches the surface along the whole 
extent of the generating line, which is the tangent to this last curve. 
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(4.) And by comparing its equation III. with the formula 376, V., we 
see at once that this plane osculates to the same cusp-edge, at the point 
of contact of that curve with the same generatriv of the developable. 

385. If the reciprocals of the perpendiculars, let fall from a given origin, 
on the tangent planes to a developable surface, be considered as being 
themselves vectors from that origin, they terminate on a curve, which is 
connected with the cusp-edge of the developable by some interesting relations 
of reciprocity (comp. 373, (21.)): in such a manner that if this new curve 
be made the cusp-edge of a new developable, we can return from it to the 
former surface, and to its cusp-edge, by a similar process of construction. 

(1.) In general, if ~, and y,, or briefly ~ and x, be two vector functions 


of a scalar variable w, such that x may be deduced from y~ by the three 
scalar equations, 


Lan Sixes, Biv 0. Suey 30, 


in which Spy is written briefly for S(~.. yz), and ¢ is any scalar constant, 
we have then this reciprocal system of three such equations, 


Lie DXU = 6 ee 
an intermediate step being the equation, 
Tits. oe y. oy a 0. 
(2.) Hence, generally, 


, eV" Vive 
LV. nash i rot oat cre ee then Ne te gras WEE TGs 
** Sap ¥ Bx 
(3.) But if p be the variable vector of a curve in space, and p’, p’ its 
first and second derivatives with respect to any scalar variable, then, by the 
equation 376, V. of the osculating plane to the curve, we have the general 
expression, 


vane nee 


: Vo’ BU = perpendicular from origin on osculating plane ; 


so that if ~ and y be considered as the vectors of two curves, each vector is 
ex the reciprocal of the perpendicular, thus let fall from a common point, on 
the osculating plane to the other. 
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(4.) We have therefore this Theorem :— 

Tf, from any assumed point, 0, there be drawn lines equal to the reciprocals of 
the perpendiculars from that point, on the osculating planes to a given curve of double 
curvature, or to those perpendiculars multiplied by any given and constant scalar ; 
then the locus of the extremities of the lines so drawn will be a second* curve, 
Srom which we can return to the first curve by a precisely similar process. 

386. The theory of developable surfaces, considered as envelopes of planes 
with one scalar and variable parameter (384), may be additionally illustrated 
by connecting it with Zaylor’s Series, as follows. 

(1.) Let a; denote any vector function of a scalar variable ¢, so that 


Dae ay ba = a tle WIL. ts 
or, by another step in the expansion, 
le Pee re Ay + td a gl rya"’ =a+ta’ + sta’, Y= lee 


where w and v are generally quaternions, but wa’ and va” are vectors. 
(2.) Then, as the rigorous equation of the variable plane, the reciprocal 
of the perpendicular on which from the origin is — a;, we have either, 
III. ..-1=Sap = Sap + tSua’p, 
or 
IV...-1 =Sap + Wa’p + 478va"p, 
according as we adopt the expression I., or the equally but not more rigorous 
expression II., for the variable vector a. 
(3.) Hence, by the form III., the dine of intersection of the tio planes, 
which answer to the two values 0 and ¢ of the scalar variable, or parameter, t, 
is rigorously represented by the system of the two scalar equations, 


Y iieans Sap +1s 0, Sua’p 0. 


(4.) And the limiting position of this right line V., which answers to the 
conceived indefinite approach of the second plane to the first, is given with 
equal rigour by the equations, 


VI-. «Bao +1 =0, Sa’p = 0; 


* The two curves may be said to be polar reciprocals, with respect to the (real or imaginary) 
sphere, p»=c¢; and an analogous relation of reciprocity exists generally, when the points of one curve 
are the poles of the osculating planes of the other, with respect to any surface of the second order: 
corresponding tangents being then reciprocal polars. Compare the theory of developables reciprocal to 
curves, given in Salmon’s Analytical Geometry of Three Dimensions, page 89; see also Chapter XI. 
(page 224, &c.), of the same excellent work. 
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whereof it is seen that the second may be formed from the fist, by derivating 
with respect to ¢, and treating p as constant: although no such rule of 
calculation had been previously laid down, for the comparatively geometrical 
process which is here supposed to be adopted. 

(5.) The docus of all the “ines VI. is evidently some ruled surface; to 
determine the normal v to which, at the extremity of the vector p, we may 
consider that vector to be a function (872) of two independent and scalar 
variables, whereof one is f, and the other may be called for the moment vw ; 
and thus we shall have the two partial derivatives, 


5 Alig eee SaD,o = Q, SaDup i giving v |l a. 


(6.) Hence the dine a has the direction of the required normal v; the 
plane Sap + 1 = 0 touches the surface (comp. 384, (3.)) along the whole extent 
of the limiting line VI.; and the /ocus of all such lines is the envelope of all 
the planes, of the system recently considered. 

(7.) The dine VI. cuts generally the plane LV., in a point which is rigor- 
ously determined by the three equations, 


ag bo eae Sap +le= 0, Sa’p = 0, Sea’’p ae 


and the limiting position of this intersection is, with equal rigour, the point 
determined by this other system of equations, 


18. Sap +1s= 0, Sa’p = ip Sa’p = 0; 


in which it may be remarked (comp. (4.)), that the third is the derivative of 
the second, if p be treated as constant. 

(8.) The /ocus of all these points IX. is generally some curve upon the 
surfuce (5.), which is the Jocus of the dines VI., and has been seen to be the 
envelope (6.) of the planes III. or IV.; and to find the tangent to this curve, 


at the point answering to a given value of t, or to a given line VI., we have 
by IX. the derived equations, 


». Cane Sap’ =, Sa’p =0, whence p || Vad ; 


comparing which with the equations VI. we see that the dines VI. touch the 
curve, which is thus their common envelope. 

(9.) We see then, in a new way, that the envelope of the planes III, 
which have one scalar parameter (t) in their common equation, and may repre- 
sent any system of planes subject to this condition, is a developable surface : 


G2 
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because it is in general (comp. 382) the locus of the tangents to a curve in space, 
although this curve may reduce itself to a point, as we shall shortly see. 

(10.) We may add that if a; in III. be considered as the vector of a given 
curve, this curve is the locus of the poles* of the tangent planes to the developable, 
taken with respect to the wnit sphere; and conversely, that the developable 
surface is the envelope of the polar planes of the points of the same given curve, 
with respect to the same sphere. 

(11.) If then it happen that this given curve, with a; for vector, is a plane 
one, so that we have this new condition, 


XI... 88a:+1=0, £ being any constant vector, 


namely the vector of the pole of the supposed plane of the given curve, the 
variable plane III., or Soa; + 1 = 0, of which the surface (.) is the envelope, 
passes constantly through this fired pole; so that the developable becomes in 
this case a cone, with [3 for the vector of its vertex: the equations 1X. giving 
now p = (3. 

(12.) The same degeneration, of a developable into a conical surface, may 
also be conceived to take place in another way, by the cusp-edge (or at least 
some finite portion thereof) tending to become indefinitely small, while yet the 
direction of its tangents does not tend to become constant. For example, with 
recent notations, the developable which is the locus of the tangents to the helix 
may have its equation written thus: 


es op ees ee ta + tan a.a”U) + ya(l + tan a. a” UB); 
T 


which when the quarter interval, c, between the spires, tends to sero, without 
their inclination a to the axis a being changed, tends to become a cone of 
revolution round that axis, with its semiangle = a. 

887. So far, then, we may be said to have considered, in the present 
section, and in connexion with geodetic /ines, the four following families of 
surfaces (if the first of them may be so called). First, spherical surfaces, of 
which the characteristic property is expressed by the equation, 


I... Vv(e - a) = 0, if a be vector of centre ; 
second, cylindrical surfaces, with the property, 


II...Sva=0, if a be parallel to the generating lines ; 


* Compare the Note to page 42. 
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third, conical surfaces, with the property, 
ITI... Sv(p- a) =0, ifa be vector of vertex ; 


and fourth, developable surfaces, with the distinguishing property expressed 
by the more general equation, 


IV... Vrdv=0, if dp have the direction of a generatriz ; 
v being in each the normal vector to the surface, so that 
V...Svdo =0, for all tangential directions of dp ; 


and the fourth family including the third, which in its turn includes the 
second. A few additional remarks on these equations may be here made. 

(1.) The geometrical signification of the equation I. (as regards the radi?) 
is obvious; but on the side of calculation it may be useful to remark, that 
elimination of v between I. and Y. gives, for spheres, 


VI...8(o-a)dp =0, or VII... T(p — a) = const. 


(2.) The equations IJ. and V. show that dp, and therefore Ap, may have 
the given direction of a; for an arbitrary cylinder, then, we have the vector 
equation (372), 

Vip oe a= eae, 


where yz is an arbitrary vector function of «.* 
(3.) From VIII. we can at once infer, that 


IX... SBp =SBidx, Syp =Sybz, if a = VBy; 


the scalar equation (373) of a cylindrical surface is therefore generally of the 
form (comp. 371, (6.), (7.)), 


ASP 0 = Shp, Sip): 


3 and y being two constant vectors, and the generating lines being perpen- 
dicular to both. 
(4.) The equation III. may be thus written, 


XI...SvUa=Ta"Svp; whence XII... Syla— 0.1. Tae oe: 


* [In general dp = Dsp.dz + Dyp.dy, and as one direction of dp is parallel to a, we may write 
without loss of generality, dp = Dzp dz + ady. Moreover, since a is constant, Dzp must be a function 
of z, so on integration p = Wz + ya. ] 
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the equation for cones includes therefore that for cylinders, as was to be 
expected, and reduces itself thereto, when the vertex becomes infinitely 
distant. 

(5.) The same equation III., when compared with V., shows that do may 
have the direction of o — a, and therefore that p — a may be multiplied by 
any scalar; the rector equation of a conical surface is therefore of the form, 


XIII...p=a+yiz, w» being an arbitrary vector function.* 


(6.) The scalar equation of a cone may be said to be the result of the 
elimination of a scalar variable ¢, between two equations of the forms, 


XIV...S(o- a)ye=9, S(p- a)yr=9, 


which express that the cone is the envelope (comp. 386, (11.)) of a variable 
plane, which passes through a fixed point, and involves only one scalar 
parameter in its equation: with a new reduction to a cylinder, in a case on 
which we need not here delay. 

(7.) The equation IV. implies, that for each point of the surface there 
is a direction along which we may move, without changing the tangent plane ; 
and therefore that the surface is an envelope of planes, &ec., a8 in 886, and 
consequently that it is developable, in the sense of Art. 382.T 

(8.) The vector equation of a general developable surface may be written 
under the form, 


BN oe P= Oe, 4) = oe Oe 


the sign of a versor being here introduced, for the sake of facilitating the 
passage, at a certain limit, to a cone (comp. 3886, (12.) ). 

(9.) And the scalar equation of the same arbitrary developable may be 
represented as the result of the elimination of ¢, between the two equations, 


GN lees Spye + i ae Oy Sex’ = oe 


in which y; is an arbitrary vector function of ¢. 


* [As in the last note, because one direction of dp is parallel to p — a, we may take 
dp = (p—a)ydy+Dzp.da, or d.y(p—a)=y Dap.da=d. dz. 
Hence, p=at ybo] 
+ [The normal at any point of the ruled surface p = vz + yx is parallel to V(W'2+ yp'z)px. If 
the direction of the normal does not change as we pass along a generator, either Vi'r¢z = 0, or 


V¢'x¢x=0. The first of these conditions requires the surface to be a developable. The second 


requires all the generators to be parallel, so that the surface is a cylinder. See Tait’s Quaternions, 
Art. 311.] 
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(10.) The envelope of a plane with two arbitrary and scalar parameters, 
¢ and w, is generally a curved but undevelopable surface, which may be repre- 
sented by the system of the three scalar equations, 


XVII... Spx:,4+ 1 = 0, SpDix = 0, SpDix On 


where — x denotes the reciprocal of the perpendicular from the origin on the 
tangent plane to the surface, at what may be called the point (t, u). 

388. It remains, on the plan lately stated (380), to consider briefly 
surfaces of revolution, and to investigate the geodetic lines, on this additional 
Jamily of surfaces; of which the equation, analogous to those marked I. II. 
III. LV. in 387, for spheres, cylinders, cones, and developables, is of the form, 


| Oe Sapv = 0, 


if a be a given line in the direction of the avis of revolution, supposed for 
simplicity to pass through the origin ; but which may also be represented by 
either of these two other equations, not involving the normal », 


TE. a= 7(Sen)\s or EE Van se), 


where f and F are used as characteristics of two arbitrary but scalar functions : 
between which Sap may be conceived to be eliminated, and so a third form of 
the same sort obtained. 

(1.) In fact, the equation I. expresses that v ||! a, p, or that the normal to 
the surface intersects the avis; while II. expresses that the distance from a 
fixed point upon that axis is a function of its own projection on the same fired 
line, or that the sections made by planes perpendicular to the axis are circles ; 
and the same circularity of these sections is otherwise expressed by III, 
since that equation signifies that the distance from the axis depends on the 
position of the cutting plane, and is constané or variable with it : while the two 
last forms are connected with each other in calculation, by means of the 
general relation (comp. 204, XXI.), 


TY... (Pap)? ="(Sap)? + (PV ap’. 


(2.) The equation I. is analogous, in quaternions, to a partial differential 
equation of the first order, and either of the two other equations, II. and IILI., 
is analogous to the integral of that equation, in the yswal differential calculus 
of scalars, 
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(3.) To accomplish the corresponding integration in quaternions, or to pass 
from the form I. to II., whence III. can be deduced by IV., we may observe 
that the equation I. allows us to write (because Srdp = 0), 


Nag op =a + Y—y 5A ee aSadp ae ySpdp = 0, 


so that the two scalars Sap and ‘I'p are together constant, or together variable, 
and must therefore be functions of each other. 

(4.) Conversely, to eliminate the arbitrary function from the form IL., 
quaternion differentiation gives, 


VIT...0=S8(Up.dp) + /’(Sap) .Sado = 8. (Up + af’Sap)dp ; 
hence 


WIL 2) Up tof Sap, and 1X ve ee, as betore ; 


so that we can return in this way to the equation I., the functional sign f 
disappearing. 

(5.) We have thus the germs of a Calculus of Partial Differentials in 
Quaternions,* analogous to that employed by Monge, in his researches re- 
specting fumilies of surfuces: but we cannot attempt to pursue the subject 
farther here. 

(6.) But as regards the geodetic lines upon a surface of revolution, we 
have only to substitute for v, in the recent formula I., by 3880, IV., the 
expression dUdp, which gives at once the differential equation, 


X...0 = SaodUdp = d.SapUdp (because S(adp .Udp) = ~ SaTdp = 0); 
whence, by a first integration, ¢ being a scalar constant, 


Mises Saplds — Tap 8 Vas dp): 


* The same remark was made in page 574 of the Lectures, in which also was given the 
elimination of the arbitrary function from an equation of the recent form III. It was also observed, 
in page 578, that geodetics furnish a very simple example of what may be called the Calculus of 
Variations in Quaternions ; since we may write, 


| df ds = 6f Tdp = f 8Tdp = —f S(Udp. ddp) 
= —f{S(Udp. ddp) = — AS(Udp. dp) + JS (dUdp. 8p), 
and therefore dUdp || v, or Vvd Udp = 0, as in 380, IV., in order that the expression under the last 
integral sign may vanish for all variations 3p consistent with the equation of the surface: while the 


evanescence of the part which is outside that sign { supplies the equations of limits, or shows that the 
shortest line between two curves on a given surface is perpendicular to both, as usual. 
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(7.) The characteristic property of the sought curves is, therefore, that 
for each of them the perpendicular distance from the axis of revolution varies 
inversely as the cosine* of the angle, at which the geodetic crosses a parallel, or 
circular section of the surface: because, if Ta = 1, the line Vap has the length 
of the perpendicular let fall from a point of the curve on the axis, and has the 
direction of a tangent to the parallel. 

(8.) The equation XI. may also be thus written, 


XII. ..cT'p’=Sapo’, where p =n; 


and if the independent variable ¢ be supposed to denote the ¢ime, while the 
geodetic is conceived to be a curve described by a moving point, then while Tp’ 
evidently represents the /inear velocity of that point, as being = ds: dé, if 
s denote the are (comp. 100, (5.), and 380, (7.), (11.) ), it is easy to prove that 
Sapp’ represents the double areal velocity, projected on a plane perpendicular to 
the axis; the one of these two velocities varies therefore directly as the other: 
and in fact, it is known from mechanics, that each velocity would be constant,t 
if the point were to describe the curve, subject only to the normal reaction of 
the surface, and undisturbed by any other force. 

(9.) As regards the analysis, it is to be observed that the differential 
equation X. is satisfied, not only by the geodetics on the surface of revolution, 
but also by the parallels on that surface: which fact of calculation is connected 
with the obvious geometrical property, that every normal plane to such a 
parallel contains the axis of revolution. 

(10.) In fact if we draw the normal plane to any curve on the surface, at 
a point where it crosses a parallel, this plane will intersect the axis, in the point 
where that axis is met by the normal to the surface, drawn at the same point 
of crossing ; but ¢his construction fails to determine that normal, if the curve 


coincide with, or even touch a parallel, at the point where its normal plane 
is drawn. 


* Unless it happen that this cosine is constantly zero, in which case ¢ = 0, and the geodetic is a 
meridian of the surface. 

f This remark is virtually made in page 443 of Professor De Morgan’s Differential and Integral 
Calculus (London, 1842), which was alluded to in page 578 of the Lectures on Quaternions. [If p is 
the normal reaction of the surface, the differential equation of motion of the particle is p'’ = yUp. 
From this equation the mechanical properties may be at once deduced. | 
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SECTION 6. 


On Osculating Circles and Spheres, to Curves in Space ; 


with some connected Constructions. 


389. Resuming the expression 376, I. for p;, and referring again to 
fig. 77 [p. 24], we see that if a circle pap be described, so as to touch a 
given curve Pa@r, or its tangent pr, at a given point p, and to cut the curve 
at a near point a, and if pn be the projection of the chord Pa on the diameter 
PD, or on the radius cp, then because we have, rigorously, 


LiogorG= tp. so, wit One? 0, 
we have also 
RiGee ey Sr Vio 6 8s 
= Vup' oe 
(p’ a8 gtup”)*p 


and 


VAD Gee ee ante 


wd 


BC PD PQ 


Conceiving then that the near point @ approaches indefinitely to the given 
point P, in which case the ultimate state or limiting position of the circle Pap 
is said to be that of the osculating circle to the curve at that point p, we see 
that while the plane of this last circle is the osculating plane (376), the vector 
k of its centre x, or of the limiting position of the point c, is rigorously 
expressed by the formula: 

DV oR = pen eae 

a f pP Vp" p’ 
which may however be in many ways transformed, by the rules of the 
present Calculus. 

(1.) Thus, we may write, as ¢ransformations of the expression IV., 

the following : 
Tp’ Tp’ 


V...K= eS ae 7? eee Jawa p AVE 
vas 5 Nepe Un e p) 


or introducing differentials instead of derivatives, but leaving still the inde- 
pendent variable arbitrary, 
dp® d Td ds 
Me eR ee eee 
ae Vdpd’o a Vd’pdp” p dUp p adUdp 


if s be the are of the curve; so that the last expression gives this very simple 
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formula, for the reciprocal of the radius of curvature, or for the ultimate value 
of 1: cp, 


VII... (9 -«)*=D,Up’, where Up’ = Udo, as before. 


(2.) To interpret this result, we may employ again that auwiliary and 
spherical curve, upon the cone of parallels to tangents, which has already served 
us to construct, in 379, (6.) and (7.), the osculating plane, the absolute normal, 
and the binormal, to the given curve in space. And thus we see, that while 
the semidiameter pc has ultimately the direction of dUp’, and therefore that of 
the absolute normal (379, II.) at p, the length of the same radius is ultimately 
equal to the are Pa (or As) of the given curve, divided by the corresponding arc 
of the auxiliary curve; or that the radius of curvature, or radius of the osculating 
circle at P, is equal to the w/timate quotient of the arc pa, divided by the angle 
between the tangents, pr and (say) au, to that arc pa itself at Pp, and to its 
prolongation QR at a, although these two tangents are generally in different 
planes, and have no common point, so long as Pa remains finite: because we 
suppose that the given curve is in general one of double curvature, although the 
Jormule, and the construction, above given, are applicable to plane curves also. 

(3.) For the helix, the formula IV. gives, by values already assigned for 
P,P, p , and a, the expression, 


VIII... « = cta -- a'B cot? a4, whence IX... p-—« =a'B cosec’ a, 
a being the inclination of the given helix to the axis; the /ocus of the centre 
of the osculating circle is therefore in this case a second helix, on the same 
cylinder, if a = but otherwise on a co-awal cylinder, of which the radius = the 


given radius ‘I'3, multiplied by the square of the cotangent of a; and the 
radius of curvature = T(p — x) = TB x cosec? a, so that this radius always 
exceeds the radius of the cylinder, and is cut perpendicularly (without being 
prolonged) by the avis. 

(4.) In general, if ‘I'p’ = const., and therefore Sp’p” = 0 (comp. 379, (2.) ), 
the expression IV. becomes,* 


Mlk Sip de: whence, XI...c=p-—p , 1£ Tp’ =1, 
p 


* The expressions X. XI. may also be easily deduced by limits, from the construction in 383, (2.). 
H 2 
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that is, if the are be taken as the ¢ndependent variable (380, (12.)). Under 
this last condition, then, the formula VII. reduces itself to the following, 


XII... (p — k) = p” = Ds’p « ultimate reciprocal of radius cp ; 


so that p” (for Ip’ = 1) may be called the Vector of Curvature, because its 
tensor ‘I'p”’ is a numerical measure for what is usually called the curvature* at 
the point p, and its versor Up” represents the ultimate direction of the semi- 
diameter Pc, of the circle constructed as above. 

(5.) As an example of the application (2.) of the formula IV. for x, to a 
plane curve, let us take the ellipse, 


XIII... =Va'B, Ta=1, Safz0, 387, (2.), 


considered as an ob/ique section (814, (4.)) of a right cylinder. The expressions 
376, (5.) for the derivatives of p, combined with the expression XIII. for 
that vector itself, give here the relations, 


XIV... Vpop”=0, Vp'p”=0; 
and therefore comp. (3388, (5.) ), 


\ 3 


DNV aes Vpp’ =O0NSbaT = 5By: Vp'p” = const. = (5) By; if 0 Am Va ; 
hence for the present curve we have by [V., 


SVE eke = pe Vr" = Va‘ = (Va"p)> (By)? 


(6.) To interpret this result, we may write it as follows, 


2 


. 2° 
a wiiere sev a. oso — po Vaeaiss 


MVh ee Von’ ran 7 


so that p: is the conjuyate semidiameter of the ellipse (comp. 369, (4.)), and 
Vpp’: p’ is the perpendicular from the centre of that curve on the tangent. We 
recover then, by this simple analysis, the known result, that the radius of 
curvature of an ellipse is equal to the square of the conjugate semidiameter, 
divided by the perpendicular. 


* It may be remarked that the quantity z, or Tw’, in the investigation (382) respecting geodeties 
on a developable, represents thus the curvature of the cusp-edge, for any proposed value of the are, 2, 
of that curve. 

+ These values XV. might have been obtained without integrations, but this seemed to be the 
readiest way. [The constants may be determined by putting ¢ = 0.] 
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(7.) We may also write the equation XVI. under the form, 
3 
D4 Baa _ ia ss where XX... Vpp. = Py = const. ; 


and may interpret it as expressing, that the radius of curvature is equal to 
the cube of the conjugate semidiameter, divided by the constant parallelogram 
under any two such conjugates; or by the rectangle under the major and 
minor semtaxes, which are here the vectors 3 and y (comp. 314, (2.) ). 

(8.) The expression XVI. or XIX. for x is easily seen to vanish, as it 
ought to do, at the dimit where the e/lipse becomes a circle, by the cylinder 
being cut perpendicularly, or by the condition Saf = 0 being satisfied; and 
accordingly if we write, 


XXI...¢e = 8Ua3 = excentricity of ellipse, or XXII... y' =(1-&)f’, 
we easily find the expressions, 


AX... 9 =PS.a'+ 78.0, pi =—- PS. +48 .0'; 


t-1 
XXIV... p= 6 -eB.0')), fie = f= B* (B80 FS), 


so that the formula XIX. becomes, 


20.4) eae “(BG } a’)> ie we = e(B(S. a’)? ek re : ae 


thus containing ¢ as a factor. 

(9.) And it may be remarked in passing, that the expression X VL, or its 
recent transformation XXY., for « as a function of ¢, may be considered as 
being in quaternions the vector equation (comp. 99, I., or 369, I.) of the 
evolute* of the ellipse, or the equation of the Jocus of centres of curvature of 
that plane curve; and that the last form gives, by elimination of ¢ (comp. 
315, (1.), and 371, (5.) ), the following system of two scalar equations for the 


same evolute, 
Oe (85) (st) - Maoh 


* That is to say, of the plane evolute; tor we shall soon have occasion to consider briefly tliose 
evolutes of double curvature, which have been shown by Monge to exist, even when the given curve 
is plane. 
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or XXVI’. .. (SPx)* + (Syx)® = (eB)*, &e. ; 


which will be found to agree with known results.* 
(10.) As another example of application to a plane curve, we may con- 
sider the hyperbola, 


XXVII...p=ta+ 9, (comp. 371, IL.), 


with a and 3 for asymptotes, and with its centre at the origin. In this case 
the derived vectors are, 


RANA oo a ys pie ets 
whence 


».@. 4 OS Vp'p’ = 2t°V Ba = t*Vop’, 


and the formula IV. becomes, 
Cope ee 
pp” : p. < ov’ 


where ov is the perpendicular from the centre o on the tangent to the curve 
at p, and pr is the portion of that tangent, intercepted between the same 
point Pp and an asymptote (comp. (6.) and 371, (3.) ). 

(11.) We may also interpret the denominator in XXX. as denoting the 
projection of the semidiameter op on the normal, or as the line np where N is 
the foot of the perpendicular from the centre on that normal line; if then k 
be the sought centre of the osculating circle, we have the geometrical equations, 


XXXII... NP. PK = PT’, ». OD. 0 a a0 ee a 

whereof the last furnishes evidently an extremely simple construction for the 

centre of curvature of an hyperbola, which we shall soon find to admit of being 

extended, with little modification, to a spherical conict and its cyclic ares. 
(12.) The logarithmic spiral with its pole at the origin, 


XXXIII...p=a'8, SaB=0, Tal, (comp. 314, (5.)) 


* [The expression (ep)3 is perhaps a little inaccurate. The cube-root of (¢8)* is meant. | 

+ It was in fact for the spherical curve that the geometrical construction alluded to was first 
perceived by the writer, soon after the invention of the quaternions, and as a consequence of calcu- 
lation with them: but it has been thought that a sub-article or two might be devoted, as above, to 
the plane case, or hyperbolic limit, which may serve at least as a verification. 
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may be taken as a third example of a plane curve, for the application of the 
foregoing formule. A first derivation gives, by 333, VIL, 


DG .O.3 i eae p = (c aa Y)p = AG ee ys Ope. nO ahh y if ¢= IT a, and ey =5Ua; 


the constant quaternion quotient, p’: p, here showing that the prolonged vector 
op makes with the tangent pr a constant angle, n, which is given by the formula, 


(5 


OO ee (le (VS) (era ek ye orc coL = “Ta ri 
Tv 
and a second derivation gives next, 
MXN. 0 (64 yy Nop ey py ae 


The formula IV. becomes therefore, in this case, 
21T a 


wa 


XXXVITI...c=pt+py'=pey' =-—ecy'p= PR ads © 5 
the evolute is therefore a second spiral, of the same kind as the first, and the 
radius of curvature KP subtends a right angle at the common pole. But we 
cannot longer here delay on applications within the plane, and must resume the 
treatment by quaternions of curves of double curvature.t 

390. When the dogic by which the expression 389, IV. was obtained, for 
the vector « of the centre of the osculating circle, has once been fully wnder- 
stood, the process may be conveniently and safely abridged, as follows. 
Referring still to fig. 77 [p. 24], we may write briefly, as equations which 
are all ultimately true, or true at the limit, in a sense which is supposed to be 
now distinctly seen : 


I...pr=dp, tTa=43d*o, Pn = (part of pa L pr =) —_‘—*, 


by 203, &c.; whence, ultimately, 


PQ’ Pr’ dp® 
EE. eee ar = PC = — = — = 
coe aes 2PN 2PN Vd'pdp’ 


as before: this /as¢ expression, in which Vd’pdo denotes briefly V(d’p . dp), 


* If r be radius vector, and @ polar angle, and if we suppose for simplicity that Tgp = 1, the 
ordinary polar equation of the spiral becomes 7 = a’, with a= Tar, and cot 2 = la, as usual. 

+ [The differential equations p” = cp, compare (5.); VBp’” = 0 (10.); p’ =¢p and p” = @p (12.) 
will afford useful exercises in integration and in geometrical and dynamical interpretation. } 
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being rigorous, and permitting the choice of any scalar, to be used as the 
independent variable. And then, by writing, 


HL doo di, de =O! doe pc dr, 


the factor d¢* disappears, and we pass at once to the expression, 


IV. ..«-p=— 9, IV. 
y ocuMe od Vig? 7 (389, Ty: )s 
which had been otherwise found before. 

(1.) When the’arc of the curve is taken for the independent variable, 
then (comp. 380, (12.) &c.) the expression II. reduces itself to the following, 


A cat ee a because Sd’pdp = 0; 


and accordingly the angle pre in fig. 77 is then ultimately right (comp. 383, 
(5.) ), so that we may at once write, with this choice of the scalar variable, 


Vipin k= = Uh) Pos (t,) _ = _ as above. 

(2.) Suppose then that we have thus geometrically (and very simply) deduced 
the expression V. for « - p, for this particular choice of the scalar variable ; 
and let us consider how we might thence pass, in calculation, to the more 
general formula IJ., in which that variable is left arbitrary. For this purpose, 
we may write, by principles already stated, 


d*p i Cass dUdp ie Vd'pdp!.Udp 


eye prance ri\caec: a a 
VII. eee (p Kk) (Tdp)? Tdp Tdp Tdp Tdp 
_ Vd'pdp — Vdpd’p | 
i dp a dp® 


and the required transformation is accomplished. 
(3.) And generally, if s denote the are of any curve of which p is the 
variable vector, we may establish the symbolical equations, 


1 ies ot ae 
Ae nae Dt = ac 4 gs d= (agp): & 


(4.) For example (comp. 389, XII.), the Vector ef Curvature, D‘p, admits 
of being expressed generally under any one of the five last forms VIL. 
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391. Instead of determining the vector « of the centre of the osculating 
circle by one vector expression, such as 389, IV., or any of its transformations, 
we may determine it by a system of three scalar equations, such as the following, 


TS (eo) 05 lle Si ep oe Oe 
El. = 3 S(« 7 p)p p- = 0, 


of which it may be observed that the second is the derivative of the first, if « 
be treated as constant (comp. 386, (4.)); and of which the first expresses 
(369, IV.) that the sought centre is in the normal plane to the curve, while the 
third expresses (376, V.) that it is in the osculating plane; and the second 
serves to fix its position on the absolute normal (379), in which those two 
planes intersect. 

(1.) Using differentials instead of derivatives, but leaving still the inde- 
pendent variable arbitrary, we may establish this equivalent system of three 
equations, 


LN ean elki= pore) V... Sk —p)d’o — dp’ = 0; 
sd ng. S(« a p)dpd’p = Oe 


of which the second is the differential of the first, if « be again treated as 
constant. 

(2.) It is also permitted (comp. 369, (2.), 376, (3.), and 380, (2.)), with the 
same supposition respecting «, to write these equations under the forms, 


NET esd Me aa) = 0: VIII... PT (« - p) = 0; 
IX... dUV{« — pidp =90; 


and to connect them with geometrical interpretations. 

(3.) For instance, we may say that the centre of the osculating circle is 
the point, in which the osculating plane, III. or VI. or IX., is cntersected by 
the axis of that circle; namely, by the right dine which is drawn through its 
centre, at right angles to its plane: and which is represented by the two 
scalar equations, 


Pesan. Clg Or VG amar Ver un y Le. BNA. Ved, 


(4.) And we may observe (comp. 370, (8.)), that whereas for a point Rr 
taken arbitrarily in the normal plane to a curve at a given point P, we can 
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only say in general, that if a chord pa be called small of the first order, then 
the difference of distances, R2 —- RP, is small of an order higher than the first ; 
yet, if the point x be taken on the awis (8.) of the osculating circle, then this 
difference of distance is small, of an order higher than the second, in virtue of 
the equations VII. and VIII. 

(5.) The right line I. IL, or IV. V., or VII. VIII., as being the /ocus of 
points which may be called poles of the osculating circle, on all possible spheres 
passing through it, is also called the Polar Avis of the curve itself, corre- 
sponding to the given point of osculation. 

(6.) And because the equation II. is (as above remarked) the derivative 
of I., the known theorem follows (comp. 386), that the Jocus of all such polar 
axes is a developable surface, namely that which is called the Polar Developable, 
or the envelope of the normal planes to the given curve ; of which surface we 
shall soon have occasion to consider briefly the cusp-edge. 

392. The following is an entirely different method of investigating, by 
quaternions, not merely the radius or the centre of the osculating circle to a 
curve in space, but the vector equation of that circle itself: and in a way which 
is applicable alike, to plane curves, and to curves of double curvature. 

(1.) In general, conceive that or =7 is a given tangent to a circle, at a 
given point which is for the moment taken as the origin; and let pp’ = p’ 
represent a variable tangent, drawn at the extremity of the variable chord 
op =p: also let u be the intersection, or‘ Pr’, of these two tangents. Then 
the isosceles triangle our, combined with the formula 324, XI. for the 
differential of a reciprocal, gives easily the equations, 


aa pr | prop Ti. Nap = (Vrp7)’ = 90; 
iT... Vep" = const. = Vra“, as in 296, 1X: ", 
if a be the vector oa of any second given point a of the circumference. 


(2.) The vector equation of the circle pan (389) is therefore, 


2p ‘ io Tae ’? a ak pans | 
REN Gemeinde UES 1 ate pias (1 + gtup p i 


whence, passing to the Jimit (¢=0, w= 1), the analogous equation of the 
osculating circle is at once found to be, 


yee oy boo Vi... V(=8 + 5f) =o; 
w—p p w-p dp 
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with the verification (comp. 296, (9.) ), that when we suppose, 
VIT...w-p=2(k-p) Lp’, 

the vector « of the centre is seen to satisfy the equation, 


VIEL eee eae ror be Sealant Pelee 


kK -p p agra er ier 


which agrees with recent results (889, IV., &c.). 

(3.) Instead of conceiving that a circle is described (389), so as to fouch a 
given curve (fig. 77) at p, and to cut it at one near point a, we may conceive 
that a circle cuts the curve in the given point Pp, and a/so in two near points, 
q and R, unconnected by any given /aw, but both tending together to coinci- 
dence with Pp: and may inquire what is the “miting position (if any) of the 
circle Par, which thus intersects the curve in three near points, whereof one 
(P) is given. 

(4.) In general, if a, 3, p be three co-initial chords, oA, OB, OP, of any one 
circle, their reciprocals a™, [3"', pt, if still co-initial, are termino-collinear (260) ; 
applying which principle, we are led to investigate the condition for the three 
co-initial vectors, 


XK... (w—p)7, (sp’ + d8°usp”), (tp + 30m"), 


with uw, = 1, thus ultimately terminating on one right line; or for our having 
ultimately a relation of the form, 


xs +yt a y 
igh hay ea aoe 
WO p= spt sap p + gto 


2. age 


or 


ieee Se 
wp 1+4so0"p" 1+ 4tp’p™ 


=e+y—43(est+ yt)p p' + &e.: 


in which last equation, both members are generally quaternions.* 
(5.) The comparison of the scalar parts gives here no useful information, 
on account of the arbitrary character of the coefficients 2 and y; but these 


1 i) 1 1 
* [Observe that —— = ————— = - , —__~ if two vectors. 
[Observe : iss Acoa. Tafel a and B are any tw ] 


12 
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disappear, with the two other scalars, s and ¢, in the comparison of the vector 
parts, whence follows the determinate and limiting equation, 


XIII... 2Vp’(w — p) = - Vp", 


which evidently agrees with V. 

(6.) It is then found, by this little quaternion calculation, as was of course 
to be expected,* that the circle (3.), through any three near points of a curve 
in space, coincides wltimately with the osculating circle, if the /atter be still 
defined (389) with reference to a given tangent, and a near point, which tends to 
coincide with the given point of contact. 

393. An osculating circle to a curve of double curvature does not generally 
meet that curve again; but it intersects generally a plane curve, of the 
degree n, to which it osculates, in 2n — 8 points, distinct from the point P of 
osculation, whereof one at least must be real, although it may happen to 
coincide with that point Pp: and such a circle intersects also generally a 
spherical curve of double curvature, and of the degree », in n —3 other 
points, namely in those where the osculating plane to the curve meets it 
again. An exumple of each of these two last cases, as treated by quaternions, 
may be useful. 

(1.) In general, if we clear the recent equation, 392, V. or XIII, of 
fractions, it becomes, 


I... 0 = 29?Vp'(w — p) + (w — p)? Vpn’; 


in which p = op = the vector of the given point of osculation, and p’, p” are 
its first and second derivatives, taken with respect to any scalar variable , 
and for the particular value (whether zero or not) of that variable, which 
answers to the particular point p; while w denotes generally the vector of 
any point upon the circle, which osculates to the given curve at that point P. 
(2.) Writing then (comp. 389, (10.) ), 
Ties pia sees op a £0, pe et 
and 
Ill... =09=2a+ #'P, 


to express that we are seeking for the remaining intersection a of a plane 


* This conclusion is indeed so well-known, and follows so obviously from the doctrine of injinite- 
simals, that it is only deduced here as a verification of previous formule, and for the sake of practice 
in the present Calculus. 
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hyperbola with its osculating circle at Pp, the equation I. becomes, after a few 
easy reductions, including a division by Vaf3, the following biquadratic in x, 


IV...0s¢-7) Cae — Pp’); 


in which the cubic factor is to be set aside, as answering only to the point 
P itself. 

(3.) Substituting then, in III., the remaining value IV. of a, we find the 
expression, 


Gas rs 
ee oa rs = 


(ta)? | 2B) 
mee Ria 


tcol~ 


comparing which with 371, (3.), we see that if the tangent to the hyperbola 
at the given point P intersects the asymptotes in the points a, B, then the 
tangent at the sought point e meets the same lines 0A, oB in points 4’, B’, 
such that 


Viv at0s / OA = 00, 08 Or 20. 


whence Q is at once found, as the bisecting point of the line a’b’. 

(4.) A still more simple construction, and one more obviously agreeing 
with known results, may be derived from the following expression for the 
chord PQ: 


Near) PO =.) — fee (aa 1 (a2) (tv? a t 143°) 
= (9° — fa~)ap’B || ap" 5 


whence it follows (comp. 226) that if this chord pa, both ways prolonged, 
meets the two asymptotes op and oa in the points R and s, we have then the 
inverse similitude of triangles (118), 


VIE. pos AGE: 


(5.) As regards the equality of the intercepts, RP and qs, it can be verified 
without specifying the second point a on the hyperbola, or the second scalar, x, 
by observing that the formula III., combined with the first equation II., 
conducts to the expressions, 


ro — tw to — tw 
LX OR = = = (e or eS. OS = aed = (x az ta; 


which give, generally, 
X... RP = Q8 = fa - 2's. 


62 ELEMENTS OF QUATERNIONS. (III. 11. § 6. 


(6.) And as regards the general reduction, of the determination of the 
osculating circle to a spherical curve of double curvature, to the determination 
of the osculating p/ane, it is sufficient to observe that when we take the centre 
of the sphere for the origin, and therefore write (comp. 381, XIYV.), 


9. oe. p” = const., Spp’ a 0, Spp” ao pe 


then if we operate on the vector equation I. with the symbol V.p, and divide 
by - p®, there results the scalar equation, 


XII... 0 = 28p(w - p) + (w — p)? = w - p’, 


which expresses that the circle is entirely contained on the same spheric* 
surface as the curve; while the other scalar equation, 


XIII... 0 = 8p"p'(w — p), 


obtained by operating on I. with S.p”, expresses (comp. 376, V.) that the 
same circle is 7 the osculating plane:t so that its centre K is the foot of the 


perpendicular let fall on that plane from the origin, and we may therefore 
write (comp. 385, VI.), 


This d, 


LV oe 2 pen ent ay ee 
Vp'p K K 


and with the verification that the expression XIV. agrees with the general 
formula, 389, IV., because 


XVI. 2 pVp"p’ r p® a Sp” p’p, 


when the conditions XI. are satisfied. 
(7.) And even if the given curve be not a spherical one, yet if we retain 
the general expression for x, 
p® 
Vp" p” 


XV. cons (389, IV.), 


» 


aud operate on I. with S.p” and 8. p’’p’, we find again the equation XIII. 


* This conclusion is geometrically evident, but is here drawn as above, for the sake of practice 
in the quaternions. 


t Compare the Note immediately preceding. 
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of the osculating plane, combined with a new scalar equation, which may 
after a few reductions be written thus, 


COVA Ube (w —«)* = (p — )*; 


and which represents a new sphere, whereon the osculating circle to the curve 
is a great circle. 

394. To give now an example of a spherical curve of double curvature, with 
its osculating circle and plane for any proposed point p, and with a deter- 
mination of the point @ in which these meet the curve again (3893), we may 


consider that spherical conic, or sphero-conic, of which the equations are 
(comp. 397, II.), 


Le pr a 0; Elo. 3 pes Npap. = wr 


namely the intersection of the sphere, which has its centre at the origin, and 
its radius = 7, with a cone of the second order, which has the same origin for 
vertex, and has the given lines A and yw for its two (real) cyclic normals. 
And thus we shall be led to some sufficiently simple spherical constructions, 
which include, as their plane limits, the analogous constructions recently 
assigned for the case of the common hyperbola. 

(1.) Since Srpup = 28rApSup - p*8dAu (comp. 357, II’.), the equations I. 
and IT. allow us to write, as their first derivatives, or at least as equations 
consistent therewith, 


III... Spp’= 0, SAp’+ Srp = 0, Spo’ — Sup = 0, 


because the independent variable is here arbitrary, so that we may conceive 
the first derived vector p’ to be multiplied by any convenient scalar; in fact, 
it is only the direction of this tangential vector p’ which is here important, 
although we must continue the derivations consistently, and so must write, as 
consequences of III., the equations, 


cn Sires Sepp” + p” = 0, Srp” + Sr’ = 0, Sup” os Sup’ — 
(2.) Introduéing then the auxiliary vectors, 
Nee ~n= VAn, o = ASup + uSAp, tT=ptp, v=p-p, 
whence 


VI...0=S8no =SAr =Syv, Spo = 2ApSup, Sur = 2up, 
abe 28rp, r= v= pt e”, 
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and by new derivations, 


Vile a= ney tr pe as ae 0, A 
Sur’ = Sur, Sd’ = —- Sd, 


we see first that 7 and v are the vectors or and ov of the points in which the 
rectilinear tangent to the curve at P meets the two cyclic planes, perpendicular 
respectively to A and yw; and because the radius op is seen to be the penpen- 
dicular bisector of the linear intercept ru between those two planes, so that 

Vili =r UP sor. wo have PX. --.-Gor — Por, 
or 

eo Ae Sa ee: 

if the fangent arc on the sphere, to the same conic at the same point Pp, meet 
the two cyclic arcs cA and cB in the points aA and B: the mtercepted are aB 
being thus bisected at its point of contact p, which is a well-known property 
of such a curve. 

(3.) Another known property of a sphero-conic is, that for any one such 
curve the sum of the two spherical angles cAB and asc, and therefore also the 
area of the spherical triangle awc, is constant. We can only here remark, in 
passing, that quaternions recognise this property, under the form (comp. II.), 


XI... cos (A + B) = - SUApup = — g: TAp = const. 


(4.) The scalar equations III. and LV. give immediately the vector 
expressions, 


» _ Ve(ASup + uSAp) pe ale Pen 
las pe Sins ee: Gh ODS oe TF 
or by (2.), 
le Vpo abe . i Tn 
XIV. es ) lees Bnp’ and XV. SK | mma | aes E, if pata e Rie E = Sno 


/ 7 


the new auxiliary vector & being thus that of the point x, in which the 
osculating plane to the conic at Pp meets the line » of intersection of the cyclic 
planes: so that we have the geometrical expressions, 


XVII... p’=xp, 7 =x1, -v'=xu, if € = ox, 


and the lines* 7’ and v’ are the traces of the osculating plane on those two 


* We may also consider the derived vectors r’ and v’, or the lines xr and xv, as corresponding 
tangents, at the points T and vu (2.), to the two sections, made by the cyclic planes, of that developable 
surface which is the locus of the tangents rvv to the spherical conic in question. 


Art, 394. | CONSTRUCTION FOR A SPHERICAL CONIC. 65 


cyclic planes, or of the latter on the former; while o and o’, as being 
perpendicular respectively to p’ and p, while each L n, are the traces on the 
plane Au of the two cyclic normals, of the normal plane to the conic at the 
point p, and of the tangent plane to the sphere at that point: or at least 
these lines have the directions of those traces. 

(5.) Already, from the expression XVI. for the portion ox of the radius 
oc (2.), or of that radius prolonged, which is cut off by the oseudating plane 
at Pp, we can derive a simple construction for the position of the spherical centre, 
or pole, say ¥, of the smad/ circle which osculates at that point p, to the 
proposed sphero-conic. For if we take the radius 7 for unity, we have the 


trigonometric expressions, 


XVIII... sec cz cos up = (TE = Tr?: SU 'p =) sec? PB sec cp; 


or letting fall (comp. fig. 80) the perpendicular cp on the normal are PE, 


XIX... cos DE = COs DP COS PB. COS PB COS PE = COS DB COS BE} 


13 


or finally, XX... DBE (or DAE) = —- 


we 


(6.) But although it is a perfectly /egitimate process to mir thus spherical 
trigonometry with guaternions (since in fact the latter inc/ude the former), yet 
it may be satisfactory to deduce this last result by a more purely quaternionic 
method, which can easily be done as follows. ‘The values (4.) of p’ and p” give, 


9. @.6 Bas Vp'p’Snp = pScp” a oSpp” a pSpo aE po 
= (r — p )Sor + oSpT = tSor + Vrp’o || z Vrp’o, 


in which p’o denotes a vector Lp’ (because Sp’c = 0), and ||| n, p’ (because 
Snp’p’o = 0); this line p’o has therefore the direction of the projection of the 
line y on a plane perpendicular to p’, and we are thus led to draw, through 
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the line oc of intersection of the cyclic planes, a plane cop perpendicular to 
the normal plane to the conic at Pp, or to let fail (as in fig. 80) a perpendicular 
are cp on the normal are pp; after which the normal to the sought osculating 
plane, or the awis or of the osculating circle sought, as being || Vp‘p”, will be 
contained in the plane through the trace r, or oT, or oB, which is perpendicular 
to the plane of r and p’o, or to the plane pos; and therefore the spherical angle 
DBE (or DAE) will be a right angle, as before. 

(7.) We may also observe that if x be the centre of the osculating circle, 
considered in its own plane, or the foot of the perpendicular on that plane 


from o, then by XXI., 


S if , 28 ny 
XXII. tae. ie ideal te é sae je ee p ae . 
Vp'p pSpo + pa pSpo + p*a 


and therefore 


DO. bs es ssa ne at aN po, XXIV... tan EP = sin’ PB cot PD, 
OK K ?S : : 


which gives again the angular relation XX.; the quotient XXIII. being 
thus a vector, as it ought by 393, XV. to be; and the trigonometric formula 
XXIV. being obtained from its expression, by observing that 


XXV... Tor? = Pr: or = sin Por=sin PB, and (V:8)po = Up’. cot pp, 


because ol p’o, but || 


OD tone OF poke. nul || py 0: 


(8.) The rectangularity of the planes of r, « and r, p’o is also expressed 
by the equation, 


XXXVI... 0 = S(Ver.Vp’ar) = Sxr8p’cz — 7*Sp'ox 5 
in proving which we may employ the values, 
XXVIII... Src? =1, Spon? = (— r’p*Snp =) Sport. 


(9.) We may also interpret these equations XXVII., as expressing the 
system of the two relations, 


MOV ee es ore oe: 


from which it follows that «, and therefore also that x, is a line in the plane 


so drawn through 7, as to be perpendicular to the plane through r and p’o, 
as before. } 
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(10.) And the two relations XXVIII. are both included in the following 
expression, 


Re et NT pe Spa: 


(11.) We may also easily deduce, from the foregoing spherical construction, 
the following trigunometric expressions, for the arcual radius r = EP of the 
osculating small circle (5.), and for the angle a = PAB = EBP which it subtends 
at A or at B: 


XXX... tan r=sin 5 tan a; XXXI... tana =4(ecot a+ cot 8); 

A and B here denoting, as in XI., the base angles of the triangle anc with c for 
vertex, and c denoting as usual the dase aB, namely the portion of the arcual 
tangent (2.) to the conic, which is intercepted between the cyclic ares. 

(12.) The osculating plane and circle at Pp being thus fully and in various 
ways determined, we may next inquire (393) in what point a do they meet the 
conic again. In symbols, denoting by w the vector of this point, we have the 
three scalar equations, 


XXXIT. . . Skw = Sxp, SrAwSpw Ss SApSup, Ww? = p's 


which are all evidently sutisfied by the value w =p, but can in general be 


satisfied also by one other vector value, which it is the object of the problem 
to assign. 


(13.) We satisfy the two first of these three equations XXXII., by 
assuming the expression, 


XXXII... Ww =& + dar’ — av’), 
in which # is any scalar; in fact we have the relations, 


XXXIV... 8k—E =Sxp, Sdrv’ =- 28Ap, Spr’ = 2Bup, 
0 = S8XE = Sué = SAr’ = Suv’ = Ser’ = Scv’, 
whence XX XIII. gives, 
XXXV...S8rw =28rp, Syuw = aSup, &e. 
And because 
7 XXXVI... pH=E+R(r' - Vv’), 


we shall satisfy also the ¢hird equation XXXII., if we adopt for x any root 
of that new scalar equation, which is obtained by equating the square of 
K 2 
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the expression XXXIII. for », to what that square becomes when ~ is 
changed to 1. 

(14.) To facilitate the formation of this new equation, we may observe 
that the relations, 


12 


Sp) fete ep 2 pe pp 0) Bap, ps 
which have all occurred before, give 
XXXVII... 48&r’ = 3877 + vw", 4880’ = 77 + Bu"; 
the resulting equation is therefore, after a few slight reductions, the following 
biquadratic in x, 
RXXVUEM Vee PP we): 
of which the cubic factor is to be rejected (comp. 393, (2.)), as answering only 


to the point P itself. 
(15.) We have then the values, 


DONO EX oe a one KL...oa-w=£448(%-5); 


comparing which last expression with the formule: XVII., we see that the 
required point of intersection a, of the sphero-conic with its osculating circle, 
can be constructed by the following rule. On the traces (4.), of the osculating 
plane on the two cyclic planes, determine two points 7, and u, by the 
conditions, 


XLII... xv.xt, = xu’, xvu.xu,=xr"; then XLII...1,Q=aQ0;, 


or in words, the right line 1,0, ts bisected by the sought point a. 

(16.) But a still more simple or more graphic construction may be obtained, 
by investigating (comp. 393, (4.)) the direction of the chord pa. The vector 
value of this rectilinear chord is, by XXXVI. and XL., 


XLII... pa=w - p = $v? — 7”) (V1 4 7) = Br? - 4) or tu) 


72 72 
= (5, ~ a vou’, because p =3(r + v); 


T 


the chord Pq has therefore the direction (or its opposite) of the fourth propor- 
tional (226) to the three vectors, p’, r’, and - v’, or PT, x1, and xu; if then we 
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conceive this chord or its prolongations to meet the traces xT, xu in two new 
points T,, Uz, we shall have (comp. 3938, VIII.) the two inversely similar 


triangles (118), 
REV: + ao EX ee UT, 


(17.) To deduce hence a spherical construction for a, we may conceive four 
planes, through the avis oxx, perpendicular respectively to the four following 
right lines in the osculating plane: 


REV T3640 py Or RT, XW, 1, ea 
which planes will cut the sphere in four great circles, whereof the four arcs, 
ALVIi.A. EF; EG, RE. BH: 


are parts, if F, G, H (see again fig. 80) be the feet of the three arcual penpen- 
diculars from the pole & of the osculating circle on the two cyclic arcs cB, ca, 
and on the arcual chord Pa. 

(18.) These four arcs XLVI. are therefore connected by the same angular 
relation as the four lines XLYV.; and we have thus the very simple formula, 


XLVII. .. GeH = PEF, 


expressing an equality between fwo spherical angles at the pole £, which serves 
to determine the direction of the arc nH, and therefore also the positions of the 
points H and a, by means of the relations, 


XLVITII. .. pus = = A PH = 9 HQ. 


(19.) If the arcual chord pe, both ways prolonged, or any chord of the 
conic, cut the cyclic ares cB and ca in the points rR and s (fig. 80), it is 
well-known that there exists the equality of intercepts (comp. 270, (2.)), 


XLIX...0 RP = Q8; 


and conversely this equation, combined with the formule (11.), or with the 
trigonometric expression, 


L... tan pg = tan + = 3 sin 5 (cot a + cot B), 


for the tangent of the arcual radius of the osculating circle, enables us to 
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determine what may be called perhaps the arcual chord of osculation pa, by 
determining the spherical angle rps, or simply Pp, from principles of spherical 
trigonometry alone, in a way which may serve as a verification of the results 
above deduced from guaternions. 

(20.) Denoting by ¢ the semitransversal rH = Hs, and by s the semichord 
PH = HQ, the oblique-angled triangles rPB, spa give the equations, 


e 


ge Ee segue 
( cot (¢ - s) SIN 5 = 008 P COs 5 + sin P cot B, 


we) 


Va 


ae ane 
Ls sin 5 = COS P COs 5 — BIN P cot A ; 


while the right-angled triangle PHE gives, 
LIT. . . tan s = sin P tan ¢. 


Equating then the values of cot 2s, deduced from LI. and LII., we eliminate 
s and ¢, and obtain a quadratic in tan Pp, of which one root is zero, when tan 
has the value L.; such then might in this new way be inferred to be the 
tangent of the arcual radius of curvature of the conic, and the remaining 
root of the equation is then, 


COs 5 (cot B — cot a) 
LIIl. .. tan p = : 


C 
cot A cot B + cos’ 57 tan’? r 


a formula which ought to determine the inclination Pp, or RPB, or @PA, of the 
chord Pq to the tangent pa, but which does not appear at first sight to admit 


of any simple interpretation.” 
(21.) On the other hand, the construction (17.) (18.), to which the guater- 
nion analysis led us, gives 


LIV... HEP = GEP — GEH = GEP — PEF = FEB + GEA, 


* We might however at once see from this formula, that p = a — B at the plane limit ; which 
agrees with the known construction 398, (4.), for the corresponding chord r@ in the case of the 
plane hyperbola. 
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and therefore, by the four right-angled triangles, PHE, BFE, AGE, and BPE 
or EPA, conducts to this other formula, 


LV. .. cot (cos r cot P) = cot” ( COS 7° COS 5 tan (B + ‘)) 


> 5 
\ 


-- cot? (cos 7 COS 5 tan (A + )); 
in which a is the same auxiliary angle as in XXXI.; we ought therefore to 
find, as the proposed verification (19.), that this last equation LY. expresses 
virtually the same relation between a, B, c, and Pp, as the formula LIII., 
although there seems at first to be no connexion between them; and 
such agreement can accordingly be proved to exist, by a chain of ordi- 
nary trigonometric transformations, which it may be left to the reader to 
investigate. 

(22.) A geometrical proof of the validity of the construction (17.) (18.) 
may be derived in the following way. The product of the sines of the arcual 
perpendiculars, from a point of a given sphero-conic on its two cyclic arcs, is 
well-known to be constant; hence also the rectangle under the distances of the 
same variable point from the two cyclic planes is constant, and the curve is 
therefore the intersection of the sphere with an hyperbolic cylinder, to which 
those planes are asymptotic. It may then be considered to be thus geometri- 
cally evident, that the circle which oscudates to the spherical curve, at any 
given point Pp, osculates a/so to the hyperbola, which is the section of that 
cylinder, made by the osculating plane at this point; and that the point a, of 
recent investigations, is the point in which this hyperbola is met again, by ‘tts 
own osculating circle at p. But the determination 393, (4.) of such a point of 
intersection, although above deduced (for practice) by quaternions, is a plane 
problem of which the solution was known; we may then be considered to have 
reduced, to this known and plane problem, the corresponding spherical problem 
(12.) ; and thus the inverse similarity of the two plane triangles XLIV., 
although found by the quaternion analysis, may be said to be geometrically 
explained, or accounted for: the traces xr and xv, or 7’ and —v’, of the 
osculating plane to the conic on the two cyclic planes (4.), being evidently 
the asymptotes of the hyperbola in question. 

(23.) In quaternions, the constant product of sines, &e., is expressed by 
this form of the equation IT. of the cone, 


LVI... SUAp . SUpp = (g — SAp) : 2TAp = const. ; 
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and the scalar equation of the hyperbolic cylinder, obtained by eliminating p’ 
between I. and IL., after the first substitution (1.), is 


LVII. . . SApSup = $7°(g — SAu) = const. ; 


while the expression XX XIII. for w may be considered as the vector equation 
of the hyperbola, of which the intersection @ with the circle, or with the sphere, 
is determined by combining that equation with the condition w? = p? (= — 1°). 

(24.) In the foregoing investigation, we have treated a sphero-conic in 
connexion with its cyclic arcs (2.) ; but it would have been about equally easy 
to have treated the same curve, with reference to its focal points: or to the 
focal lines of the cone, of which it is the tntersection with a concentric sphere. 
(Compare what has been called the bifocal transformation, in 860, (2.).) 

(25.) We can however only state generally here the reswit of such an 
application of quaternions, as regards the construction of the osculating small 
circle to a spherical conic, considered relatively to its foci: which construction* 
can indeed be also geometrically deduced, as a certain polar reciprocal of the 
one given above. ‘T'wo focal points (not mutually opposite) being called 
Fr and a, let PN be the normal are at P, which is thus equally inclined, by a 
well-known principle, to the two vector arcs, FP, GP; so that if the focus eG 
be suitably distinguished from its own opposite, the spherical angle FPG is 
bisected by the are PN, which is here supposed to terminate on the given are FG. 
At w erect an are QNR, perpendicular to PN, and terminating in Q and R on the 
two vector arcs. Perpendiculars, Qk, RE, to these last arcs, will meet on the 
normal arc PN, tn the sought pole (or spherical centre) E, of the sought small 
circle, which osculates to the conic at the given point P. 

(26.) The two focal and arcual chords of curvature from Pp, which pass 
through F and a, and terminate on the osculating circle, are evidently bisected 
at q and R, in virtue of the foregoing construction, which may therefore be 
thus enunciated :— 

The great circle ar, which is the common bisector of the two focal and arcual 
chords of curvature from a given point P, intersects the normal arc PN on the fixed 
are FG, connecting the two foci; that is, on the arcual major axis of the conic. 


* The reader can easily draw the figure for himself. As regards the known rule, lately alluded to 
(in 393, (4.), and 394, (22.)), for determining the chord of intersection of a plane conic with its 
osculating circle, it will be found (for instance) in page 194 of Hamilton’s Conie Sections (in Latin, 
London, 1758). The two spherical constructions, for the small circle osculating to a spherical conic, 
were early deduced and published by the present writer, as consequences of quaternion calculations, 
Compare the second Note to page 54. 
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(27.) The construction (5.) fails to determine the position of the auxiliary 
point p in fig. 80, for the case when the given point P is on the minor awis of 
the conic; and in fact the expressions (4.) for p’ and p” become infinite, 
when the denominator SAyp is zero. But it is easy to see that the auxiliary 
vector o, which represents generally the trace of the normal plane to the curve 
on the plane of the two cyclic normals, becomes at the “mit here considered 
the required awis of the osculating circle; and accordingly, if we assume 
simply (comp. (1.) and (2.) ), 


LVIII...p’ = Vpo, and therefore p” = Vp'o + Voc’, 


we have 


DIX. 4.00 = 0,..and..Vpp jie, ween. SAup — 0. 


(28.) In general, if we determine three points 1, M, s in the plane of Ap, 
by the formule (comp. again (2.) ), 


2 2 2 
1 BD. are OL = Bye OM = 5 OS 5 = 3(0L + om), 


then 1 and m will be the intersections of the cyclic normals A, u with the 
tangent plane to the sphere at p, and the normal plane to the curve at the 
same point will bisect the right line tm in the point s; we shall also have 
this proportion of sines, 


LXI. .. sin Los: sin som = SUAp : SUnp 


= COS LOP : COS POM = SiN PP, : SiN PP, (comp. (23.) ), 


if PP,, PP, be the arcual perpendiculars from the point Pp of the conic on the 
two cyclic arcs; and this general rule for determining the position of the 
line os, or o, applies even to the Mimiting case (27.), when that variable line 
becomes the avis of the osculating circle, at a minor summit of the curve. 

(29.) As an example, let us suppose that the constants g, A, w in the 
equation IT. are connected by the relation, 


LXII...g=—-SdApu, whence LXIII...S8(VAp.Vup) = 0; 


the cyclic normals are therefore in this case sides of the cone, and the two 
planes which connect them with any third side are mutually rectangular ; so 
that the conic is now the locus of the vertex of a right-angled spherical triangle, 
of which the hypotenuse is given. And by applying either the formula LXI., 
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or the construction (28.) which it represents, we find that the trigonometric 
tangent of the arcual radius of the osculating small circle to such a conic, at 
either end of the given hypotenuse, is equal to half* the tangent of that 
hypotenuse itself. } 

(30.) It is obvious that every determination, of an osculating circle to a 
spherical curve, is at the same time the determination of what may be (and is) 
called an osculating right cone (or cone of revolution), to the cone which rests 
upon that curve, and has its verter at the centre of the sphere. Applying 
this remark to the last example (29.), we arrive at the following theorem, 
which can however be otherwise deduced :— 

Tf a cone be cut in a circle by a plane perpendicular to a side, the axis of the 
right cone which osculates to it along that side passes through the centre of the 
section. 

395. When a given curve of double curvature is not a spherical curve, we 
may propose to investigate the spheric surface which approaches to it most 
closely, at any assigned point. An osculating circle has been defined (889) to 
be the Zimit of a circle, which touches a given curve, or its tangent PT, at a 
given point P, and cuts the same curve at a near point a; while the tangent pr 
itself had been regarded (100) as the dimit of a rectilinear secant, or as the 
ultimate position of the small chord pa. It is natural then to define the 
osculating sphere, as being the limit of a spheric surface, which passes through 
the osculating circle, at a given point Pp of a curve, and also cuts that curve in 
a point a, which is supposed to approach indefinitely to p, and ultimately to 
coincide with it. Accordingly we shall find that this definition conducts by 
quaternions to formule sufficiently simple; and that their geometrical cnter- 
pretations are consistent with known results: for example, the centre of spherical 
curvature, or the centre of the osculating sphere, will thus be shown to be, as 
usual, the point in which the polar axis (891, (5.)) touches the cusp-edge of the 
polar developable (391, (6.)). It will also be seen, that whereas in general, 
if R be a point in the normal plane (370, (8.)) to a given curve at P, we can 
only say that the difference of distances, RQ — RP, is small of an order higher 
than the first, if the chord pr be small of the first order; and whereas, even 
if R be on the polar avis (391, (4.)), we can only say generally that this 
difference of distances is small, of an order higher than the second; yet, if R 
be placed at the centre s of spherical curvature, the difference sa — sp is small, 


* This may also be inferred by limits from the formule (11.); in which 7 and a were used, 
provisionally, to denote a certain spherical are and angle. 
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of an order higher than the third: so that the distance of a near point a, from 
the osculating sphere at the given point P, is generally small of the fourth order, 
the chord being still small of the first. 

(1.) Operating with S.A, where A is an arbitrary line, on the vector 
equation 392, V. of the osculating circle, we obtain the scalar equation of a 
sphere through that circle under the form, 

Xp’ Ap” 


I...0=28 ——4+8—-; 
ep. ip 


which may however, by 393, (7.), be brought to this other form, better suited 
to our present purpose, 


II. . . (w — «)’ = (p — &)? + 2cSp’"p’(w — p) ; | 


e being any scalar constant, while « is still the vector of the centre x of the 
circle: and the vector o of the centre s of the sphere is given by the formula, 


Deca OV 0 os 


which evidently expresses that this last centre is on the polar axis. 
(2.) To express now that this sphere cuts the curve in a near point a, we 
are to substitute for w the expression, 


IV...w=pr=pt tp + lp’ + tiup”’, with w=1; 
but « has been seen (in 391) to satisfy the three equations, 
V...0=S8p'(k-p), 0=S8p"(k-p)-—p%, 0=S8p%p'(k - ae 


reducing then, dividing by 142%, and passing to the limit, we find for the 
osculating sphere the condition, 


a ee Sp’”’(p ie k) 4 380’ p” os Sp’ pp’ ; 
so that finally the vector o satisfies the three scalar equations, 
VIT...0=Sp'(e-p), 0=Sp"(o - p) — p”, 0=S8p’(o — p) - 38p’p"; 


by which it is completely determined, and of which the two last are seen to 

be the successive derivatives of the first, while that first is the equation of the 

normal plane: whence the centre s of this sphere is (by the sub-arts. to 886, 
L2 
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comp. 391, (6.)) the point where the polar axis Ks touches the cusp-edge of the 
polar developable.* 

(3.) Differentials may be substituted for derivatives in the equations VIL., 
which may also be thus written (comp. 391, (4.)), 


Neen ea 0 Dig. ee Clip= o), 70 = GI(p-a), if de=0; 


the distance of a near point @ of the given curve from the osculating sphere is 
therefore small (as above said), of an order higher than the third, if the chord 
PQ be small of the first order. 

(4.) The two first equations VII., combined with V., give also 


IX. ..0=8p'(e - x), 0 = Sp" (o - x), 0 = S(k - p) (o-«); 


which express that the line ks is perpendicular to the osculating plane and 
absolute normal at Pp, as it ought to be, because it is part of the polar axis. 

(5.) Conceiving the three points p, K, s, or their vectors p, x, o, to vary 
together, the equations V. and VII., combined with their own derivatives, 
give among other results the following: 


Se en po Sop’ = So’p” = So'(k - p) = Sop’; 


of which the geometrical interpretations are easily perceived. 
(6.) Another easy combination is the following, 


D.@ Been =Sk’(o +p — 2k), 


as appears by derivating the last equation IX., with attention to other 
relations ; but 2x — p is the vector of the extremity, say m, of the diameter of 


* [The equation of the osculating sphere may be obtained in a manner analogous to the instructive 
method of 392, (3.), p. 59. Let p, pi, p2, and p3 be the vectors to any four points on the curve, and 
let w be the vector to a variable point on the sphere which passes through these four points, then for 
certain scalars x, y, and z, 

cies AASB Sota aa ot 
DAP et Poe p> Pah. peep 


because the coinitial vectors reciprocal to four coinitial chords of a sphere are termino-complanar. 


Let pi=pt tip’ + xt12p" + atPurp ’, &e., 
and the relation becomes 
aty-} 


p 
= — oP &e. 
w—p 1+ gtip’p! + gtrrueip’’p’™ 


(z+ y+ 2) 
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the osculating circle, drawn from the given point P: we have therefore this 
construction :— 

On the tangent Kx’ to the locus of the centre of the osculating circle, let fall a 
perpendicular from the extremity m of the diameter drawn from the given point P ; 
this perpendicular prolonged will intersect the polar axis, in the centre s of the 
osculating sphere to the given curve at P. 

(7.) In general, the three scalar equations VII. conduct to the vector 
expression, 
3Vp'p”’Sp’p” + p’°Vo "0 ‘ : 

renee: pee : 


D. GB er pee 
or with differentials, 


XTi op) eee oreo 


Sdpd?pd'p 


the scalar variable being still left arbitrary. , 
(8.) And if, as an example, we introduce the values for the hela, 


2 
XIV... p=cta+aB, p =cat 5 aU pn oS (5) a‘, 


eo” aaiae (5) raed GP 


whereof the three first occurred before, we find after some slight reductions 
the expression, in which a denotes again the constant inclination of the curve 
to the axis of the cylinder, 

XV...0=p—a'’B cosec’ a = cta — a'B cot? a; 


but this is precisely what we found for «x, in 389, VILI.; for the heliz, then, 
the two centres, K and s, of absolute and spherical curvature, coincide. 


Ultimately, when the four points on the curve approach indefinitely, this reduces to 


p at) 
u+4 % = noe D006 + &. 
ee Mop 1 + gtip’’p* + eti’p'’p™ 
= vty (1 — dtip'p’} + 3t17(p'’p'-!)? — Bti?p'” p’-! + &e.) + &e. 
= (eb + yt! + ety) — Hoty + ep’ 
+ (ati + yte + 2s) (3(p’p"1)? — zp'’p!) + &e. 


Taking the vector part, 


(c+y+2)V (-. x 1p"»') = (ati + yt, + sts) (Vp"p'-Sp"p'") — 3Vp"’p'") ; 
and hence ; 


a ike | Late | ’Sp"p’-1 — 8p’) = 0 
(2 - ae") (0"Sp"» 0”) =0, 


which is the equation required. ] . 
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(9.) This known result is a consequence, and may serve as an illustration, 
of the general construction (6.); because it is easy to infer, from what was 
shown in 389, (3.), respecting the Jocus of the centre k of the osculating circle 
to the helix, as being another helix on a co-axral cylinder, that the tangent KK’ 
to this locus is perpendicular to the radius of curvature Kp, while the same 
tangent (KxK’ or «’) is always perpendicular (X.) to the tangent (PP’ or p’) to 
the curve; xx’ is therefore Here at right angles to the osculating plane of the 
given helix, or coincides with its polar avis: so that the perpendicular on it 
from the extremity m of the diameter of curvature falls at the point K itse/f, 
with which consequently the point s in the present case coincides, as found by 
calculation in (8.). 

(10.) In general, if we introduce the expressions 376, VL., or the following, 


RVI pp =e ip, (p= $0, pr 6 Oso, p= 6 Dp ose Dy pts Dip, 


in which s denotes the arc of the curve, but the accents still indicate deriva- 
tions with respect to an arbitrary scalar ¢; and if we observe (comp. 380, (12.) ) 
that the relations, 


RV Dp. le De Dd — Oy Deb, pile =u, 


in which D,p* and p,’p? denote the squares of D,p and D,’p, and S. D,pD,’p 
denotes S(Dsp . Ds’p), &e., exist independently of the form of the curve; we 
find that s” and s” disappear from the numerator and denominator of the 
expression XII. for o —p, and that they have s’ for a common factor: 
setting aside which, we have thus the simpler formule, 


V.DspDsp  _——dDs- DspDs'p 


XVIII. ..c-p= = ——— 
iM is . S.DspDs’pD5°p S.D,pD;"pDs*p 


And accordingly the three scalar equations VII., which determine the centre 
of the osculating sphere, may now be written thus, 


D0 D. Gaee S(o p)Dsp =0, S(o- p)Ds"p +1=0, S(o- p)Ds'p = 0. 


(11.) Conversely, when we have any formula involving thus the successive 
derivatives of the vector p taken with respect to the arc, s, we can always and 
easily generalize the expression, and introduce an arbitrary variable ¢, by 
inverting the equations XVI.; or by writing (comp. 390, VIII.), 


ae &c. 


—2 // 


MA DG — haps Opp 8 ep) 8 ee eee 
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(12.) It may happen (comp. 379, (2.)) that the independent variable 
tis only proportional to s, without being equal thereto; but as we have the 
general relation, 


XL. Dp = 8D; po, ol 8 — De = Lp —-eonst., 


it is nearly or quite as easy to effect the transformations (10.) and (11.) in 
the case here supposed, or to pass from ¢ to s and reciprocally, as if we 
hades = | 

(13.) If the vector o be treated as constant in the derivations, or if we 
consider for a moment the centre s of the sphere as a fixed point, and attend 
only to the variations of distance of a point on the curve from it, then 
(remembering that ‘I'(p — o)’ = - (oe — c)*) we not only easily put (comp. 
VIII.) the three equations XIX. under the forms, } 


XXL 0 ple een ny 
but also obtain by X VIL. this fourth equation, 
XXIIT. .. T(p — a) v,“T(p — «) = 8. (6 — p) Ds'p + Ds’p?. 
(14.) If then we write, for abridgment, 
XXIV... r= T(x - p) = Tp,’ = radius of osculating cirele ; 
XXV...R=T(o- p) = radius of osculating sphere ; 


and 


7 S(o — p)p,p 8. vsp*v,°pDs! 
Cevioto DD pn, stn da 
myy S . DsoDs"p°D5*p 


we see that this scalar, S, must be constantly equal to unity, for every spherical 
curve; but that for a curve which is non-spherical, the distance sa of a near 
point a, from the centre s of the osculating sphere at P, is generally given by 
an expression of the form, 


(S — L)uss* 


DOV PL oe soa = R+ On 


with uw=1; 


so that, at least for near points a, on each side of the given point P, the curve 
lies without or within the sphere which osculates at that given point, according 
as the scalar, S, determined as above, is greater or less than unity. 
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(15.) In the case (12.), the formula XX VI. may be thus written, 


MX VIL 6 eee 


S ; pp 8p” ’ 


whence, by carrying the derivations one step farther than in (8.), we find for 
the helix, 


ANIX. 2 - 8 = cosee’.a'> 1, or AARITX.. 28 — 1 = cot? a > 6: 


and accordingly it is-easy to prove that this curve lies wholly without its 
osculating sphere, except at the point of osculation. 

(16.) In general, the scalar S-—1, which vanishes (14.) for all spherical 
curves, and which enters as a coefficient into the expression XX VII. for the 
deviation sa — sp of a near point of any other curve from its own osculating 
sphere, may be called the Coefficient of Non-Sphericity ; and if ar be the 
perpendicular from that near point a on the tangent pr to the curve at the 
given point p, we have then this limiting equation, by which the value of that 
coefficient may be expressed, 

Sk ht an 3 (==). 
Qr 

(17.) Besides the forms X VIII., other transformations of the expressions 
XII. XIII. for the vector o of the centre of an osculating sphere might be 
assigned; but it seems sufficient here to suggest that some useful practice 
may be had, in proving that those expressions for o reduce themselves 
generally to zero, when the condition, 


»..@.8 Cred Wace ie 


is satisfied. 

(18.) It may just be remarked, that as 7" is often called (comp. 389, 
(4.)) the absolute curvature, or simply the curvature, of the curve in space 
which is considered, so R™ is sometimes called the spherical curvature of 
that curve: while r and # are called the radii* of those two curvatures 
respectively. 


* We shall soon have occasion to consider another scalar radius, which we propose to denote by 
the small roman letter r, of what is not uncommonly called the torsion, or the second curvature, of the 
same curve in space. 


Arts, 895, 396.] EMANANT LINES AND PLANES. 81 


896. When the are (s) of the curve is made the independent variable, 
the calculations (as we have seen) become considerably simplified, while no 
essential generality is lost, because the transformations requisite for the 
introduction of an arbitrary scalar variable (¢) follow a simple and uniform 
law (395, (11.), &c.). Adopting then the expression (comp. 399, IV.), 


I... ps=p + sr +387 + 45%u7”’, with wm =I, 
in which 
4; 
Il...7= DsP r= Dp, T = Ds'ps 
and therefore 


IIT...77+1=0, Sr’ =0, Srv’ +7? =0, 


we shall proceed to deduce some other affections of the curve, besides its 
spherical curvature (3895, (18.)), which do not involve the consideration of 
the fourth power of the are (or chord). In particular, we shall determine 
expressions for that known Second Curvature (or torsion), which depends on 
the change of the osculating plane, and is measured by the ultimate ratio of 
that change, expressed as an angle, to the are of the curve itself; and shall 
assign the quaternion equations of the known Rectifying Plane, and Rectifying 
Line, which are respectively the tangent plane, and the generating line, of 
that known Jectifying Developable, whereon the proposed curve is a geodetic 
(382): so that it would become a right line, by the unfolding of this last 
surface into a plane. But first it may be well to express, in this new 
notation, the principal affections or properties of the curve, which depend 
only on the three first terms of the expansion I., or on the three initial vectors 
p, T, 7, or rather on the two last of these; and which include, as we shall 
see, the rectifying plane, but not the rectifying dine: nor what has been 
called above the second* curvature. 


(1.) Using then first, instead of I., this less expanded but still rigorous 
expression (comp. 376, I.), 


IV... ps=p+sr+ $s%%,r, with w=1, 


and with the relations II. and III., we have at once the following system of 


* In a Note to a very able and interesting Memoir, ‘‘ Sur les lignes cour bes non planes” (referred 
to by Dr. Salmon in the Note to page 277 of his already cited Treatise, and published in Cahier XXX. 
of the Journal de l’ Ecole Polytechnique), M. de Saint-Venant brings forward several objections to 
the use of this appellation, and also to the phrases torsion, flexion, &c., instead of which he proposes 
to introduce the new name, ‘‘ cambrure’’: but the expression ‘‘ second curvature’? may serve us for 
the present, as being at least not unusual, and appearing to be sufficiently suggestive. 
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three rectangular lines, which are conceived to be all drawn from the given 
point Pp of the curve: 


V...7r= unit tangent; VI...7' = vector of curvature (389, (4)); 


and 
VIL... vere =-7'r = 7'r = binormal (comp. 379, (4.)) ; 


7 being a line drawn in the direction of a conceived motion along the curve, 
in virtue of which the are (s) increases ; while 7’ is directed towards the centre 
of curvature, or of the osculating circle, of which centre « the vector is now, 


VIII... ox= c= Fos i ag Yr = pt rU7’, 
if 
IX...7° = Tr = curvature ate, or IX’... r = Tr = radius of curvature; 


and the third line »v (which is normal at P to the surface of tangents to the 
curve) has the same length (‘lv = 7") as 7’, and is directed so that the rotation 
round it from 7 to 7’ is positive. 

(2.) At the same time, we have evidently a system of three rectangular 
vector units from the same point Pp, which may be called respectively the 
tangent unit, the normal unit, and the binormal unit, namely the three lines, 


X...Ur= T, Ur’ = Vr’, Ups rtT 3 


the normal unit being thus directed (like 7’) towards the centre of curvature. 
(3.) The vector equation (comp. 392, (2.)) of the circle of curvature takes 
now the form, 


».@ Pres i 


Mammal gs EN e 
= V3 


with the verification that it is satisfied by the value, 
Aw == 2k pe po ery 


in which pu (comp. 395, (6.)) is the vector om of the extremity of the diameter 
of curvature PM. 

(4.) The normal plane, the rectifying plane, and the osculating plane, to the 
curve at the given point, form a rectangular system of planes (comp. 379, (5.)), 
perpendicular respectively to the three lines (1.); so that their scalar equations 
are, in the present notation, 


Rit; Gris —p) = 0; KIV.. Bw p30; XY. Sie 2p) 20s 
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by pairing which we can represent the tangent, normal, and binormal to the 
curve, regarded as indefinite right lines; or by the three vector equations, 


AVI...Vr(w-p)=0; XAVIIT...Vr(w-p)=0; XVIII... Vv(w-p) = 20. 
(5.) In general, if the two vector equations, 
b. Gs. Cae Vn(w ay p) = 0, 5 aye Mew. SB: Giger Vis(ws ws ps) = 0, 


represent two right lines, pH and P;Hs, which are conceived to emanate 


according to any given law from any given curve in space, the identical 
Sormula,* 


Se, S (Ps — p) 
0. ay v(v a e) = ALL Se al 
Beam ne OVER: Vans 


shows that the common perpendicular to these two emanants, which as a vector 
is represented by either member of this formula XX., intersects the two lines 
in the two points of which the vectors are, 


e (Ps — p)Ns . ; 2 (ps ~ p)n 
ete toro renee ee: 0.6 eta ye ays. aoe 


(6.) In general also, the passage of a right line from any one given position 
in space to any other may be conceived to be accomplished by a sort of screw 
motion, with the common perpendicular for the axis of the screw, and with ézco 
proportional velocities, of translation along, and of rotation round that axis: the 
locus of the two given and of all the intermediate positions of the line (when thus 
interpolated) being a Screw Surface, such as that of which the vector equation 
was assigned in 314, (11.), and was used in 372, (4.). 


(7.) Again, for any quaternion, g, we have (by 316, XX. and XXIII.f) 
the two equations, 


AX alge 2. OVO, Mk Ug sm 2 eel Ves 
comparing which we see that 


XXIII... .VUq:1U¢ = sin 2 ¢: 2 q = (very nearly) 1, 


* It is obvious that we have thus an easy quaternion solution of the problem, to draw a common 
perpendicular to any two right lines in space. 


t Although the expression XXII’. for VUq is here deduced from 316, XXIII., yet it might have 
been introduced at a much earlier stage of these Elements; for instance, in connexion with the 
formula 204, XIX., namely TVUg = sin Z gq. 


M 2 
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if the angle of the quaternion be small; so that the logarithm and the 
vector of the versor of a small-angled quaternion are very nearly equal to 
each other, and we may write the following general approximate formula 
for such a versor: 


XXIV... Ug = ("2 =) "2, nearly, if Z ¢ be small; 


the error of this last formula being in fact small of the third order, if the 
angle be small of the first. 

(8.) And thus or otherwise (comp. 334, XIII. and XV.), we may 
perceive that if the quaternion g have the form (comp. (5.)), 


XXV...g= nn, with XXVI...n,=n + 8n' +. - 


and if we write for abridgment, 
RXV oO Ve nnd ONE ee oe 
U n 
we shall then have nearly, if s be small, the expressions, 


XXIX...Ug=U 2 = 0%, and ee es eed ae 
| 


or, neglecting s’, 


XXXII... ns = (1 + 8h) 2 = en + shn, 


in which last binomial, the first (or exponential) term alone influences the 
direction of the near emanant line (5.). | 

(9.) At the same time, by supposing s to tend to 0, the formula XXI. 
gives, as a limit, 


XXXII... on=w =p +S as = p- a 


2 
6’ 

for the vector of the point, say Hu, on the given emanant PH, in which that 
given line is ultimately intersected by the common perpendicular (5.), or by the 
axis of the screw rotation (6.); but the direction of that axis is represented by 
the versor U0, and the angular velocity of that rotation is represented by the 
tensor ‘I’, if the velocity of motion (1.) along the given curve be taken as 
unity: we may therefore say that the vector @ itself, or the factor which 
multiplies the are, s, in the exponential term XXXL., if set off from the point 
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H determined by XXXIL., is the Vector of Rotation of the Emanant, whatever 
the Jaw (5.) of the emanation may be. 

(10.) And as regards the screw translation (6.), its dinear velocity is in like 
manner represented, in length and in direction, by the following expression 
(obtained by. limits from XX.), 


KO eee 05 F (set off from u) = Vector of Translation of Emanant, 


= projection of unit-tangent on screw-axis (or of r on 9). 


And the indefinite right line through the point u, of which this line « is a part, 
may be called the Avis of Displacement of the Emanant. 

(11.) It is easy in this manner to assign what may be called the 
Osculating Screw Surface to the (generally gauche) Surface of Emanants, or 
indeed to any proposed skew surface; namely, the screw surface which has 
the given emanant (or other) line for one of its generatrices, and touches the 
skew surface in the whole extent of that right line. 

(12.) It is however more important here to observe, that in the case when 
the surface of emanants is developable, the vector « of translation vanishes; and 
that conversely this vector « cannot be constantly zero, if that surface be 
undevelopable. The Condition of Developability of the Surface of Emanants is 
therefore expressed by the equation, 


WAL. b= 0s or (S70 = UY or ko al Ve nn 0 


and accordingly this condition is satisfied (as was to be expected) when » = r, 
that is, for the surface of tangents. 

(13.) In the same case, of n= or || 7, the vector 0 of rotation becomes 
equal (by XX VII. and VII.) to the dinormal v; and the expression XXXIL., 
for the vector w, of the foot u of the awis reduces itself to p; and thus we 
might be led to see (what indeed is otherwise evident), that the passage from 
a gwen tangent to a near one may be approximately made, by a rotation round 
the binormal, through the small angle, s'Tv = sr} = are divided by radius of 
curvature. 

(14.) Instead of emanating /ines, we may consider a system of emanating 
planes, which are respectively perpendicular to those lines, and pass through 
the same points of the given curve. It may be sufficient here to remark, that 
the passage from one to another of two such near emanant planes, represented 
by the equations, 


>. OOO Eee Su(w - p) = 0, DDD. arg Sns(w a p) = 0, 
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may be conceived to be made by a rotation through an angle = sT@, round the 
right line, 


ROCK VL Sale) = 0 satel a eae 
or 


XXXVI’... VO(w - p) + Snr = 0, 


in which the plane XXXV. touches its developable envelope, and which is 
parallel to the recent vector 8, or to the vector of rotation (9.) of the emanant 
line; so that if an equal vector be set off on this new line XXX VLI., it may be 
said to be the Vector Azis of Rotation of the Emanant Plane. 

(15.) For example, if we again make yn =7, so that the equation XXXY. 
represents now the normal plane to the curve, we are led to combine the 
equation XIII. of that plane with its derived equation, and so to form the 
system of the ¢wo scalar equations, 


B.S. Meas Sr(w > p) = 0, S7r’(w = 0) A 1 =.0; 


whereof the second represents a plane parallel to the rectifying plane XIV., 
and drawn through the centre of curvature VIIL.; and which jointly represent 
the polar axis (391, (5.)), considered as an indefinite right line, which is 
represented otherwise by the one vector equation, 


XXXVIII...Vv(w—«)=0, or KXXVIT’... Vv(w —p) =-r. 


(16.) And if, on this indefinite line, we set off a portion equal to the binormal 
v, such portion (which may conveniently be measured from the centre K) may 
be said, by (14.), to be the Vector Awis of Rotation of the Normal Plane ; or 
briefly, the Polar Axis, considered as representing not only the direction but 
also the. velocity of that rotation, which velocity = I'v = 1? = the curvature 
(IX.) of the given curve: while another portion = Uv = the binormal unit (2.); 
set off on the same axis from the same centre of curvature, may be called the 
Polar Unit. 

(17.) This suggests a new way of representing the osculating circle by a 
vector equation (comp. (38.), and 316), as follows : 


XXXIX...w, = K+ e’(p k) =p+ (es — 1)r’ 
=ptsrt+(e”-1- sv)r 


a 2 2. es bag 
=aptartasr + (ev ~ La sy- ge urs 5 
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which agrees, as we see, with the expression I. or IV., if s* be neglected ; 
and of which, when the expansion is continued, the neat term is, 


= ; Sr 

XL. . . ds°y'r't = 4859p = — 62 

(18.) The complete expansion of the exponential form XXXIX., for the 

variable vector of the osculating circle, may be briefly summed up in the 
following trigonometric (but vector) expression : 


DG Bi eae Aare: (cos + Uy. sin‘) (p = Kk), 
in which, 
ALT. ..p-Kks-rr, and Uvilo—«) =rvr ? =rr; 


so that we may also write, neglecting no power of s, 
8 s 
XLII... ws = pt rr sin- + 7°r’ vers - ; 
ik ie 


and if this be subtracted from the fu// expression for the vector ps, the 
remainder may be called the deviation of the given curve in space, from its 
own circle of curvature: which deviation, as we already see, is small of the 
thud order, and will soon be decomposed into its two principal parts, or 
terms, of that order, in the directions of the normal and the binormal 
respectively. 

(19.) Meantime we may remark, that if we only neglect terms of the 
fourth order, the expansion I. gives, by III. and IX., for the /ength of a 
small chord Pp,, the formula: 


LIV... FF, Tips — p) - Ter + der’ + se") 
at J {- (sr at 45°7" A 1357/”)?) 


=f {s? + sr?(5— 4)} 

3 s° 8 
= lig Re OPAC ELE EOE) Ss ine 
sf ’ ( i) °~ 94-7 epee 20? 


this length then is the same (to this degree of approximation), as that of the 
chord of an equally long are of the osculating circle: and although the chord of 
even a small are of a curve is always shorter than that are itself, yet we see 
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that the difference is generally a small quantity of the third* order, if the are 
be small of the first. 

397. Resuming now the expression 396, I., but suppressing here the 
coefficient ws, of which the limit is unity, and therefore writing simply, 


Uf ue Ps = + ort 43°7’ 4 187”, 


with the relations, 
Il...2%=-1, Sr’ =0, Serr’ s-—r?% =97?, Br’e” = 17’, 


if s=are, and r? = Tr’ = curvature,t as before, or + = radius of curvature 
(> 0), while 7” = Dy; and introducing the nev scalar, 


1A A 


/ 

T Vv 

III...r? =S—=r'V-— = Secondt Curvature, 
: (ee Vv 


with v = rr’ = binormal, or the new vector, 


dd U4 
Vv 


IV. ..r°r = 8 = V— = Peetor of Second Curvature, 
ULE Vv 
supposed to be set off tangentially from the given point p of the curve, or 


finally this o¢her new scalar (> or < 0), 


xy 
A aes ee (s =] = Radius of Second Curvature, 


URE 


which gives the expression, 
VI... arte 9 4 ed = -— Ur + (9) Ur’ + (rr) Ud ; 


we proceed to deduce some of the chief affections of a curve in space, which 
depend on the third power of the are or chord. In doing this, although 
everything new can be ultimately reduced to a dependence on the two new 
scalars, r’ and r, or on the one new vector 7’, or even on v’ = Vrr’, yet some 


* This ought to have been expressly stated in the reasoning of 383, (5.), for which it was not 
sufficient to observe that the are and chord tend to bear to each other a ratio of equality, without 
showing (or at least mentioning) that their difference tends to vanish, even as compared with a line 
which is ultimately of the same order as the square of either. 

+ Whenever this word ewrvature is thus used, without any qualifying adjective, it is always to be 
understood as denoting the absolute (or first) curvature of the curve in space. 

t Compare the Note to page 81. 
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auxiliary symbols will be found useful, and almost necessary. Retaining then 
the symbols v, x, o, R, as well as 7, 7’, 7, and therefore writing as before 
(comp. 396, VIITI.), 


Nii. OK =Kk=p-—7t=p+rUr =pt+r'r, 
VIII... (p —«)* = 17° U(k — p) = 7 = Dy’ = Vector of Curvature, 


we may now write also, by 395, XVIIT., 
EX. Oia Os oe ee: 
Sr’py 
and 
X...(p — a)! = R1U(oe - p) = v"8r'v’ = Vector of Spherical Curvature, 
= projection of vector (r’) of curvature on radius (R) of osculating sphere ; 


because we have now, by VL., 


XI... = (rr)! = Ver” = - Pr -— rr’, 
or 
XI’... (Uv) = (rv)’ = - rr’ = - Ur, 
and 
XII... Sr’! = — Srr’r” = - 7? = Pt, 


If then we denote by p and P the /inear and angular elevations, of the centre s 
of the osculating sphere above the osculating plane, we shall have these tio 
new auxiliary sca/ars, which are positive or negative together, according as 
the linear height Ks has the direction of + v or of - v: 


Bara Se tides tons sre pas Eee 2a eee 
Da ea Uy 778 XIV... P = ps = tan 7 Bln = O08 3 


XV...R=To- pj) Y(rtpy=J/(r+r'r); 


while 


the angle P being treated as generally acute. Another important dine, and 
an accompanying angle of elevation, are given by the formule, 


XVI... = V5 = Vee” =r toe = Ur + Up 
1 
= Vv'v" + v = Rectifying Vector (set off from given point P), 
= Vector of Second Curvature plus Binormal ; 


Bethe 7, ae tan = Elevation of Rectifying Line (> 0, < x), 
a 


= the angle (acute or obtuse, but here regarded as positive), 
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which that known and important /ine (396) makes with the tangent to the 
eurve; so that (by XIIT., XIV.) these two auxiliary angles,* H and P, from 
which (instead of deducing them from 7” and r) all the affections of the curve 
depending on s* can be deduced, are connected with each other and with 7” 


by the relation, 
ANI 2 tan 2 = 9 tan i. 


Many other combinations of the symbols offer themselves easily, by the rules 
of the present calculus; for instance, the vector o may be determined by the 
three scalar equations (comp. 395, XIX.), 


XIX...8r(o-p)=0, Sr'(e-p)=-1, Sr'(e- p)=9, 
whence, by XVL., 
RR re SV Ne ee. (oo) = VALo = 2), 
a result which also follows from the expressions, 


DD. GF ae (ve a3 = T = (A = ene te ee 
e = , 
and 


XXIL...c-p=?'r + rpv 
because 


DG ble Bae ae mpVrv = ype’ BEES, rer 3 


rUr’ aE pUr, 


we may therefore replace the formula I. for the vector of the curve by the 
following, which is true to the same order of approximation,t 


2 3 


s § 
XXIV... ps=ptsr+ oy («-p) + ga VAC — p): 


and may thus exhibit, even to the eye, the dependence of all affections 
connected with s*, on the two new lines, X and o — p, which were not required 
when s* was neglected, but can now be determined by the two scalars r and p 


* The angle H appears to have been first considered by Lancret, in connexion with his theory of 
rectifying lines, planes, and surfaces: but the angle here called P was virtually included in the 
earlier results of Monge. 

+ As regards the homogeneity of such expressions, if we treat the four vectors ps, p, x, and o, and 
the five scalars s, 7, R, p, and r, as being each of the jirst dimension, we are then to regard the 
dimensions of 7, 7’, x’, H, and Pas being each zero; those of 7’, v, and A as each equal to-—1; and 
that of either 7” or v’ as being = — 2. 
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(or r and 7’, or H and P as before). The geometrical signification of the scalar 
p is evident from what precedes, namely, the height (xs) of the centre of the 
osculating sphere above that of the osculating circle, divided by the binormal 
unit (Uv); and as regards what has been called the radius r of second 
curvature (V.), we shall see that this is in fact the geometrical radius of a 
second circle, which osculates, at the extremity of the tangential vector 77, 
to the principal normal section of the developable Surface of Tangents; and 
thereby determines an osculating oblique cone to that important surface, and 
also an osculating right cone* thereto, of which /atte cone the semiangle is 
H, and the rectifying line X is the axis of revolution: being also a side of an 
osculating right cylinder, on which is traced what is called the oscudating helix. 
We shall assign the quaternion equations of these two cones, and of this 
cylinder, and helix; and shall show that although the heliz has not generally 
complete contact of the third order with the given curve, yet it approaches 
more nearly to that curve (supposed to be of double curvature), than does 
the osculating circle. But an osculating parabola will also be assigned, 
namely, the parabola which osculates to the projection of the curve, on its 
own osculating plane: and it will be shown that this parabola represents or 
constructs one of the two principal and rectangular components (396, (18.)), 
of the deviation of the curve from its osculating circle, in a direction which 
is (ultimately) tangential to the osculating sphere, while the helix constructs the 
other component. An osculating right cone to the cone of chords, drawn from a 
given point of the curve, will also be assigned by quaternions: and will be 
shown to have in general a smaller acute semiangle C (or + —- C), than the 
acute semiangle H (or 7 — HZ), of the osculating right cone (above mentioned) 
to the surface of tangents, or (as will be seen) to the cone of parallels to tangents 
(369, (6.), &¢.): the relation between these two semiangles, of two osculating 
right cones, being rigorously expressed by the formula, 


AXYV...tan C=3 tan H. 


A new oblique cone of the second order will be assigned, which has contact 
of the same order with the cone of chords, as the second right cone (C), while 
the latter osculates to both of them; and also an osculating parabolic cylinder, 
which rests upon the osculating parabola, and is cut perpendicularly in that 


* These two osculating cones, oblique and right, to the surface of tangents, appear to have been 
first assigned, in the Memoir already cited, by M. de Saint Venant: the osculating (circular) heli, 
and the osculating (circular) cylinder, having been previously considered by M. Olivier. 
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auxiliary curve by the oscwlating plane to the given curve. And the inter- 
section of these two last surfaces of the second order (oblique cone and 
parabolic cylinder) will be found to consist partly of the binormal at the 
given point, and partly of a certain twisted cubic* (or gauche curve of the 
third degree), which latter curve has complete contact of the third order with 
the given curve in space. Constructions (comp. 395, (6.)) will be assigned, 
which will connect, more closely than before, the tangent to the locus of centres 
of curvature, with other properties or affections of that given curve. And 
finally we shall prove, by a very simple quaternion analysis, as a consequence 
of the formula XI’., the known theorem,ft that when the ratio of the two 
curvatures is constant, the curve is a geodetic on a cylinder. 

(1.) The scalar expression III., for the second curvature of a curve in space, 
as defined in 396, may be deduced from the formule (396, (5.), &c.) of the 
recent theory of emanants, which give, 


RVI Nye te pep te a UE ae, 


while the dine of contact (396, (14.)), of the emanant plane with its envelope, 
coincides in position with the tangent to the curve; in passing, then, from the 
given point Pp to the near point Ps, the binormal (v) and the osculating plane 
(1 v) have (nearly) revolved together, round that tangent (r) as a common axis, 
through a smadl angle = rs, and therefore with a velocity =r, if this symbol 
have the value assigned by III., or by the following extended expression, in 
which the scalar variable (t) is arbitrary (comp. 895, (11.), &e.), 


ge 


xXXVit. pe 
x ee ie fae Vdpd’p 


= Second Curvature : 

while the binormal has at the same time been translated (nearly), in a 

direction perpendicular to the tangent r, through the small interval ws = sr, 

which (in the present order of approximation) represents the small chord PPs. 
(2.) As an example, if we take this new form of the equation of the helix, 


XXVIII... p; = d(at cot a + 3), with Ta=TB=1, and SaB=0, 


* This convenient appellation (of twisted cubic) has been proposed by Dr. Salmon, for a curve of 
the kind here considered: see pages 241, &c., of his already cited Treatise. The osculating twisted 
cubic will be considered somewhat later. 


+ This theorem was established, on sufficient grounds, in the cited Memoir of M. de Saint Venant 


(page 26); but it has also been otherwise deduced by M. Serret, in the Additions to M. Liouville’s 
Edition of Monge (Paris, 185¢, page 561, &c.). 
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which gives the derived vectors, 
XXIX. .. pi = ba(cot a + eB), pr’ =— be“B, pt” = ape’, 
and this expression for the arc s (supposed to begin with 4), 
XXX...8=s't, where s’ = Tp =6 cosec a = const., 


we easily find (after a few reductions) the following values for the two 
curvatures : 


R&A... 7S Ob ein’ 6, fr = Bin @ Cos a 


while the common centre (395), of the osculating circle and sphere, has now 
for its vector (comp. 389, (3.)), 


XXXII... kK =o = p; — be cosec’ a = 6 cot a(at — «3 cot a); 


6 being here the radius of the cylinder, but a denoting still the constant 
inclination of the tangent (p’) to the avis (a). 

(3.) The rectifying line (396), considered merely as to its position, being 
the line of contact of the rectifying plane (896, XIV.) with its own envelope, 
is represented by the equations, 


MRI, 0e Sr (a ap) ere ph or XOCOREE 40 = 4 eo) 


with the signification XVI. of A; and accordingly, if we treat the rectifying 
planes as emanants, or change » to 7’, we find the value 0 = Vr’r = X, which 
shows also that in the passage from P to Pp, the rectifying plane turns (nearly) 
round the rectifying line, through a small angle = s'TX, or with a velocity of 
rotation represented by the tensor, 


XXXIV... TA =//(r* + r*) =r" cosec H = x1 sec H; 


so that what we have called the rectifying vector, X, coincides in fact (by the 
general theory of emanants) with the vector avis (396, (14.)) of this rotation 
of the rectifying plane: as the vector of second curvature (rr) has been seen to 
be, in the same full sense (comp. (1.)), the vector awis of rotation of the 
osculating plane, when velocity, direction, and position are ali taken into account. 

(4.) When the derivative s’ of the arc is only constunt, without being 
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equal to unity (comp. 395, (12.)), the expression XVI. may be put under 
this slightly more general form, 


da 3 
oxy Ve uP = Rectifying Vector ; 
sp dsd*p | 


and accordingly for the helix (2.) we have thus the values, 
AXXVI...A= as! = ab" sin.a = ar! coseca, UdA=a; 


the rectifying line is therefore, for this curve, parallel to the avis, and coincides 
with the generating line of the cylinder, as is otherwise evident from geometry. 
The value, TA = 07 sin a, of the velocity of rotation of the rectifying plane, 
which is here the tangent piane to the cylinder, when compared with a 
conceived velocity of motion along the curve, is also easily interpreted ; 
and the formule XVII., XVIII. give, for the same helix (by XXXI.), 


the values, | 
XXXVIL...r =0, H=a, P=0. 


(5.) The normal (or the radius of curvature), as being perpendicular to 
the rectifying plane, revolves with the same velocity, and round a parallel 
ine; to determine the position of which new line, or the point u in which 
it cuts the normal, we have only to change n to 7’ in the formula 396, 
XXXII., which then becomes, 

XXXVITI... on =, = p-7'8 ee =p-A*r 
ep) Pep tk 
PRA ee 
=p cos’ H+x« sin’? H; 


the vector of rotation (396, (9.)) of the normal is therefore a line || and =A, 
which divides (internally) the radius (r) of curvature into the two segments,* 


XXXIX...pH=rsin? H, ak=rocos HH; 


namely, into segments which are proportional to the squares (rx* and r®*) of 
the first and second curvatures. 


* "i cM es é ; 4 
This law of division of a radius of curvature into segments, by the common perpendicular to 


that radius and to its consecutive, has been otherwise deduced by M. de Saint Venant, in the Memoir 
already referred to. 
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(6.) At the same time, what we have called generally the vector of 
translation of an emanant line becomes, for the normal (by 396, (10.), 
changing @ to X), the line 


>. 0 aera AS 5 = Ud cos H = - r'A", set off from the same point H; 


and the indefinite right line, or axis, through that point H, 
XLI...0=VA(w-o,), or XLI’...0= VA(w - p cos’? A — « sin’ H), 


along which axis the normal moves, through the small line s, while it turns 
round the same axis (as before) through the smadll angle sTX, may be called 
(comp. again 396, (10.)) the Avis of Displacement of the Normal (or of the 
radius of curvature). 

(7.) As a verification, for the helix (2.) we have thus the values, 


XLII... PH = b, Wy = Pt — ead ©) = bat cot a, =a cosa; 


so that the avis of displacement (6.) coincides with the avis (a) of the cylinder, 
as was of course to be expected. 

(8.) When the given curve is not a helix, the values VI., XVL., 
XXXVIII., and XL., of 7”, A, w,, and x, enable us to put the expression I. 
for ps under the form, 


8y"7" 


XLII. . . ps = wy + se + &(o — wy) Too 


the curve therefore generally deviates, by this last small vector of the third 
order, namely by that part of the term 14sr” which has the direction of the 
normal r’, or of — r’, and which depends on 7”, from the osculating heliz, 


XLIYV. .. ws = wy + st + &(p — wo), 
and from the osculating right cylinder, 
XLY... TVA (w - ow) = sin H, 
whereon that helix is traced, and of which the rectifying line (XXXIII.) isa 


side, while its awis of revoiution (comp. (7.)) is the avis of displacement (XLI.) 
of the normal. 
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(9.) Another general transformation, of the expression I. for the vector of 
the curve, is had by the substitution, 


fae te oh 
XLVI...s=t+ & + 6 


in which ¢ is a new scalar variable; for this gives the new form, 


XLVI... pp=p+ir+ 4? (" + a) + tér yp, 
and therefore shows that the curve deviates, by this other small vector of the 
third order, 


ALVIU. .. herp = bers’, 


that is, by the part of the term 4s°r” which has the direction of the binormal v, 
and which depends on r, from what we propose to call the Oscudating Parabola, 
namely that new auxiliary curve of which the equation is, 


Mk, We=pttrt (r+ 5): 
or from the parabola which osculates at the given point Pp, to the projection of 
the given curve on its own osculating plane. 

(10.) And because the small deviation XLVIII. of the curve from the 
parabola is also the deviation of the same curve from this last plane, if we 
conceive that a near point a of the curve is projected into three new points 
Qi, Q, Q:, on the tangent, normal, and binormal respectively, we shall have 
the limiting equation, 

SPQ; 


— =r! = Second Curvature ; 
PQ). PQ, 


A ae bhai 


the sign of this scalar quotient being determined by the rules of quaternions. 
(11.) But we may also (comp. 396, (17.), (18.)) employ this third general 
transformation of I., analogous to the forms XLIII. and XLVIL., 
§8 


1, Ps=kK+ e”(p ~ k) + a’ 


with the value XI. of »’; in which the swm of the two Jirst terms gives the 
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vector of the point of the osculating circle, which is distant from the given 
point pp, by an arc of that circle equal to the are s of the given curve; and 
the third term, 


LIL... ds°v’r = $89(7" + r?r) = — 4897 7’7’ + Isr, 


which represents the deviation from the same circle, measured in a direction 
(comp. LX. or X.) tangential to the osculating sphere, is (as we see) the vector 
sum of two rectangular components, which represent respectively the deviations 
of the curve, from the osculating /eliw (8.), and from the osculating 
parabola (9.). 

(12.) It follows, then, that although neither helix nor parabola has in 
general complete contact of the third order with a given curve in space, since 
the deviation from each is generally a small vector of that (third) order, yet 
each of these two auxiliary curves, one on a right cylinder XLY., and the 
other on the osculating plane, approaches in general more closely to the given 
curve, than does the osculating circle: while circle, helix, and parabola have, 
all three, complete contact of the second* order with the curve, and with 
each other. 

(13.) As regards the geometrical signification of the new variable scalar, t, 
in the equation XLIX. of the parabola, that equation gives, 


Ei Les Se 


eee vit # 
(l+p rte’ [al+ Seo 


and therefore (to the present order of approximation), 


LIV... Are of Osculating Parabola (from w, to w) 
py uate 
[Te t= 0+ 5+ f= (by XLVI) 


Are of Curve in Space (from p, to ps) ; 


II 


if then an arc = s be thus set off upon the parabola, with the same initial point 
p, and the same initial direction, and if this parabolic are, or its chord wz — wo, 
be obliquely projected on the initial tangent r, by drawing a diameter of the 


* It appears then that we may say that the helix and parabola have each a contact with the curve 
in space, which is intermediate between the second and third orders: or that the exponent of the order 
of each contact is the fractional index, 21. But it must be left to mathematicians to judge, whether 
this phraseology can properly be adopted. 
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parabola through its final point, the oblique tangential projection so obtained 
will be = ¢r by XLIX.; and its length, or the ordinate to that diameter, will 
be the scalar ¢. 

(14.) And as regards the direction of the diameter of the osculating 
parabola, drawn as we may suppose from p, if we denote for a moment by 
D its inclination to the normal + 7’, regarded as positive when towards the 
tangent + 7, we have (by XLIX. and XVIII.) the formula, 


Liv ean = =1tan P cot A: 


| 


which is an instance of the reducibility, above mentioned, of all affections of 
the curve depending on s*, to a dependence on the two angles, H and P. 

(15.) Some of these affections, besides the direction of the rectifying line x, 
can be deduced from the angle H alone. As an example, we may observe 
that the vector equation of the surface of tangents is of the form, 


LVI. . . ose = pr + to's = pa + fre 


in which s and ¢ are ¢wo independent and scalar variables, and 


LVIL... r= 7 45 + 51", 


+ terms depending on s‘ in ps. If then we cut this developable LYI. by 
the plane, 


LVIIT. .. St(w - p) = - ¢ = any given scalar constant, 
which is, relatively to the surface, a normal plane at the extremity of the 
tangential vector cr from p, while this tangent is also a generating line, we 


get thus a principal* normal section, of which the variable vector has for its 
approximate expression, 


LIX. ..Ws=(p ter) + (ost+..)r + (dos*r t+. s\are 


the terms suppressed being of higher orders than the terms retained, and 
having no influence on the curvature of the section. We find then thus, 


* Some general acquaintance with the known theory of sections of surfaces is here supposed, 
although that subject will soon be briefly treated by quaternions, 
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that the vector of the centre of the osculating circle to this normal section of the 
surface of tangents to the given curve is, gorously, 


N\2 
LX... p + or + EP np 4 ofr + 10) = p + aad; 
v 


so that the Jocus of all seuch centres is the rectifying line XXXII’. And if, 
in particular, we make c = 7, or cut the developable at the extremity of the 
tangential vector 77, the expression LX. becomes then p + #7 + rUy; which 
expresses that the radius of the circle of curvature of this normal section 
of the surface is precisely what has been called the Radius (r) of Second 
Curvature, of the given curve in space. But ¢his radius (r=7 tan H) 
depends only on the angle H, when the radius () of (absolute) curvature 
is given, or has been previously determined. 

(16.) The cone of the second order, represented by the quaternion equation, 


103.4 eee 2rS7(w = p) Sv(w _ p) fy (Vr(w - p))’, 


has its verter at the given point Pp, and rests upon the circle last determined ; 
it is then the Jocus of ali the circles lately mentioned (15.), and is therefore 
(in a known sense) an osculating oblique cone to the developable sunfuce of 
tanyents: its cyclic normals (comp. 357, &c.) being 7 and 7 + 2rv, or 
rand7r+2rUv. But, by 394, (80.), the osculating right cone to this cone 
LXI., and therefore also (in a sense likewise known) to the surface of 
tangents itse/f, is one which has the recent Jocus of centres (15.), namely 
the rectifying line (X), for its axis of revolution, while the tangent (r) to the 
curve is one of its sides: its semiangle is therefore = H, and a form of the 
quaternion equation of this osculating right cone is the following (comp. XLY.), 


UXT... TVUA(w = p) = sin Z. 


(17.) The right cone LXII., which thus osculates to the developable 
surface of tangents LYVI., along the given tangent 7, osculates also along that 
tangential line to the cone of parallels to tangents, which has its vertex at the 
given point P; as is at once seen (comp. 394, (30.)), by changing p’ and p” 
to 7’ and 7”, in the general expression Vp’p” (393, (6.), or 394, (6.)), for a 
line in the direction of the awis of the osculating circle to a curve upon a 
sphere. And the avis of the right cone thus determined, namely (again) the 
rectifying line (Xr), intersects the plane of the great circle of the osculating 

02 
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sphere, which is parallel to the osculating plane, in a point 1 of which the 
seas LXIIL...op=p+rprA=pt+rirr t+ rpv. 

(18.) We have thus, in general, a gauche quadrilateral, PKsL, right-angled 
except at 1, with the help of which one figure ail affections of the curve, not 
depending on s‘, can be geometrically represented or constructed: although it 
must be observed that when 7” = 0, which happens for the heli (XXX VII.), 
the osculating circle is then itself a great circle of the osculating sphere, and 
the points p and 1, like the points x and s, cotncide. | 

(19.) In the general case, it may assist the conceptions to suppose lines 
set off, from the given point Pp, on the tangent and binormal, as follows : 


LXIV...pr=BL=7r'r; PB=TL=KS=/rpv; 


for thus we shall have a right triangular prism, with the two right-angled 
triangles, rPK and LBs, in the osculating plane and in the parallel plane (17.), 
for two of its faces, while the three others are the rectangles, PKSB, PBLT, 
KSLT, whereof the two first are situated respectively in the normal and 
rectifying planes. 

(20.) All scalar properties of this auxiliary prism may be deduced, by our 
general methods, from the three scalars, r, r, r’, or r, H, P; and all vector 
properties of the same prism can in like manner be deduced from the three 
vectors, tr, 7, 7”, or from 7, v, v’, which (as we have seen) are not entirely 
arbitrary, but are subject to certain conditions. 

(21.) As an example of such deduction (compare the annexed figure 81), 
the equation of the diagonal piane spi, which contains the p 
radius (f) of spherical curvature and the rectifying line (A), \. 
and the equation of the trace, say pu, of that plane on the S 
osculating plane, which trace is evidently parallel (by the 
construction) to the edges ts, rK of the prism are in the 
recent notations (comp. XX.), 


LXYV...0=Sr"(w-p);  LXVI...0= Vir'r) (w — p); Poke 


with the verification that rSr’r” = r’Srr” = 7’, by IL. | 


(22.) In general, by 204, (22.), if a and 6 be any two vectors, we have 
the expressions, 


LXVIL. «ton cf = tan 2 =—tan 2 Ba=~ tan £ of 


a 


_pyh.gB_ FV B__ my. 
= TV~ 8° = +o = - (EV:8) of, 
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the angles of quaternions here considered being supposed as usual (comp. 130) 
to be generally > 0, but < 7; for example, we have thus, 


LXVIII... tan H = tan 2 : S (LV is) Are os (LVS O)rs 7) rie ee 


as in XVII.; and in like manner we have generally, by principles already 
explained (comp. 196, XVI.), 

LXI1X. OS TA WBE FO) CS a ie 
a 


8 
- 2.08 - su8-- susp. 


(23.) Applying these principles to investigate the inclinations of the 
vector 7”, which is perpendicular to the diagonal plane LXYV. of the prism, 
to the three rectangular lines 7, 7’, v, or the inclinations of that diagonal 
plane itself to the normal, rectifying, and osculating planes, with the help of 
the expressions deduced from VI. for the three products,* rr”, 7’r’’, vr”, we 
arrive easily at the following results : 


tt = ” ye J ” 


a oe & 
LXX. .. cos 4 — = aa CORE ae 
T 1 (5 


with the verification, that the sum of the squares of these three cosines is 
unity, because 


TERE Pirie ibe tk) 7 by i) 
DRS eer ip re A rt ee ee 


or 


(24.) Or we may write, on the same general plan, 


est r’ 0 — rT ae * 
LXXII... tan 4—= a; a are tan £— = 7 (1+ Ve 


or 
LXXIII...tandrr"=RTr*; tanZe’r” =rr’TA; tan Z vr” =-2rt/(1 +9"); 


* A student, who should be inclined to pursue this subject, might find it useful to form for 
himself a table of all the binary products of the nine vectors, 
77,7, 0, vw, A, o—p, o-—p, and Kk’, 


considered as so many guaternions, and reduced to the common quadrinomial form, a+ br + cr’ + ep, 
in which a, 4, ¢, ¢ are scalars, whereof some may vanish, but which are generally functions of 
r, Yr, andr’. 
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and may modify the expressions, by introducing the auxiliary angles H 
and P, with which may be combined, if we think fit, the following angle 


of the prism 
LXXIV... PKT = BSL = tan? 7”. 


(25.) Instead of thus comparing the plane spi. with the three rectangular 
planes (379, (5.)) of the construction, we may inquire what is the value of 
the angle spi, which the radius (2) of spherical curvature makes with the 
rectifying line (A); and we find, on the same plan, by quaternions, the 
following very simple expression for the cosine of this angle, which may 
however be deduced by spherical trigonometry also, 


1 


ek Sake . F 
PT = a P sin £; 


LXXYV. .. cos sph = —- SUX(o - p) = 


or 
LXXV’. .. cos SPL = COS SPB COS BPL. 


(26.) In general, it is easy to form, by methods already explained, the 
quaternion equation of a cone which has a given vertex, and rests on a given 
curve in space; and also to determine the right cone which osculates (394, 
(30.) ) to this general cone, along any given side of it. 

(27.) But if we merely wish to assign the osculating right cone to the cone 
of chords from P, or to the Jocus of the /ine pp,, we may imitate a recent 
process: and may observe that if this new cone be cut by the normal plane 
LVIII., the vector of the section has the following approximate expression, 
analogous to LIX., and like it sufficient for our purpose, 


LXXVI. .. ws =p ter + dear’ + des y; 


from which it may be inferred (comp. (15.), (16.)), that the awis of revolution 
of the new right cone has for equation, 


DNV oO ye ta (a nye 


This axis is therefore situated in the rectifying plane, between the rectifying line 
(A or-r r+), and the tangential vector (1V.) of second curvature (xr): while 
the semiangle C of the same new cone (measured like H from + 7 towards + v) 
has the value already assigned by anticipation in the formula XXYV., and is 
therefore /ess than the semiangle H if both be acute, but greater than H if 
both be obtuse ; so that, in each case, the new right cone (C) is sharper than the 
old right cone (ZH). 
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(28.) The same result may be otherwise obtained, by observing that an 
unit-vector in the direction of the chord Ppp, has (by 396, XLIYV., and 397, I.) 


the approximate expression, 


s? sr gr” 
ORVIIE Up, € A sa) ( eee =) 


whence the axis of the osculating right cone to the cone of chords (27.) has 
rigorously the direction of the line Vy’y” (for s = 0), or of the vector, 


LXXIX... & = Vr'(v?r" + 47) =A -—dv=r's + 3», as before. 


(29.) This axis & makes (if we neglect s*) the same angle C, with the chord 
PPs, as With the tangent +; whereas the former avis X makes unequal angles 
with those two lines, within the same order (or degree) of approximation : 
for our methods conduct to the expression, 


XK ee : 

ame as 
from which the relation XXYV., between the two right cones, may easily be 
deduced anew. 

(30.) Neglecting only s‘, and employing the substitution XLVI., the 
expression XLYVII. for the vector of the given curve becomes, 


EXO oo Sip or ee er i KI 


where the variable scalar ¢t denotes, by (138.), the ordinate of the osculating 
parabola, and the constant vector v has the direction, by (14.), of the diameter 
of that parabola. 

(31.) In the present order of approximation, then, the proposed curve in 
space may be considered to be the common intersection of the three following 
surfaces of the second order, all passing through the given point P. 


i 7D. %.@.@ Be eee 2(Sr’(w — p))? = drSv(w - p)Suv(w — p)3 
TEX, ON = pli a (uv al Bias 
DER KOXG ride sy lane vale a, oe NoulaiooNt 
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whereof the first represents a new osculating oblique cone, which has a contact 
of the same (second) order with the cone of chords, as the osculating right cone 
(27.); the second represents an osculating parabolic cylinder, which is cut 
perpendicularly in the osculating parabola (9.), by the osculating plane to the 
curve; and the third represents a certain osculating hyperbolic (or ruled) 
paraboloid, whereof the tangent (r) is one of the generating lines, while the 
diameter (v) of the osculating parabola is another. 

(32.) Hach of these three surfaces (31.) has in fact generally a contact of 
the third order with the given curve; or has its equation satisfied, not only (as 
is obvious on inspection) by the point p itself, but also when we derivate 
successively with respect to the scalar variable ¢, and then substitute the 


values (comp. LXXXI.), 
EX RN te ey a, py 


", Ty py 7, v, and v being treated as constants of the equation, or of the surface, 
in each of these derivations. 

(33.) The cone LXXXIII., and the cylinder LXXXIV., have a common 
generatriz, namely the binormal* (v); and in like manner, another generating 
line of the same cone, namely the tangent (r) to the curve, has just been seen 
(31.) to be a line on the paraboloid LXXXYV.: and although the cylinder and 
paraboloid have no finitely distant right line common, yet each may be said to 
contain the /ine at infinity, in the diametral plane of the cylinder, namely in 
the plane of v and v, of which plane the quaternion equation is (comp. (14.)), 


LXXXVII...0=Svu(w-p), or LXXXVII’...0 =S8(rr’r’ -8r)(w—p); 


or the line in which this diametra/ meets the parallel axial plane. 

(34.) On the whole, then, it is clear, from the known theory of inter- 
sections of surfaces of the second order having a common generating line, 
that the given curve of double curvature (whatever it may be) has contact of the 
third order with the twisted cubic,t or gauche curve of the third degree, which is 


* The geometrical reason, for the osculating cone LXXXIII. to the cone of chords containing the 
binormal (v), is that if the expression LXXXI. for p: were rigorous, and if the variable ¢ were 
supposed to increase indefinitely, the ultimate direction of the chord pp; would be perpendicular to the 
osculating plane. And the same binormal is a generating line of the parabolic cylinder also, because 
that cylinder passes through p, and ali its generating lines are perpendicular to the last mentioned 
plane. It is sufficient however to observe, on the side of calculation, that the equations LXXXITI. 
and LXXXIV. are satisfied, when we suppose w — p || v. 


+ Compare again page 241, already cited, of Dr. Salmon’s Treatise ; also Art. 285, in page 225 
of the same work, 
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represented without ambiguity by the system of the two scalar equations, 
dG es oye ee a 


if we write for abridgment, 


ll 
Can 

> 

ll 


x ) — rSuv(w — p), 
LXXXIX...4y ) — 2r*Sr’(w — p), 
2 = (8 =) — 6r*rSv(w — p). 


ll 
CBee 
s 
cs) 

ll 


(35.) As another geometrical connexion between the elements of the 
present theory, it may be observed that while the osculating plane to the 
curve, of which plane the equation is, 


XC... Sv(w - p) = 0, as in 3896, XV., 


touches the oblique cone LUX XXITI., along the tangent + to the same curve, the 
diametral plane LXXX VII. touches the same cone along the binormal v, which 
was lately seen (33.) to be, as well as 7, a side of that oblique cone; but 
these two sides of contact, r and v, are both in the rectifying plane (396, XIV.), 
and the two tangent planes corresponding intersect in the diameter v of the 
parabola (9.) ; we have therefore this theorem :— 

The diameter of the osculating parabola to a curve of double curvature is 
the polar of the rectifying plane, with respect to the osculating oblique cone 
LXXXIII. ; that is, with respect to a certain cone of the second order, 
which has been above deduced from the expression LX XXI. for the vector p; 
of the curve, as one naturally suggested thereby, and as having a contact of 
the third order with the curve at p, and therefore also a contact of the second 
order with the cone of chords from that point. 

(36.) Conversely, this particular cone LXXXIII. is geometrically dis- 
tinguished from all other* cones of the same (second) order, which have their 
vertices at the given point p, and have each a contact of the same second order, 


* The cone of this system (86.), which is towched along the binormal by the normal plane, and 
which therefore intersects the parabolic cylinder LXXXIV. in a new twisted cubie (comp. (34.)), 
having also contact of the third order with the curve, is easily found to have, for its quaternion 
equation, the following: 


27?(Sr’(w — p))? = 8rSr(w — p)Sv(w — p) ; 


and with respect to this cone (comp. (35.)), the polar of the rectifying plane is the (absolute) normal (r’) 
to the curve. 
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with the given cone of chords from that point, or of the third order with 
the given curve, by the condition that it is touched (as above), along the 
binormal (v), by the diametral plane (vv) of the osculating parabolic cylinder 
LXXXIYV. | 

(37.) We have already considered, in 395, (5.), the simultaneous variations 
of the points p and k, or of the vectors p and x. With recent notations, 
including the expression u = 2«—p, we have the following among other 
transformations, for the fist derivative of the latter vector, and therefore 
for the tangent xx’ to the locus of centres of curvature, of a given curve 
in space : 


XCI... KK’ = Dye = & = (p — 2) ert rr} 
a (p W ete =r tare”! + Qrr' 7’ 
= rrr + rr ty = rr’ (7 + pry) = rr (pr + rv) 
es aS “1 (o — 
" p-k a—K” er ee ee 
= cot H(U7’ tan P + Uv) =r (Ur sin P + Uv cos P) 


7] 


II 


Mor sate’ y = ve) Ss oy 
ru(p ~ 2) (sp) =e p) (pap 
= r'RU(v(p — a) (K a p)) = &. 3 


I] 


if then we draw the diameter of curvature pm, and let fall a perpendicular 
KN from the centre K of the osculating circle on the new 
radius sm of the osculating sphere (as in the annexed 
fignre 82), this perpendicular will touch* the locus of the 
centre K, a result which agrees with the construction 
in 895, (6.); and we see, at the same time, that the 
length of the line xx’, or the ¢ensor T'k’, may be expressed 


(comp. LX XIII.) as follows, 


DG 0) 1 raed es es Le r?Ty’ = tan Z rr”. 


(38.) If we project the tangent kK’, into its two 
rectangular components, KK, and Kx', on the diameter of curvature and 


* Geometrically, and by infinitesimals, if we conceive x’ to be an infinitely near point of the 
locus of K, and therefore in the normal plane at p, the angle px’s (like ps) will be right, and the 
point kK’ will be on the semicirele pxg ; but the radius of this semicircle drawn to x (comp. fig. 82) is 
parallel to the line sm, to which line the tangent xx’ is therefore perpendicular, as above. 
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the polar axis, we shall have by XCI. the expressions : 


7, 
rr 
AOL sik Sir net Ua. = 0. 
p-« 
Lf, 
—rr 
RCIV.. . kK erry = rr Uy = = &. ; 
o-K 


these two projections then, or the vector-tangent Kx’ itself, would suffice to 
determine r and 7’, or H and P, and thereby ad/ the affections of the curve 
which depend on s*, but noé on s*. 

(39.) We have also the similar triangles (see again fig. 82), 


XCV...AKKK « KKK & Kms; 
and the rector equations, 


XMOVI... KK’: 8M 


KK,: SK = KK: KM = KK’: PK 


r'r = Vector of second curvature (LV.) ; 
whence also result the scalur expressions, 
XCVII... tan xsk, = tan KPK' = r! = Second* Ourvature (1II.}: 


this last scalar being positive or negative, according as the rotation KsK, 
(or KPK') appears to be positive or negative, when seen from that side of 
the normal plane, towards which the conceived motion (396, (1.)) along the 
given curve, or the wnit tangent + 7, is directed.t 

(40.) Besides the seven expressions, 1II., XXVII., L., and XOVIL., 
this important scalar r’ admits of many others, of which the following, 
numbered for reference as 8, 9, &c., and deduced from formule and principles 
already laid down, are examples: and may serve as exercises in transformation, 
according to the rules of the present Calculus, while some of them may also 
be found useful, in future geometrical applications. 


* Tn illustration it may be observed, that if ds be treated as infinitely small, and if the line xx’ be 
supposed to represent (not the derivative x’, but) the differential vector dx = «ds, then the projections 
KK, and Kx’ become dr and r“!ds (comp. XCIII. and XCIV.) ; while xpx' (in fig. 82) represents the 
infinitesimal angle rds, through which the osculating plane (comp. (1.)) revolves, round the tangent + 
to the curve during the change ds of the arc. 

t This direction of + 7 is to be conceived (comp. fig. 81, [p. 100]) to be towards the back of 
fig. 82, as drawn, if the scalars 7’ and r (and therefore also p) be positive. 


Ps 
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(41.) We have then (among others) the transformations : 


XCVIII. . . Second Curvature = x (= seven preceding expressions) 


= por = 2.Col.W = IX Cos =F cot, (8; 910i 
= 28p'r! = — Sv'rt = — P8977” = Brrr” (12, 13, 14, 15) 
= — Sr” = S8v r” = — Suk’ = Sre’7’ (16,17, 13.19) 
= TK (o — mw) = SAr? = (« — p) VAv = — 71 VAv (20, 21, 22, 23) 
= 97/Vidv = 8dr’ = SAr’v = SAr’y (24, 25, 26, 27) 
= @Sv’Ar = P'Sv'vr = Srv ly’ = 8p’ ” (28, 29, 30, 31) 
= Spy) = 77 Vv'X = 984 BAP’ = 7 8vAr” (32, 38, 34, 35) 
te a ee 
et ce ee (36, 87, 88, 39) 
VT o-p 
a (40, 41, 42, 43) 
rr ey t(o = p) Gi 
Ci ee enleeroe rer 
wet Gee 6g) Seis Gaeinan ee) 
pr p+rprX\ -« KL 


(48, 49, 50) 


; d cos Z - 
SU any) (51, 52, 53) 
PK.Ks — 7(Sar)’ rd cos Z— os 
a 


pksL, in the forms 50 and 51, being points of the same gauche quadrilateral 
as in (18.); and a, in 52 and 53,* denoting any constant vector: while 
several other varieties of form may be deduced from the foregoing by very 
simple processes, such as the substitution of Up for rv, &c., which gives for 
instance (comp. XI’.), from the form 88, these others, 

_ (Uv) -—(Uv)’ -dUy 


: . (54, 55, 56) 


XOV ET re 
| VOY Yr Ur’ rdr 


We may also write, with the significations (10.) of a; and Q;, the following 
expression analogous to L., 


MOVIE 30) tee bm (57) 
PQ 


3 
1 


* This last form 53 corresponds to and contains a theorem of M. Serret, alluded to in the second 
Note to page 92. 
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which contains the law of the inflexion of the plane curve, into which the 
proposed curve of double curvature is projected, on its own rectifying plane ; 
the sign of the scalar, to which this last expression ultimately reduces itself, 
being determined by the rules of quaternions. 

(42.) And besides the various expressions for the positive scalar r”, 
which are immediately obtained by squaring the foregoing forms, the 
following are a few others: 


XCIX. .. Square of Second Curvature = r? = Tr? 


= TA? = 9? = r'8r"r'A — 9? = Ty? - rr”? (12; 3) 
= Sry’ r? — 27? = PT? - 7? - py = Rk? (Tr? - 1) (4, 5, 6) 
= ely? = Rik = fe tan’ 72 rr s (hs Oe) 


while the important vector 7”, besides its two original forms VI., admits of 
the following among other expressions (comp. XX. XXI.): 


II 


C...7r” = Dp (= the two expressions VI.) 


= £°Vi(o - p) =A - 97’ =’ — re (3, 4, 5) 

= 1VvA = 9r°'r'r(o —- p -— 1) = 9° + F*A(o — p) (6,77, 8) 
- ig py! gel’ 

= ((p — «> Y= re’ -4)r’ = - 1% - ——)- —-. (9, 10, 11) 


(43.) As regards the general theory (396, (5.), &c.) of emanant lines (n) 
from curves, it might have been observed that if we write, 


Oli = V-. with CLL. G2¥ “sean 496 XV” 
U 


the equation 3896, XXXII. takes the simplified form, 
CIII. . . pH = w — p = nSn XZ = projection of vector Z on emanant y ; 


for example, when n= vy, then 9 =r"r, and Z=0, pu = 0, or wo =p, as in 
(1.); and when n=7, then 0=y», Z=r°r’ Ln, so that the projection PH 
again vanishes, as in 396, (13.). 

(44.) In an extensive class of applications, the emanant lines are perpen- 
dicular to the given curve (n 1 r); and since we have, by (43.), 


oN yn 


eg 7 One 
ins Satie sited Sry = 


“T@ if Srn = 0, 
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we may write, for this case of normal emanation, the formula, 


projection of vector of curvature (r’) on emanant line (n) 


OV pote ce ee 


for example, when the emanant (7) coincides with the absolute normal (7’), we 
have then 6 = A, as in (3.), and the recent formula CV. becomes, 


CVI. ..PH=,-p=f=rTX* =? sin’ H = (x — p) sin’ H, 


which agrees with the expression XX XVIII. 

(45.) And in the corresponding case of tangential emanant planes, by 
making Sry = 0 in the second equation 396, XXXVI., and passing to a 
second derived equation, we find for the intercept between the point Pp of the 
curve, and the point, say R, in which the dine of contact of the plane with its 
own envelope touches the cusp-edge of that developable surface, the expression, 


ae ’S , = Zz 7 
Cyl oe eee eee 
Sny’n projection of 7” on 0 


which accordingly vanishes, as it ought to do, when y = »v, that is, when the 
emanant plane Sn(w — p) = 0 coincides with the osculating plane XC. 

(46.) Some additional light may be thrown on this whole theory, of the 
affections in a curve in space depending on the third power of the arc, and even 
on those affections which depend on higher powers of s, by that conception of 
an auxiliary spherical curve, which was employed in 379, (6.) and (7.), to 
supply constructions (or geometrical representations) for the directions, not 
only of the tangent (p’) to the given curve, to which indeed the wnit-vector (7) 
of the new curve is parallel, but also of the absolute normal, the binormal, and 
the osculating plane; while the same auxiliary curve served also, in 389, (2.), 
to furnish a measure of the curvature of the original curve, which is in fact 
the velocity* of motion in the new or spherical curve, if that in the old or given 
one be supposed to be constant, and be taken for unity. 

(47.) We might for instance have observed, that while the normal plane 
to the curve in space is represented (in direction) by the tangent plane to the 
sphere, the rectifying plane (as being perpendicular to the absolute normal) is 
represented similarly by the normal plane to the spherical curve: and it is not 


* Accordingly the vector of velocity +r’, of this conceived motion in the auxiliary curve, is precisely 
what we have called (389, (4.), comp. 396, VI.) the vector of curvature of the proposed cwrve in space : 
and its censor (‘I'r’) is equal to the reciprocal of the radius (1) of that curvature. 
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difficult to prove that the rectifying line has the direction of that new radius 
of the sphere, which is drawn to the point (say L) where the normal are to 
the auxiliary curve touches its own envelope. 

(48.) The point i thus determined is the common spherical centre (comp. 
394, (5.)) of curvature, of the auxiliary curve itself, and of that reciprocal* 
curve on the same sphere, of which the radii have the directions (comp. 379, 
(7.)) of the bénormals to the original curve ; the trigonometric tangent of the 
arcual radius of curvature of the auxiliary curve is therefore ultimately equal 
to a small are of that curve, divided by the corresponding are of the reciprocal 
curve (or rather by the latter are with its direction reversed, if the point 1 fall 
between the two curves upon the sphere); and therefore to the first curvature 
(x) of the given curve, divided by the second curvature (x) : and thus we have 
not only a simple geometrical interpretation of the quaternion equation XI’., 
but also a geometrical proof (which may be said to require no calculation), of 
the important but known relation XVII., which connects the ratio (r: 1) 
of the two curvatures, with the angle (H) between the tangent (7) and the 
rectifying line (A), for any curve in space. 

(49.) In whatever manner this known relation (tan H =r: 7) has once 
been established, it is geometrically evident, that 7¢f the ratio of the two 
curvatures be constant, then, because the curve crosses the generating lines of its 
own rectifying developable (396) under a constant angle (H), that developable 
surface must be cylindrical: or in other words, the proposed curve of double 
curvature must, in the case supposed, be a geodetict on a cylinder (comp. 380, 
(4.)). Accordingly the point L, in the two last sub-articles, becomes then a 
fixed point upon the sphere, and is the common pole of two complementary small 
circles, to which the auxiliary spherical curve (46.), and the reciprocal curve 
(48.), in the case here considered, reduce themselves; so that the tangent and 


* The reciprocity here spoken of, between these two spherical curves, is of that known kind, in 
which each point of one is a pole of the great-circle tangent, at the corresponding point of the other : 
and accordingly, with our recent symbols, we have not only y=Vrr’, but also, Vy’ = 1r?Vy'y"} 
= ad a | Way 


t The writer has not happened to meet with the geometrical proof of this known theorem, which 
is attributed to M. Bertrand by M. Liouville, in page 558 of the already cited Additions to Monge ; 
but the deduction of it as above, from the fundamental property (396) of the rectifying line, is 
sufficiently obvious, and appears to have suggested the method employed by M. de Saint-Venant, in 
the part (p. 26) of his Memoir swr les lignes courbes non planes, &c., before referred to, in which the 
result is enunciated. Another, and perhaps even a simpler method, suggested by quuternions, of 
geometrically establishing the same theorem, will be sketched in the present sub-article (49.); and in 
the following sub-article (50.), a proof by the guaternion analysis will be given, which seems to leave 
nothing to be desired on the side of simplicity of calculation, 
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the dinormal to the curve in space make (in the same case) constant angles, 
with the fixed radius drawn to that point: and the curve itse/f is therefore 
(as before) a geodetic line, on some cylindrical surface. 

(50.) By quaternions, when the two curvatures have thus a constant ratio, 
the equations XI’. and XVI. give, 


CVIiTI XS (Os rite) = (ry a0; 
or 
CIX. .. rA =a constant vector ; 


the tangent (r) makes therefore, in this case, a constant angle (H) with a 
constant line (rA): and the curve is thus seen again, by this very simple 
analysis, to be a geodetic on a cylinder. And because it is easy to prove 
(comp. XX XI_.), that we have in the same case the expression, 


CX... sin? H = radius of curvature of base, 


or of the section of the cylinder made by a plane perpendicular to the 
generating lines, this other known theorem results, with which we shall 
conclude the present series of sub-articles: When both the curvatures are 
constant, the curve is a geodetic on a right circular cylinder (or cylinder of 
revolution) ; or it 1s what has been called above, for simplicity and by 
eminence, a helix. 

398. When the fourth power (st) of the arc is taken into account, the 
expansion of the vector ps; involves another term, and takes the form 


(comp. 397, L.), 


. r i Ao Ps = p + srt 45°7/ a £s*7” ae er. 
in which 


II...7” =D,'p, and III... Srr” = —- 88r’r” = - 8r°*7’; 


so that the new affections of the curve, thus introduced, depend only on two 
new scalars, such as Y and 7°’, or r and R’, or H’ and P’, &c. We must be 


* In general, the expression XLIV. for the vector ws of the osculating helix, in which 
e=—rlalt=7—A"d?’, and p—wo= ar’, gives Tw’,=1; so that the deviation (8.) may be 
considered (comp. (13.)) to be measured from the extremity of an are of the helix, which is equal in 
length to the arc s of the curve, and is set off from the same initial point p, with the same initial 
direction: while wy does not here denote the value of ws answering to s=0, but has a special 
signification assigned by the formula XXXVIII. It may also be noted that the conception, referred 
to in (46.), of an auwiliary spherical curve, corresponds to the ideal substitution of the motion of a 
point with a varying velocity upon a sphere, for a motion with an wniform velocity in space, in the 
investigation of the general properties of curves of double curvature: and that thus it is intimately 

connected (comp. 379, (9.)) with the general theory of hodographs. 
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content to offer here a very few remarks on the theory of such affections, 
and on the manner in which it may be extended by the introduction of 
derivatives of higher orders. 

(1.) The new vector 7’’, on which everything here depends, is easily 
reduced to the following forms,* analogous to the expressions 397, VI. for r”: 


41) 


wr ae aay cs (rar). a alk Cas aes be 


i ee ae ; 


15 UF Vv 
= Or ty’s + (r(et)” + Ar + (rv. 


(2.) The first derivatives of the four vectors, v’, «’, A, o, taken in like 
manner with respect to the are s of the curve, are the following: 


Ve... = (Ver) = Ver” + rr 


Pr Gt) see (ih as 


ll 


VIL. kK! = 9's t (rr — rr)r’ + (rr) v; 
VII... = (Jr + (rv, or VIT... (rd) = (rr)’r (comp. 397, CVIIL.) ; 
LED oho. 


II 


(e+ pry)’ = (p’ +7r4)rv = RR'p rv; 


in which last the scalar derivatives p’ and &’ are determined, in terms of 
r’ and r’, by the equations, 


IXe. Ae) = eer Ye 
and 
X... R= RU pp’ +r’) = p’ sin P +1 cos P = (p’ + cot H) sin P. 


We have also the derivatives, 


, , ile aS eels 

Pie? | i gael oe Gn iy 
7 

XE Ho = ’ 


r+ 1X 


eae ee eas ee le —r\e tor | 


and the relations, m+ p Ee 


MU G6 6 Se) 


RIV... Ser’1” = Sy'e” = - rr*(p! — re) ; 
eV. De S7'7"7'” pee r?Brr” ane ad a Se) a 


* In these new expressions, on the plan of the second Note to page 90, the scalars r’, p’, R’, and 
the vector o’, are to be regarded as of the dimension zero ; vr’, H’, P’, and x” of the dimension — 1 ; 
A’ of the dimension — 2; andy” and 7’”, as being each of the dimension — 3. 
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which may be proved in various ways, and by the two first (or the two last) 
of which, the derivatives r’ and p’, and therefore also H’ and P’, can be 
separately calculated, as scalar functions of the four vectors 7, 7’, 7, 7”; or of 
some three of them, including the new vector 7”. 

(3.) We may also deduce, from either V. or VIII., the following vector 
expressions, of which the geometrical signification is evident from the recent 


theory (396, 397) of emanant lines and planes : 


XVI... Vector of Rotation of Radius (R) of Spherical Curvature 
= Vector of Rotation of Tangent Plane to Osculating Sphere 


= (say) ¢ ve ie gi = = Ryo’ + o—p) (I, 2, 3) 
v o-p 
t/(rR’ o-p VT r : ; ; ; 
ie teem egal ae Be ce oon ee ‘¢ 2 6 
=( ; +. wal» aaa +pv) Rr(rr + p’r — pr’) ; (4, 5, 6) 


whence follows this tensor value for the common angular velocity of these two 
connected rotations, compared still with the velocity of motion along the curve, 


XVII... Velocity of Rotation of Radius (R), or of Tangent Plane to Sphere, 
-Tp=TV— = By (1 + KR? cot? P) = RU/ (1 + (p' + cot H)’ cos? P}; 
v 


with the verifications, for the case of the helix, for which p = 0, p’ = 0, P = 0, 
and # =r, that these expressions XVI. and XVII. become, 


RV ea Ae BNO AV ae ee le COneG aig 


which agree with those found before, for the vector and velocity of rotation 
of the radius (1) of absolute curvature. 

(4.) As another verification, we have &’ = 0 for every spherical curve, and 
the general expressions take then the forms, 


RVIl oo and VL pees 
o-p 
of which the interpretation is easy. 
(5.) In general, the formula XVII. may also be thus written, 


XVITL... Hg?+1 = = RF" cot? P= R?-p* RR? = RB" + 6% =0" cos’ P; 
or thus, 
XIX... RT¢ = ./(1 + Te” cos’ P) =f (1 + To” — BR”); 
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or finally, 
©: arr ae aE Wihe— fa) =7 le +r ia): 


so that the small angle, sT, between the two near radii of spherical curvature, 
R and &,, is ultimately equal to the square root of the sum of the squares of 
the two small angles, in two rectangular planes, sR“ and rsk“*T'o’, or psp, and 
sps,, Which are subtended, respectively, at the centre s of the osculating sphere 
by the small are s of the given curve, and at the given point P by the small 
corresponding are sV'o’ of the locus of centre s of spherical curvature, or of the 
cusp-edge (395, (2.)) of the polar developable; exactly* as the small angle s'TX, 
between two near radii (397, (5.)) of absolute curvature, r and 7, is ultimately 
the square root of the sum of the squares of the ¢wo other small angles, si 
and sr“, or PKPs; and KPK;, which are likewise situated in two rectangular 
planes, and are subtended at the centre K of the osculating circle by the small 
arc s of the curve, and at the given point P by the corresponding are s'I’k’ of 
the locus of the centre K (comp. 397, XX XIV., XCIV.). 

(6.) The point, say v, in which the radius R of the osculating sphere at P 
approaches most nearly to the near radius Rs; from Ps, is ultimately determined 
(comp. 397, CV. and X.) by the formula, 


Vector of Spherical Curvature 
XXI. 276 = oo ; 5 
Square of Angular Velocity of Radius (k) 


ss, ou ee eae ig a AGED cd : 
(p - o) "Te Pak cor te ee 


the vector of this point v (in its ultimate position) is therefore 


rPR'o t+ pao rPRa+rr'a 
XXIT. a OV = + = es i faa ean e 
p+é rh? + p? Pe hee oy a ale 


with the verification, that (by X., comp. XVII.) the scalar p'rl’’ or R’ cot P 
reduces itself to cot H, or to rr’, for the case p= 0, p’ = 0, P =0 (comp. 
(3.)): and that thus the expression 397, XXX VIII., for the vector on of the 


point of nearest approach, of a radius (1) of absolute curvature to a consecutive t 
radius of the same kind, is reproduced. 


* It will soon be seen that these two results, and others connected with them, depend geometrically 
on one common principle, which extends to all systems of xormal emanants (397, (44.)). 
t This usual expression, consecutive, is obviously borrowed here from the language of infinitesimals, 


but is supposed to be interpreted, like those used in other parts of the present series of Articles, by a 
reference to the conception of limits. 


Q2 
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(7.) In general, if we introduce a new auxilary angle, J, determined by 
the formula, 


KX Scot JS rh = cot P= (p+ cot dd) c0s 2 hires ee: 


the expression XXII. takes the simplified form (comp. again 3897, 
AA EEL). 


XXIV...0ov=p+Z=pco’J+osin’ J; 


and the segments, into which the point v divides (internally) the radius R 
of the sphere, have the values (comp. 897, XX XIX.), 


XXV...Pv=Asin? J, vs = 2B cos’ J. 


(8.) A geometrical signification may be assigned for this new angle J, which 
is analogous to the known signification of the angle H (397, XVII.). In 
fact, the tangent plane to the osculating sphere at P touches its own developable 
envelope along a new right line, of which the scalar equations are, 


RXV Be one Cee) a: 


and because the developable locus of all such lines can be shown to be 
circumscribed, along the given curve, to the locus of the osculating circle, 
which is at the same time the envelope of the osculating sphere, we shall 
briefly call this locus of the line XX VI. the Circumscribed Developable. And 
the inclination of the generatrix of this new developable surface, to the tangent 
to the given curve at P, if suitably measured in the tangent plane to the sphere, 
is precisely the angle which has been above denoted by J. 

(9.) To render this conception more completely clear, let us suppose that 
a finite right line ps is set off from the given point P, on the indefinite line 
XXVI., so as to represent, by its length and direction, the velocity of the 
rotation of the tangent plane to the osculating sphere; and so to be, in the 
phraseology (396, (14.)) of the general theory of emanants, the vector-awis of 
that rotation. We shall then have the values, 


XXVII... Ps = (= the siv expressions XVI.) 
= Br(cot J+ U(e- p)) = B+ cosee J(r cos J+ rU(o-p)sin J); (7, 8) 


/ 


the angle J being determined by the formula XXIII., and a new expression, 
Tg = 2” cosec J, being thus obtained for the velocity X VII. 
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(10.) Hence the new angle J, if conceived to be included (like H) 
between the limits 0 and 7, may be considered to be measured from r to ¢, 
or from the unit-tangent to the curve at Pp, to the generating line ps of the 
circumscribed developable (8.), in the direction from r to r(o - p): which ast 
tangent to the osculating sphere makes generally, like the tangent @ or Ps 
itself, an acute angle with the positive binormal v, as appears from the 
common sign of the scalar coefficients of that vector, in their developed 
expressions. 

(11.) It may also be remarked, as an additional point of analogy, and 


as serving to verify some formule, that while the older angle H becomes 
Tv 


right, when the given curve is plane, so the new angle J = oY for every 


spherical curve. 

(12.) As another geometrical illustration of the properties of the angle J, 
and of some other results of recent sub-articles, which may serve to connect 
them, still more closely, with the general theory of normal emanants from 
curves (397, (44.)), let us conceive that an, Bc, cD are three successive right 
lines, perpendicular each to each; let us denote by a and 6 the angles Boa 
and cpp, and by c the inclination of the line ap to pc: and let us suppose 
that these two lines are intersected by their common perpendicular in the 
points @ and u respectively. 

(13.) Then, by completing the rectangle scpz, and letting fall the 
perpendicular Br on the hypotenuse of the right-angled triangle aBE, we 
obtain the projections, ax and Fx, of the two lines ap and eu, on the plane 


through 8 perpendicular to Bc; and hence, by elementary reasonings, we 
can infer the relations : 


4 XXVIII. .. tan? ¢ = tan? apr = tan? a + tan? Ob; 
al 


; Bu AG 2 ARS OA : 
XXIX.., — = — = — = — = gin’ aup, 
BCy Ady * Ad oe AF 
or 


XXIX’...BH =scsin?y, if tan =tan a cot b; 


nothing here being supposed to be small. It may also be observed, that the 
two rectilinear angles, BcA and cBp, or a and b, represent respectively the 
inclinations of the plane acp to the plane Bop, and of the plane axp to the 
plane asc. 

(14.) Conceive next that pe and p,q, are two near normal emanants, 
touching the polar developable in the points @ and @,, whereof @ is thus on 
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the given polar axis Ks, and q, is on the near polar axis K,a,; and let the 
second emanant be cut, in the points p’ and Q’, by planes through Pp and a, 
perpendicular to the first emanant pe. ‘The line pr’ will then be very 
nearly tangential to the given curve at p; and the line aq will be very 
nearly situated in the corresponding normal plane to that curve: so that 
these two new lines will be very nearly perpendicular to each other, and 
the gauche quadrilateral p’pag’ will ultimately have the properties of the 
recently considered quadrilateral axncp. 

(15.) This being perceived, if we denote by e the length of the emanant 
line pa, the small angle a is very nearly = e's; and if the small angle 6 be 
put under the form 6’s, then the new coefficient 0’ is ultimately equal (by 
XXI1X’.) to e+ coty: where 7 is an auxiliary angle, not generally small, 
and is such that we have ultimately pH = pa. sin’ y, if u be the point in 
which the given normal emanant Pa approaches most closely to the con- 
secutive emanant P,Q,. 

(16.) We have then the ultimate equation, 


XXX... cot 7 = eb’ = PQ x lim.(s . apa,) 
length of emanant line (PQ) 


Il 


x 


angular velocity of the tangential plane (P’PQ) containing tt ; 


this latter plane being here conceived as turning, for a moment, round the 
tangent to the given curve at Pp, and the velocity of motion along that curve 
being still taken for unity, 

(17.) Accordingly, when we change e to 7, 0’ to r', and y to H, we 
recover in this way the fundamental value cot H = rr? (3897, XVII.), for 
the cotangent of the odder angle H; and when, on the other hand, we treat 
the radius of spherical curvature as the normal emanant, supposing Q to 
coincide with s, and therefore changing ¢ to R, and 0’ to r? + P’, we recover 
the last: of the expressions XXIII. for the cotangent of the new but analogous 
angle J, namely cot J= R(r' + P’), together with an interpretation, which 
may not have at first seemed obvious: although that expression itse/f was 


deducible, in the following among other ways, from equations previously 
established, 


MKT oR : ee ee P 
Be oot P= v= = Fa me) = P 


(18.) As regards the angular velocity, say v, of the emanant line Pa, or 
the ultimate quotient of the angle between two such near lines, divided by 
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the small arc s of the given curve, we see by XXVIII. (comp. (5.)) that 
this small angle vs is ultimately equal to the square root of the sum of the 
squares of the two other small angles, above denoted by a and b, and found to 
be equal, nearly, to e's and es cot j respectively : we may then establish 
the general formula, 


XXXII... Angular Velocity of Normal Emanant = v = €* cosec J ; 


which reproduces the values, 7! cosec H, and FR" cosec J, already found for 
the angular velocities of the two radii, r and R. 

(19.) And if we observe that the projection of the vector of curvature, KP", 
on the emanant PQ, is easily proved to be = ap! = €”. Pa, we see by XXXII. 
that if this projection be divided by the square of the angular velocity (v) of the 
line Pa, the quotient is the line pq@.sin’ y, or PH (15.): which reproduces the 
general result, 897, CV., for all systems of normal emanants, together with a 
geometrical interpretation. 

(20.) As still another geometrical illustration of the properties of the new 
angle J, we may observe that in the construction (12.) and (18.) the corre- 
sponding auxiliary angle 7 was equal to AEB, or to aBF, and that the line Br 
(= He) was perpendicular to both Bc and ap, although not intersecting the 
latter. Substituting then, as in (14.), the quadrilateral p’paq’ for ancn, and 
passing to the limit, we may say that if a new line ps be a common perpen- 
dicular, at the given point P, to two consecutive* normal emanants, PQ and P’Q’, 
the general auxiliary angle j is simply the inclination P’ps, of that common 
perpendicular Ps, to the tangent Pr’ to the curve. 

(21.) And if, instead of normally emanating lines Pa, we consider a 
system of tangential emanant planes (as in 397, (45.)), to which those dines 
are perpendicular, we may then (comp. 396, (14.)) consider the recent line 
ps as being a generating line of the developable surface, which is the envelope of 
all the planes of the system ; the auwiliary angle,t 7, is therefore generally by 
(20.) the inclination of this generatrix to the tangent: a result which agrees 
with, and includes, the known and fundamental property (397, XVII.) of 
the angle H, in connexion with the Rectifying Developable (396) ; and also 


* Compare the second Note to page 115. 


T In these geometrical illustrations, the angle j has been treated, for simplicity, as being both 
positive and acute; although the general formule, which involve the corresponding angles H and J, 
permit and require that we should occasionally attribute to them obtuse (but still positive) values : 
while those angles may also become right, in some particular cases (comp. (11.)). 
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the analogous property of the newer angle J, connected (8.) with what it has 
been above proposed to call the Circumscribed Developable. 

(22.) We shall soon return briefly on the theory of that new developable 
surface (8.), and of the new locus (of the osculating circle, or envelope of the 
osculating sphere) to which it has been said to be circumscribed: but may 
here observe, that if we write for abridgment (comp. VIII. and XXIIT.), 


bO.0.G 8 Ee oe at = p + cot H = cot J sec P, 
ne 


then what has been called the coefficient of non-sphericity (comp. 395, (14.) 
and (16.)) is easily seen to have by XIV. the values, 


SG ILIIL 
OOM se Enc ~1=-9r'8y'r” -1 (1, 2) 
Srr Uz 
a a) ep ee =qT' (3, 4, d) 
r r r 3 3 
MAE ree eg cata (6, 7, 8) 
rv pr 


whence also the deviation of a near point P, of the curve, from the osculating 
sphere at Pp, is ultimately (by 395, XX VII.). 
(S — I)s* ns! ns 


a” ay Ogee Oe? 


and accordingly, the square of the vector p;—o is given now (comp. I.) by 


the expression, 


s* ttt 
(p. — 9)? = (p ~ 0)* = 5 [r°8(o - pr” - Uj, 


in which 
rS(o —p)r” = S=1+ nrr = &e., as above. 


(23.) The same auxiliary scalar n enters into the following expressions 
for the arc, and for the scalar radii of the first and second curvatures, of the 
locus of the centre s of the osculating sphere, or of the cusp-edge of the polar 
developable (comp. 391, (6.), and 395, (2.)) : 


XXXVI...+fnds = Are of that Cusp-Edge (or of locus of's) ; 


XAXVE. rane rt pr= Be 


, 


= (Scalar) Radius of Curvature of same edge ; 


XXXVI"... m= nr = ov? = (Scalar) Radius of Second Curvature of same curve ; 


Art. 898.] CURVATURES OF CUSP-EDGE OF POLAR SURFACE. 121 


these two latter being here called scalar radii, because the first as well as 
the second (comp. 397, V.) is conceived to have an algebraic sign. In fact, 
if we denote by x, the centre of the osculating circle to the cusp-edge in 
question, its vector is (by the general formula 389, IV.), 

o- 


73 =o- MT =p—p rrr t+ pryv=a-N7', 


eo Iie. Oy = 4, = 
Vo'o 


with the signification XXXVI’. of 7: ; because by XX XIII. (comp. 397, XT’.), 
XXXVI... oc =nrv, 6” =n’ rv + n(rvy = ar — nvr’, 
and therefore 
XXXIX...0 =—-1, Vo'o” = n'r"r. 


We may also observe that the relation o’ || v gives (by 397, IV.), 


yt 


V4 
oO 17 nes 
XL. ..V— = V— =r" = Vector of Second Curvature of given curve ; 
oO Vv 


and that we have the equation, 


KS Ora Kk Ta 


OR ae ae gi with r>0, but 7,>o0r< 0, 


according as the cusp-edge turns its concavity or its convexity towards the 
given curve at P. 
(24.) The radius of (first) curvature of that cusp-edge, when regarded 
as a positive quantity, is therefore represented by the ¢ensor, 
i. Rak. 


>: SIL aay Aor Hee We = RS q, (> 9); 
T he 


and as regards the scalar radius XXXVI’. of second curvature of the same 
cusp-edge, its expression follows by XX XVIII. from the general formula 
3897, XX VII., which gives here, 


ttt a VE as 


DTG GH eons meme «nea =e! because KL ee 


CO oe Naw Voy 


the two scalar derivatives, n’ and 2’, which would have introduced the 
derived vectors 7’ and r’, or D,’p and D,‘p, of the fifth and sixth orders, 
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thus disappearing from the expressions of the two curvatures of the locus of 
the centre s of the osculating sphere, as was to be expected from geometrical* 
considerations. 

(25.) For the helix, the formula XXXVIT. gives «=p, or Ki =P; we 
have then thus, as a verification, the known result, that the given point Pp of 
this curve is itse/f the centre of curvature K, of that other helix (comp. 389, 
(3.), and 395, (8.)}, which is in this case the common locus of the two coincident 
centres, K ands. It is scarcely necessary to observe that for the helix we 
have also J = H. 

(26.) In general, the rectifying plane of the locus of s is parallel to the 
rectifying plane of the given curve, because the radii of their osculating circles 
are parallel; the rectifying lines for these two curves are therefore not only 
parallel but equal; and accordingly we have here the formula, 


MLE see 2 2 ve = (by 397, XVL), 


which will be found to agree with this other expression (comp. 897, XVII.), 


XLV. .. tan H, =; =-Un, = + cot FH, 
A ee 

the upper or lower sign being taken, according as the new curve is concave (as 
in figs. 81, 82 [pp. 100, 106]), or is conver at s (comp. (23.)), towards the 
old (or given) curve at Pp: and the new angle H, being measured in the new 
rectifying plane, from the new tangent o’ or nrv, to the new rectifying line rx, 
and in the direction from that new tangent to the new binormal v,, or 
(comp. XL.) to a line from s which is equal to the vector of second 
curvature r7r of the given curve, multiplied by a positive scalar, namely 
by Tn", or by the coefficient n taken positively. 

(27.) The former rectifying line X touches the cusp-edge of the rectifying 
developable (396) of the given curve, in a new point x (comp. fig. 81), of which 
by 397, (45.), and by XV., the vector from the given point is, generally, 


4 Vrr” : rr a rr iy Ud sin # | 
eee oa ane 7 (rr) i H’ ? 


XLVI... PR= 


* In fact, » represents here the velocity of motion of the point s along its own locus, while 
r} and 7} represent respectively the velocities of rotation of the tangent and binormal to that curve: 
so that wr and xr must be, as above, the radii of its two curvatures, 
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with the verification that this expression becomes infinite (comp. 397, (49.), 
(50.)), when the curve is a geodetic on the cylinder. 

(28.) In general, the vector or of the point of contact rR, which vector we 
shall here denote by v, may be thus expressed, 


_ sin AAT EX 


MisVilvs, B= Ok —p +tUA, Wo MOVE iH Gry? 


and because (rA)’ = (rr)’r, by VII’, its first derivative is, 


Dg Us} eaten aaa (° 5f) =U) cosec H(/ sin H)’ = UX(l’ + cos HZ) ; 


in which however the new derived scalar /’ involves H”’, and so depends on 
7¥: while the scalar coefficient 7 itself represents the portion (+ PR) of the 
rectifying line, intercepted between the given curve, and the cusp-edge (27.) 
of the rectifying developable, and considered as positive when the direction 
of this intercept PR coincides with that of the line + A, but as negative in the 
contrary case. 

(29.) For abridgment of discourse, the cusp-edge /ast considered, namely 
that of the rectifying developable, as being the locus of a point which we have 
denoted by the letter r, may be called simply ‘“ the curve (R)”’?; while the 
former cusp-edge (23.), or that of the polar developable, may be called in 
like manner “ the curve (s)”?; the locus of the centre x of (absolute) curvature 
may be called “the curve (k)”: and the given curve itself (comp. again 
figs. 81, 82) may be called, on the same plan, “ the curve (P.).” 

(380.) The arc Rx, of the curve (R), is (by XLIX., comp. XXXVI), 


d are «| Pods =7,= zal cos Hds ; 


0 0 


this are being treated as postive, when the direction of motion along it 
coincides with that of + A. 

(31.) The expression VII. for A’, combined with the former expression 
397, XVI. for A, gives easily by the general formula 389, IV., 


LI... Vector of Centre of Curvature of the Curve (R) 


v uv v 
Suteaos Huta tUuta 
Vain VAT Be if 


R 2 


Ur; 
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whence 


LII. .. Radius of Curvature of Curve (Rr) = T # = T dv 


dH’ 
the scalar variable being here arbitrary. 

(32.) We see, at the same time, that the angular velocity of the rectifying 
line X, or of the tangent to this curve (R), 1s represented by + H’; or that the 
small angle* between two such near lines, X and Xs, is nearly equal to sH’, or 
to H, - H: while the vector axis (VX’d") of rotation of the rectifying line, set 
off from the point r, has - H’ U7’, or — H’r7’, for its expression. 

(33.) As regards the second curvature of the same curve (Rr), we may 
observe that the expression (comp. VII. and LI.), 


TE AO Se ae er le = a ee) ee + VAN, 


combined with the parallelism (XLIX.) of uv’ to A, gives, by the general 
formula 397, XX VITI., 


LIV... Radius of Second Curvature of Curve (R) 


eaten eek 1g MeN woos 
(89557) “3[8 qn) 2 Oo 


with the verification, that while /’ + cos H represents, by (80.), the velocity 
of motion along this curve (Rr), TA represents, by 397, (8.), the velocity of 
rotation of its osculating plane, namely the rectifying plane of the given curve 
(p): and it is worth observing, that although each of these two radii of 
curvature, LIT. and LIV., depends on 7” through / (28.), yet neither of 
them depends on rY (comp. (24.)). As another verification, it can be shown 
that the plane of the two lines X and r’ from P, namely the plane, 


Ely oe) 0, 


which is the normal plane to the rectifying developable along the rectifying 
line, and contains the absolute normal to the given curve (P), touches its 
own developable envelope along the line ru, if H be the point determined by 


* A result substantially equivalent to this is deduced, by an entirely different analysis, in the 
above cited Memoir of M. de Saint-Venant, and is illustrated by geometrical considerations: which 
also lead to expressions for the two curvatures (or, as he calls them, the courbure and cambrure), of 
the cusp-edge of the rectifying developable ; and to a determination of the rectifying line of that 
cusp-edge. 
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the formula 397, XXX VIII., or the point of nearest approach of a radius of 
curvature (r) of that given curve to its consecutive (comp. (6.)); this line rH 
must therefore be the rectifying line of the curve (R); and accordingly (comp. 
397, XVII.), the trigonometric tangent of its inclination to the tangent RP to 
this last curve has for expression (abstracting from sign), 


LIV”... tan pro = PH: PR=+7'% sin? H=+7rH’ sin A = TA" 


_ Radius (LIV.) of Second Curvature of Curve (R) 
~ Radius (LIL.) of First Curvature of same Curve 


(34.) Without even introducing 7'’, we can assign as follows a twisted 
cubie (comp. 397, (34.)), which shall have contact of the fourth order with the 
given curve at P; or rather an indefinite variety of such cubics, or gauche curves 
of the third degree. Writing, for abridgment, 


BVe. .«=—-S8r(w - p); y =—Srr’(w - p), z=—-—Srv(w - p), 
so that 
LVI...w=ptert+yrr + ery, 


the scalar equation, 


BRA ol ae (=) = 6 () xe + (=) YB + €2*, 


in which e is an arbitrary but scalar constant, represents evidently, by its 
form, a cone of the second order, with its vertex at the given point p; and this 
cone can be proved to have contact of the fourth order with the curve* at that 
point: or of the ¢hird order with the cone of chords from it (comp. 397, (81.), 
(32.)). In fact the coefficients will be found to have been so determined, 
that the difference of the two members of this equation VII. contains s° as 
a factor, when we change w to ps, as given by the formula I., or when we 
substitute for zyz their approximate values for the curve, as functions of the 


* In the language of infinitesimals, the cone LVII. contains jive consecutive points of the curve, 
or has five-point contact therewith: but it.contains only four consecutive sides of the cone of chords 
from the given point, or has only fowr-side contact with that cone, except for one particular value of 
the constant, e, which we shall presently assign. It may be observed that xyz form here a (scalar) 
system of three rectangular coordinates, of the usual kind, with their origin at the point P of the 
curve, and with their positive semiaxes in the directions of the tangent 7, the vector of curvature a 
and the binormal v. 
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arc s; namely, by the expressions IV. for r’”, and 397, VI. for 7”, 


2 3 4 
LVIII. oats Ys <= oa _ Aon _ —((’) a yrs ar es eae 


&s 


where the terms set down are more than sufficient for the purpose of the 
cone 
proof. It may be added that the coefficient of OE in 7s, Which is the only 


one at all complex here, may be transformed as follows : 
DVI sre S ae — pj? = 738 4+ prery’ ; 


S being that scalar for which (or more immediately for its excess over unity) 
several expressions* have lately been assigned (22.), and which had occurred 
in an earlier investigation (399, (14.), &e.). 


(35.) With the same significations LV. of the three scalars zyz, this 
other equation, 


po D. eae Sry _ (3x _ ry)? = (9 + 9? — Brrr” — 37*r*) y?, 
or 
DS 2 = ery) (ec ery) 


bi 


will be found to be satisfied when we substitute for 2 and y the values LVILI. 
of w, and ys, and neglect or suppress s°; it therefore represents an e/liptic (or 
hyperbolic) cylinder, which is cut perpendicularly, by the osculating plane to the 
given curve at P, in an ellipse (or hyperbola), having contact of the fourth order 
with the projection (397, (9.)) of that given curve upon that osculating plane : 
and the cylinder itself has contact of the same ( fourth) order with the curve in 
space, at the same given point P, so that we may call it (comp. 397, (31.)) the 
Osculating Elliptic (or Hyperbolic) Cylinder, perpendicular to the osculating 
plane. 

(36.) As a verification, if we suppress the second member of either 
LIX. or LIX’, we obtain, under a new form, the equation of what has 


* It might have been observed, in addition to the eight forms XXXIV., that we have also, 
XXXIV’...8—1l= Rr! cot J =n cot H. (9, 10) 
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been already called the Osculating Parabolic Cylinder (3897, LXXXTYV.); and 
as another verification, the coefficient of y’ in that second member vanishes, as 
it ought to do, when the given curve is supposed to be a parabola: that plune 
curve, in fact, satisfying the differential equation of the second order, 


LX... 8rr”- 1? =9, or LX’... r8(r8)” =2, 


” efi y ae 
LS. arene ((sq,) + 1) = const. = 2° 


or 


if r be still the radius of curvature, considered as a function of the are, s, while 
p is here the semiparameter. 

(37.) The binormal v is, by the construction, a generating line of the 
cylinder LIX. ; and although this line is not generally a side of the cone 
LVILI., yet we can make it such, by assigning the particular value zero to the 
arbitrary constant, e, in its equation, or by suppressing the term, es. And 
when this is done, the cone LVII. will cntersect the cylinder LIX., not only 
in this common side v (comp. 397, (33.)), but also in a certain twisted cubic, 
which will have contact of the fourth order with the given curve at P, as stated 
at the commencement of (34.). 

(38.) But, as was also stated there, indefinitely many such cubics can be 
described, which shall have contact of the same (fourth) order, with the same 
curve, at the same point. For we may assume any point © of space, or any 
vector (comp. LYVI.), 


LXI...08=e=ptar+ brr’ + crv, 
in which a, 5, ¢ are any three scalar constants; and then the vector equation, 
PX oa = ps + t(e ~ p)s 


in which ¢ is a new scalar variable, will represent a cylindric surface, not 
generally of the second order, but passing through the given curve, and having 
the dine PE for a generatriv. We can then cut (generally) this new cylinder 
by the osculating plane to the curve at Pp, and so obtain (generally) a new and 
oblique projection of the curve upon that plane; the w and y of which new 
projected curve will depend on the are s of the original curve by the relations, 


LXITI...¢=2,-ac s, y=y, — bez, ; 


with the approximate expressions LVIII. for ay,,. And if we then 
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determine two new scalar constants, B and C, by the condition that the 
substitution of these last expressions LXIII. for x and y shall satisfy this 


new equation, 


LXIV... 2ry = 0 + 2Bey + Cy’, 


if only s> be neglected (comp. (35.)), or by equating the coefficients of s° and s*, 
in the result of such substitution, then, on restoring the significations LY. of 
ay, and writing for abridgment, 


LXY..:X% s2-ae's, VV =y = be, 
the equation of the second degree, 


LXVI... @r¥ = X?+2BXY + CY?, 


will represent generally an oblique osculating elliptic (or hyperbolic) cylinder, 
which has contact of the fourth order with the given curve at P, and contains 
the assumed line pz. If then we determine finally the constant e in LVII., 
by the result of the substitution of abc for wyz, or by the condition, 


{ 2 3 / 
EV: (=) = 6 (=) ac + (=) be + ec’, 
r r r 


the cone LVII., and the cylinder LXVI., will have that line pr for a 
common side; and will intersect each other, not only in that line, but also 
(as before) in a twisted cubic, although now a new one, which will have 
the required (fourth) order of contact, with the given curve at the given 
point. 

(39.) If, after the substitution (38.) in LXIV., we equate the coefficients 
of the three powers, s°, s', s°, and then eliminate B and C, we are conducted to 
an equation of condition, which is found to be of the form, 


LXVIII. .. ab® + bec + cbc? + ec? = ac(bg + ch); 


in which the ratios of abe still serve to determine the direction of the 
generating line pr, while the coefficients, a, b, c, e, g, h are assignable 
functions of 1, x, 7’, v, r’, v’, and vr”, depending on the vector 7%: and 
when this condition LXVIII. is satisfied, the cylinder LXVI. has contact 
of the fi/th order with the given curve at P. 
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(40.) Again, if we improve the approximate expressions LVIII. for the 


three scalars 2;, 7s, %s, by taking account of s°, or by introducing the new term 
OLY: 


30 (comp. I.) of p;, and if we substitute the expressions so improved, instead 


of a, y, %, in the equation of the cone LVII. and then equate to zero (comp. 
(34.)) the coefficient of s° in the difference of the two members of that 
equation, we obtain a definite expression for the constant, e, which had been 
and r” (not 


(ee 


arbitrary before, but becomes now a given function of rrr’ 

involving r’’’), namely the following, 

i ( Oo 21 ae OP One, eet: _ 
nr 2 ; 


hf Ge alas eee ge ni 
Se Waar ae ek ole, , 


PSE ee age oo 
7 ry 4x r*y 


GD. G D.C 5 


and when the constant e receives this value,* the cone has contact of the fifth 
order with the curve at the given point. 

(41.) Finally, if we multiply the equation LX VII. by bg + ch, we can at 
once eliminate a by LX VIIL., and so obtain a cubic equation in 6: c, which 
has at least one real root, answering to a real system of ratios a, b, c, and there- 
fore to a real direction of the dine pein (38.). It is therefore possible to assign 
at least one real cylinder of the second order (39.), which shall have contact of 
the fifth order with the curve at p, and shall at the same time have one side PE 
common with the cone of the second order (40.), which has contact of the same 
(fifth) order with the curve (or of the fourth order with the cone of chords) : 
and consequently it is possible in this way to assign, as the intersection of this 
cylinder with this cone, at least one real twisted cubic, which has contact of the 
fiftht order with the given curve of double curvature, at the given point thereof. 
And such a cubic curve may be called, by eminence, an Osculating? Twisted 
Cubic. 

(42.) Not intending to return, in these Elements, on the subject of such 
cubic curves, we may take this occasion to remark, that the very simple vector 
equation,§ 


LXX... Vap = pV£p, 


represents a curve of this kind, if a and 2 be any two constant and non-parallel 


* Compare the Note to page 125. _ 

t Accordingly it is known (see page 242 of Dr. Salmon’s Treatise, already cited), that a twisted 
cubic can generally be described through any six given points; and also (page 248), that ¢hree quadric 
cylinders (or cylinders of the second order or degree) can be described, containing a given cubic curve, 
their edges being parallel to the three (real or imaginary) asympzéotes. 

{ Compare the first Note to page 92. 

§ This example was given in pages 679, &c., of the Lectwres, with some connected transformations, 
the equation having been found as a certain condition for the inscription of a gauche quadrilateral, or 
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vectors. In fact, if we operate on this equation by the symbol S. X, in which 
r is an arbitrary but constant vector, the scalar equation so obtained, namely, 


EXXT.., Sap = S\pSGp — p'SBn, 


represents a surface of the second order, on which the curve is wholly contained ; 
making then successively 1 =a and A = 3, we get, in particular, the two 
equations, 


EXXIT 528 (Vao.Veo) = 0, and UXXIIL,. .(VGal4 Sa, =, 


representing respectively a cone and cylinder of that order, with the vector 3 
from the origin as a common side: and the remaining part of the intersection of 
these two surfaces, is precisely the cwrve LXX., which therefore is a twisted 
cubic, in the known sense already referred to. 

(43.) Other surfaces of the same order, containing the same curve, would 
be obtained by assigning other values to X; for example (comp. 397, (81.)), 
we should get generally an hyperbolic paraboloid from the form LXXI., by 
taking A 1 6. But it may be more important here to observe, that without 
supposing any acquaintance with the theory of curved surfaces, the vector equation 
LXX. can be shown, by quaternions, to represent a curve of the third degree, in 
the sense that it is cut, by an arbitrary plane, in three points (real or 
imaginary). In fact, we may write the equation as follows, 


UOXXTY.... Vgo = - a; if 1 D9. @:G. ary aaa aay oF 


q being here a quaternion, of which the vector part Bis given, but the scalar 
part g 1s arbitrary; and then, by resolving (comp. 347) this linear equation 
LXXIV., we may still further transform it as follows, 

LXXVI...9 (9° - 8’) p = BSBa + gVBa - g’a, 
which conducts to a cubic equation in g, when combined with the equation 


LXV eee 


of any proposed secant plane. 


other even-sided polygon, in a given spheric surface (comp. the sub-articles to 296): the 2n successive 
sides of the figure being obliged to pass through the same even number of given points of space. Itwas 
shown that the ewrve might be said to intersect the unit-sphere (p* = — 1) in two imaginary points at 
infinity, and also in two veal and two imaginary points, situated on two real right lines, which were 
reciprocal polars relatively to the sphere, and might be called chords of solution, with respect to the 
Proposed problem of inscription of the polygon; and that analogous results existed for even-sided 
ia olyg kes in ellipsoids, and other surfaces of the second order: whercas the corresponding problem, of 
the inscription of an odd-sided polygon in such a surface, conducted only to the assignment of a single 
chord of solution, as happens in the known and analogous theory of polygons in conics, whether the 
number of sides be (in that theory) even or odd. But we cannot here pursue the subject, which has 
been treated at some length in the Lectwres, and in the Appendices to them. 
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(44.) The vector equation LXX., however, is not sufficiently general, to 
represent an arbitrary twisted cubic, through an assumed point taken as origin ; 
for which purpose, ten scalar constants ought to be disposable, in order to allow 
of the curve being made to pass through five* other arbitrary points: whereas 
the equation referred to involves only five such constants, namely the four 
included in Ua and Uf3, and the one quotient of tensors T/3 : Ta (comp. 358). 

(45.) It is easy, however, to accomplish the generalization thus required, 
with the help of that theory of dinear and vector functions (gp) of vectors, which 
was assigned in the Sixth Section of the preceding Chapter (Arts. 347, &c.). 
We have only to write, instead of the equation LXX., this other but 
analogous form which includes it, 

ea VES Ss Vap a Vege — Ol. Or tee wala 2s gop + Cp =a, 
and which gives, by principles and methods already explained (comp. 3084, 
(1.)), the transformation 
LXXIK...p=(p+ojta= Pet oxe sea 
a, ~a, and xa being here fived vectors, and m, m’, m” being fixed scalars, but c 
being an arbitrary and variable scalar, which may receive any value, without 
the expression LX XIX. ceasing to satisfy the equation LX XVIII. 

(46.) The curve LX XVIII. is therefore cut (comp. (43.)) by the plane 
LXXVII. in three points (real or imaginary), answering to and determined 
by the three roots of the cubic in c, which is formed by substituting the 
expression LX XIX. for p in the equation of that secant plane; and conse- 
quently it is a curve of the third degree, the three (real or imaginary) asymptotes 
to which have directions corresponding to the three values of c, obtained by 
equating to zero the denominator of that expression LX XIX., or by making 
M = 0, in a notation formerly employed: so that they have the directions of 
the three lines [3, which satisfy this other vector equation (comp. 354, I.), 

DAXX. .. Veep = 0. 

* Compare the second Note to page 129. In general, whena curve in space is supposed to be 
represented (comp. 371, (5.)) by two scalar equations, each new arbitrary point, through which it is 
required to pass, introduces a necessity for two new disposable constants, of the scalar kind: and 
accordingly each new order, say the nth, of contact with such a curve, has been seen to introduce a 
new vector, Dsp, or r(*-)), subject to a condition resulting from the general equation TDsp = 1, or 
7* =—1 (comp. 380, XXVI., and 396, III.), but involving virtually two new scalar constants. Thus, 
besides the four such constants, which enter through 7 and 7’ into the determination of the directions 
of the rectangular system of lines, tangent, normal, and binormal (comp. 379, (5.), or 396, (2.)), and of 
the length of the radius of (first) curvature, r, the three successive derivatives, 1, r’, r'”, of that radius, 


and the radius r of second curvature, with its two first derivatives, r’ and r’, have been seen to enter, 


through the three other vectors, 7’, 7’, vIV, into the determination (41.) of the osculating twisted 
cubic. 
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(47.) Accordingly, if B'be such a line, and if y be any vector in the plane 
of a and 3, the curve LXXVIII. is a part of the intersection of the two 
surfaces of the second order, 


LXXXI...Sap¢p = 0, and LXXXII... Syap + Syp¢p = 0, 


whereof the first is a cone, and which have the /ine (3 from the origin for a 
common side (comp. (42.)): the curve is therefore found anew to be a twisted 
cubic. 

(48.) And as regards the number of the scalar constants, which are to be 
conceived as entering into its vector equation LXXVIII., when we take for ¢p 
the form Vgaop + VApu assigned in 357, I., in which g, is an arbitrary but 
constant quaternion, such as g + y, and A, mw are constant vectors, the term gp of 
op disappears under the symbol of operation V. p, and the equation (45.) of 
the curve becomes, 


UXXXITIT. .. Vap + pVyp + Ve VApu = 0; 


in which the four versors, Ua, Uy, UA, Un, introduce each two scalar con- 
stants, while the two tensor quotients, Ty: Ta and TA: Ta, count as two others: 
so that the required number of ten such constants (44.) is exactly made up, 
the curve being still supposed to pass through an assumed origin, and therefore 
to have one point given. It is scarcely worth observing, that we can at once 
remove this last restriction, by merely adding a new constant vector to p, in the 
last equation, LX XXIII. 

(49.) Although, for the determination of the osculating twisted cubic (41.) 
to a given curve of double curvature, it was necessary (comp. (40)) to employ 
the vector 7’ or D,’p, or to take account of s* in the vector ps, or in the con- 
nected scalars a,y;z, of (34.), and therefore to ¢mprove the expressions LVIII., 
by carrying in each of them (or at least in the two latter), the approximation 
one step farther, yet there are many other problems relating to curves in space, 
besides some that have been already considered, for which those scalar 
expressions LiVIII. are sufficiently approximate: or for which the vector 
expression I. suffices. 

(50.) Resuming, for instance, the questions considered in (22.) and (23.), 
~ we may throw some additional light on the aw of the deviation of a near point 
Ps of the curve, from the osculating sphere at P, as follows. Eliminating » by 
XXXVI’. from XXXV., we find this new expression, 

rs! 
~ 24rr*R’ 
the direction of this deviation from the sphere (LR) depends therefore on the 


TX Vi ep. Sar 
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sign of the scalar radius r, (23.) of curvature of the cusp-edye (s) of the polar 
developable: and it is outward or inward (comp. 395, (14.)), according as that 
cusp-edge turns its concavity (comp. XLI.) or its convexity, at the centre s of the 
osculating sphere, towards the point p of the given curve, that 1s, towards the 
point of osculation. 

(51.) Again, if we only take account of s*, the deviation of P, from the 
osculating circle at P has been seen to be a vector tangential to the osculating 
sphere, which may be thus expressed (comp. 397, IX., LII.), 


DORR ee 


if c, be the point on the circle, which is distant from the given point p by an 
are of that circle = s, with the same initial direction of motion, or of departure 
from p, represented by the common unit tangent +; the quantity of this 
sit 
60? 
(comp. 397, (9.), (10.)) from the osculating plane* at P, multiplied by the 
secant (r*R) of the inclination (P) of the radius (£2) of spherical curvature, to 
the radius (7) of absolute curvature, and positive when this /as¢t deviation has 


3 
deviation is therefore expressed by the scalar : that is, by the deviation — 


the direction of the dinormal v. 

(52.) On the other hand (comp. (5.)) the small angle, which the small are 
ss; of the cusp-edge (s) of the polar developable subtends at the point p, is 
ultimately expressed by the scalar, 


LXXXVI. .. sps, = (ps, - ps). R™ cot P = cei 


fe L, 


* Besides the nine expressions in 397, (42.) for the square r-? of the second curvature, the follow- 
ing may be remarked, as containing the Jaw of the regression of the projection of a curve of double 
curvature on its own normal plane: 

D ting to Oat 
1 Qs 


i . lim. —., 
KP PQ2° 


397, XCIX., (10.) 


K being still the centre of the osculating circle, and a1, a2, Q3 being still (as in 397, (10.)) the 
projections of a near point a (or P,), on the tangent, the absolute normal (or inward radius of curvature 
PK), and the binormal at vp. In fact, the principal terms of the three vector pryections corresponding, 
of the small chord pa (or PPs), are (comp. LYIII.): 


2 3 
§ s 
PQ1=8T; PQ2 = ($8"7’ =) of Ur’; pas= ($851! =) ee Up; 
. rr 


whence, ultimately. 
9 PQs? 


re emi ale r-’vUr7’ = 2. KP. 
2 PQ2 > 
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this angle being treated as positive, when the corresponding rotation* round 
+7 from ps to Ps; is positive: and if we multiply ¢his scalar, by that which has 
just been assigned (41.), as an expression for the deviation c,p; from the 
osculating circle, we get, by XXXV., the product, 

. Sh Pie hee —_— — 

DARA VEL s. Gyn ie = rie ae (SPs — SP). 

(53.) Combining then the recent results (50.), (51.), (52.), we arrive at 
the following Theorem: 

The deviation of a near point P, of a curve in space, from the osculating sphere 
at the given point P, 13 ultimately equal to the quarter of the deviation of the same 
near point from the osculating circle at Pp, multiplied by the sine of the small angle 
which the are sss, of the locus of centres of spherical curvature (s), or of the cusp- 
edge of the polar developable, subtends at the same point P; and this deviation 
(sP, — sp) from the sphere has an outward or an inward direction, according as the 
same are 88s 1s concave or convex towards the same given point. 

(54.) The vector of the centre s,, of the near osculating sphere at Ps, 1s (in 
the same order of approximation, comp. I.), 


LXXXVIII.. . os; =0,=0+4 so’ + $8’o” + 18'o’” + ssta” ; 


and although o — p is already a function (by 397, IX., &c.) of 7, 7’, 7”, so that 
” o introduce 


ttf 


o is (asin (2.) or (22.)) a function of 7’, 7”, 7”, and o”, o 
respectively the new derived vectors r'’, r¥, 7", or D,°p, Ds°p, Ds’e, which we 
are not at present employing (49.), yet we have seen, in (23.) and (24.), 
that some useful combinations of o’, and o” can be expressed without 7, 7°: 
and the following is another remarkable example of the same species of 
reduction, involving not only o” and o” but also o', but still admitting, like 
the former, of a simple geometrical interpretation. 
(05.) Remembering (comp. (22.), and 397, XV.) that 


LXXXIX. ...(¢— p)?+ #’?=0, and XC....8r'"(e-p)=r7*Sar?tar'r, 


and reducing the successive derivatives of LXXXIX. with the help of the 
equations 397, X1X., and of their derivatives, we are conducted easily to the 


* Uonsidered as a rotation, this small angle may be represented by the sail vector, rp-'R'R-'st ; 
and if the vector deviation LXXXV. from the osculating circle be multiplied dy this, the quarter of the 
product is (comp. XXXV.) the vector deviation from the osculating sphere, under the form, 


s(p- oc) FR 


24R rrp 


Art, 398. | DEVIATIONS FROM CIRCLE AND SPHERE. 135 


following system of equations, into which the derived vectors +, 7’, &c. do not 
expressly enter, but which involve o’, o”, o”, oY, and Rt’ R”’, kh’, RY: 


KOI... 80(o-p)+RR=0; XCIL..8o'o (c-p)=0; 
RCL. So"(o — p) +o? + (RR’ oa 
ROI Sofa oa a 


ove na Sa(c an p) au ASG’ o'”’ Ss 30 ip Clie Dee aan n ; 
rrp rT 
auxiliary equations being, 
XCVI...Se’r=0, Sor’ =0, So’r = 0, (comp. 395, X.) 
and XOV EL. oe oT a or’ == So’r” =e Srr” oat S (o cae p) re” 


=—9*(S§-1) =- art. 


(56.) But, if 2, denote the radius of the near sphere, and if we still neglect 
s°, we have, 


OO NET. y.. Py8¢2 = — (a, - ps = R? 
93 4 
= etd 2sRR’ a (RR’)’ + 3 Cy" Py 5 (Ee 


whence follows, by LXXXVIIL., and by the recent equations, this very simple 
expression, from which (comp. (24.)) everything depending on 7, r¥, r%! has 
disappeared, 

- RRs. 


DG Glare (a5 — p)? + fs a 12rxp ’ 


and which gives (within the same order of approximation, attending to 
XXXV.) the geometrical relation, 


ees ane St ns* —_ — 
eee PSs — pee s-p)-fi, = = = SP; — : 
e es (os — p) 24rrp =. 24rrR a 


or CO’. se SsP — SPs = SsP; — SP = ge ~ RF. 


(57.) This result might have been foreseen, from the following very simple 
consideration. When the coefficient S - 1 of non-sphericity (895, (16.)), or 
of the deviation of a curve from a sphere, is positive, so that a near point P, of 
the curve is exterior to (what we may call) the given sphere, which osculates to 
that curve at Pp, by an amount which is ultimately proportional to the fourth 
power of the are, s, of the curve, then the given point P must be, for the same 
reason, exterior to the near sphere, which osculates at the point p,; and the two 
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deviations, PS; — P;8, and SP; — sp, which have been found by calculation to be 
equal (C.), if s° be neglected, must in fact bear to each other an ultimate ratio 
of equality, because the two arcs, + s and — s, from P to Ps, and from P, back to 
p, are equally long, although oppositely directed; or because (+ s)* = (- s)*, 
And precisely the same reasoning applies, when the coefficient S - 1 is 
negative, so that the deviations, equated in the formula C., are both inwards. 

(58.) As regards the deviation (51.) of the near point p, of the curve from 
the osculating circle at P, we may generalize and render more exact the ex- 
pression LX XXV., by considering a point c; of that circle, which is distant 
by a circular are = t from the given point Pp; and of which the vector is, 
rigorously, by 396, (18.), 


Me! t 
Cl... og =we=ptrr sin - + 7°7’ vers ~ ; 
r r 


or if we only neglect ¢°, 


op 7 a eee: 
CII. 062 arm par (t= ga) er (5 aa) 
(59.) In this way we shall have (comp. (34.)) the vector deviation, 
CII. . . oe, = ps — we = Xr + Vor’ + Zrv, 
with the scalar coefficients, 


GLVi: X= a,-rsin®, Y=y,; — 1 vers i Z = 833 
or, neglecting s° and ?°, and attending to the expressions LVIII. and LVIIV’,, 


See 
X=s-ft eee 
Ney eee oe cee 
OO ae Q4r 249" x’ 
ess 
Grr * 2a | 
in which 7, 7” r, p, and n have the same significations as before. | 
(60.) Assuming then for the circular are t the value, 


ns 

COVE Les 
which differs (as we see) by only a quantity of the fourth order from the are s 
of the curve, we shall have, to the same order of approximation, the 


expressions, 


_ 4 
Ovi eo yey nS 


oe ae Z = 2; = &e., as before, 
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the deviation at Pp, from the circle being here measured in a direction parallel 
to the normal plane at Pp; and if s* be neglected (although the expressions 
enable us to take account of it), this deviation is also parallel (as before) to the 
tangent r (ao — p) to the osculating sphere in that plane: while it is represented 
in quantity by Rrs,, which agrees with the result in (51). 

(61.) The expressions CVII. give also, without neglecting s*, 


Eye Dae ns* 


CVI... sR 


such then is the component of the deviation from the osculating circle, which is 
parallel to the normal ps to the sphere at P ; and we see that it only differs in 
sign (because it is positive when its direction is that of the inward normal, or 
inward vadius Ps), from the expression XXXYV. (comp. C.), for the outward 
deviation 8p, — SP of the near point Ps, from the same osculating sphere at the 
given point P. 

(62.) This /atter component (61.) is small, even as compared with the 
Jormer small component (60.); and the small quotient, of the latter divided 
by the former, is ultimately (by LXXXVL.), 


a ne 


CIX... rZ—-pY 4R? 


= — ISPS, ; 


where the small angle sps, is positive or negative, according to the rule stated 
in (52.), and may be replaced by its sine, or by its tangent. 

(63.) Instead of cutting the given osculating circle, as in (60.), by a 
plane which is parallel to the given normal plane at P, we may propose to 
cut that circle by the near normal plane at Ps, or to satisfy this new condition, 


CX...0= Sz. (ps as Wt), OF OR BS XS8rr; Ae Ysrr'rs + ZS8rvrs 3 


which is easily found to give by CV. the values (s and ¢ being still supposed 
to be small, and s* being still neglected) : 


r’ st 
> rs 


CXI...t=s and wl. VY=h¢,, 2Z—€¢., asi CVI; 


rs 

247°” 
so that in passing to this new near point co of the circle, we only change 
X from zero to a small quantity of the fourth order, and make no change 
in the values of Y and Z. 
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(64.) The new deviation c;e; from the given circle may be decomposed 
into two partial deviations, in the near normal plane, of which one has the 
direction of the unit-tangent Rs rs(o5 — ps) to the near sphere at Ps, and the 
other has that of the wnit-normal R;"(os — ps) to the same sphere at the 
same point (or the opposites of these two directions); and the scalar 
coefficients of these two vector units, if we attend only to principal terms, 
are easily found to be, 


e rY+(pt+ns)Z _ ns* 
ho One eae R ~ SrrR 


(65.) We may then write: 


CXY... Deviation of near point Ps from given osculating circle, measured in the 


near normal plane to the curve at Ps, 


Rs°® ns 
= NOW C;Ps; = Ge Urs(os ps) 1 Srp U (8 ms Ps) } 


in which it may be observed, that the second scalar coefficient is equal to 
three times the scalar deviation sp; -—sP (XXXYV. or C.), of the near point 
Ps Of the curve, from the given osculating sphere (at P). 

(66.) But we may also interpret the new coefficient last mentioned, as 
representing a new deviation; namely, that of the point c; of the given cirele, 
JSrom the near osculating sphere at Ps, considered as positive when that new 
point c; is exterior to that near sphere; or as denoting the difference of 
distances ssCz—8sPs. We have therefore (comp. (56.)) this new geometrical 
relation, of an extremely simple kind: 


OXVI. . . 8,0; — 8:P; = 3(SPs — SP} = 3(8,P — SsPs); 
or ee ae 
OXVI:= - 5, = 38,P = 2apr,. 


(67.) Supposing, then, at first, that the coefficient of non-sphericity S - 1 
is positive (comp. 395, (16.)), if we conceive a point to move backwards, upon 
the curve, from p, to p, and then forwards, upon the circle which osculates 
at P, to the new point c; (63.), we see that it will first attain (at P) a position 
exterior to the sphere which osculates at Ps, or will have an amount, determined 
in (56.), of outward deviation, with respect to that near osculating sphere; and 
that it will afterwards attain (at the new point c;) a deviation of the same 
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character (namely outwards, if S>1), from the same near sphere, but one of 
which the amount will be threefold the former: this last redation holding 
also when S <1, or when both deviations are inwards. . 

(68.) It is easy also to infer from (65.), (comp. (57.)), that if we go 
back from Ps, on the near circle which osculates at that near point, through an 
are (t) of that circle, which will only differ by a small quantity of the fourth 
order (comp. (60.)) from the are (s) of the curve, so as to arrive at a point, 
which for the moment we shall simply denote by c, and in which (as well 
as in another point of section, not necessary here to be considered) the near 
osculating circle is cut by the given normal plane at p, the vector deviation of 
this new point c of the new circle, from the given point P of the curve, must 
be, nearly : 


CxVil reese 
6r*r 


the coefficients being formed from those of the formula CXYV., by first 
changing s to —s, and then changing the signs of the results: while the 
relation CX VI. or CX VI’. takes now the form, 


CXVIII. .. sc - sp = 3(spP, - sp), or OXVIII’...sc = dsp, - dsp. 


(69.) Accordingly if, after going from P to P; along the curve, we go 
forward or backward, through any positive or negative arc, t, of the circle, 
which osculates at that point P,, we shall arrive at a point which we may 
here denote by c,;,;; and the vector (comp. again 396, (18.)) of this near 
point (more general than any of those hitherto considered) will be rigorously, 


ia 3 , t 
CATXK SS Ws, = OCG — Os + fate Bun 5 + rer’, Vers - 
And if we develop this new expression to the accuracy of the fourth order 
inclusive, we find that we satisfy the new condition (comp. (63.)), 


r’st 


CXX. es Sr (sy ¢ = p) = 0, when OXXI. ..t=-—8- 94,8 ; 


and that then the expression CXIX. agrees with CX VII., within the order 
of approximation here considered. 
(70.) A geometrical connexion can be shown to exist, between the two 
equivalents which have been found above, one for the quadruple (LXXXVII., 
T2 
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comp. (53.)), and the other for the triple (CX VIII.), of the deviation sp, — sP 
of a near point p, of the curve, from the sphere which osculates at the given 
point P: in such a manner that if either of those two expressions be regarded 
as known, the other can be inferred from it. 

(71.) In fact if we draw, in the normal plane, perpendiculars pp and PE 
to the lines ps and ps,, and determine points p and & upon them by drawing 
a parallel to ps through the point c of (68.), letting fall also a perpendicular 
CF on Ps, the ¢wo small lines PD and pe will ultimately represent the two terms 
or components CX VII. of pc; and the small angle prc will ultimately be 
equal to three quarters of the small angle sps,, and will correspond to the 
same direction of rotation round r, because 


Des urae 3 a's 
CXXIT pp ¢ R? a ese ) 
or s 
CXXITI. .. ppc = 3sps, = 2DPE ; oy, 
E 
so that we shall have the ultimate ratios (comp. the y 
annexed fig. 83*) : 7 < oe 
Fig. 83. 


OXXIV... ve: pe: cz (or rp) = 3:4: 1. 


But the line cr is ultimately the ¢race, on the given normal plane, of the 
tangent plane at c to the near osculating sphere; the small line FP (or cz). 
represents therefore the deviation s,e — s,P, of the given point Pp from that 
near sphere, or the equa/ deviation (57.), sP;— SP; its ultimate quadruple, 
bE, represents the product mentioned in (52.); and the ultimate ¢rip/e, pe, 
of the same small line cr, is a geometrical representation of that other 
deviation sc —- sp, which has been more recently considered. 

(72.) When the two scalars, s and ¢, are supposed capable of receiving 
any values, the point cs,; in (69.) may be any point of the Locus (8.) of the 
Osculating Circle to the given curve of double curvature ; and if we seek 
the direction of the normal to this superficial /ocus, at this point, on the 
plan of Art. 872, writing first the equation of the surface under the 


* In figs. 81, 82, the little arc near s is to be conceived as terminating there, or as being a 
preceding are of the curve which is the locus of s, if 7’, r, m, and therefore also y and 7, be 
positive (comp. the second Note to page 107). In the new figure 83, the triangle ppE is to be 
conceived as being in fact much smaller than Pxs, though magnified to exhibit angular and other 
relations. 
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slightly simplified, but equally rigorous form, 


CXXYV. . . ws u = ps + Mets SID U + 1s’r’s VEFS U1, 
with 
CXXVI. ~-UuU= Tet = PsK5Cs, ty 


so that wu is here a new scalar variable, representing the angle subtended at 
the centre Ks, of the osculating circle at P,, by the are, t, of that circle, we 
are led, after a few reductions, to the expression, 


CXOV IL 2 NV Dtisar ras a= Patan (eis — os) VOLS S 


which proves, by quaternions, what was to be expected from geometrical* 
considerations, that the locus of the osculating circle is also (as stated in (8.) 
and (22.)) the Envelope of the Osculating Sphere. 

(73.) The norma/ to this Jocus, at any proposed point c,,; of any one 
osculating circle, is thus the radius of the sphere to which that circle belongs, 
or which has the same point of osculation P, with the given curve, whether 
the arc (s) of that curve, and the are (¢) of the circle, be small or large. We 
must therefore consider the tangent plane to the locus, at the given point P of 
the curve, as coinciding with the tangent plane to the osculating sphere at that 
point; and in fact, while this latter plane (1 Ps) contains the tangent r to 
the curve, which is at the same time a tangent to the /ocus, it contains also 
the tangent r(o — p) to the sphere, which is by CXVII. another tangent to 
the locus, as being the tangent at Pp to the section of that surface, which is 
made by the normal plane to the curve. 

(74.) But when we come to examine, with the help of the same equation 
CXVII., what is the daw of the deviation pc (comp. fig. 83) of that normal 
section of the docus, considered as a new curve (c), from its own tangent PD, we 
find that this daw is ultimately expressed (comp. (71.)) by the formula, 


pe 81 n*r*r(a — p) 
Bp? 32 3 is 


COX ETS 


= const, % 


hence nc varies ultimately as the power of PD, which has the fraction 4 for its 
exponent ; the dimit of Pp’: De is therefore nu//, and the curvature of the 
section is infinite at P. 


* In the language of infinitesimals, two consecutive osculating spheres, to any curve in space, 
intersect each other in an osculating circle to that curve. 
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(75.) It follows that this point P is a singular point of the curve (c), in 
which the /ocus (8.) is cut (73.), by the normal plane to the given curve at 
that point; but it is not a cusp on that section, because the tangential 
component pp of the vector chord Pc is ultimately proportional to an odd 
power (namely to the cube, by CXVII., comp. (71.)) of the scalar variabk, 
s, and therefore has its direction reversed, when that variable changes sign: 
whereas the normal component pc of the same chord pc is proportional to 
an even power (namely the fourth, by the same equation CXVII.) of the 
same arc, s, of the given curve, and therefore retains its direction unchanged, 
when we pass from a near point Ps, on one side of the given point Pp, to a 
near point p_,; on the other side of it. 

(76.) To illustrate this by a contrasted case, let a be the point in 
which the tangent to the given curve at p,; is cut by the normal plane at 
pP; or a point of the section, by that plane, of the developable surface of 
tangents. We shall then have the sufficiently approximate expressions, 


S y Sli a 
OXXIX, .. ro =p,-p-(#4 : Ju aah - GE -- va - 2a, 


with the significations 397, (10.) of a, and a;; hence the point p of the curve 
is (as is well known) a cusp of the section (a) of the developable surface of 
tangents (comp. 397, (15.)), because the tangential component (— Pa,) of the 
vector chord (PG) has here a fixed direction, namely that of the outward radius 
(xp prolonged) of the circle of curvature at Pp: while it is now the normal 
component (— 2PQ;) which changes direction, when the arc s of the curve changes 
sign. At the same time we see* that the equation of this /ast section (G) may 
ultimately be thus expressed : 


(—2PQ;)?  8PK 


CX = —— 
(—Pa,)*  9r’ 


= const. ; 


comparing which with the equation CXXVIII., we see that although, in 
each case, the curvature of the section is infinite, at the point P of the curve, 
yet the normal component (or coordinate) varies (ultimately) as the power 
3 of the ¢angential component, for the section (e) of the Surface of Tangents : 
whereas the former component varies by (74.) as the power 4 of the latter, 
for the corresponding section (c) of the Locus of the Osculating Circle. 


* Compare the Note to page 133. 
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(77.) It follows also that the curve (P) itself, although it is not a cusp-edge 
of the last-mentioned Jocus (8.), while it is such on the surface of tangents, is 
yet a Singular Line upon that locus likewise: the nature and origin of which 
line will perhaps be seen more clearly, by reverting to the view (8.), (22.), 
(72.), according to which that Locus of a Circle is at the same time the 
Envelope of a Sphere. 

(78.) In general, if we suppose that o and R# are any two real functions, 
of the vector and scalar kinds, of any one real and scalar variable, t, and that 
o, R’, and o”, R”, &. denote their successive derivatives, taken with respect 
to it, then o may be conceived to be the variable vector of a point s of a curve 
in space, and R to be the variable radius of a sphere, which has its centre at 
that point s, but a/ters generally its magnitude, at the same time that it alters 
its position, by the motion of its centre along the curve (s). 

(79.) Passing from one such sphere, with centre s and radius R, con- 
sidered as given, and represented by the scalar equation,* 


(o- p+ = 0, LXXXTX. 


in which p is now conceived to be the vector of a variable point P upon its 
surface, to a near sphere of the same system, for which o, s, and £ are replaced 


by o:, s;, and R;, where ¢ is supposed to be small, we easily infer (comp. 386, 
(4.)) that the equation, 


So'(o a p) + RR = 0, CL. 


which is formed from LXXXIX. by once derivating o and R with respect 
to ¢, but treating p as constant, represents the rea/ plane (comp. 282, (12.)) 
of the (real or imaginary) circle, which is the ultimate intersection of the near 
sphere with the given one; the radius of this circle, which we shall call r, 
being found by the following formula, 


COGENT io = ee) Or ORR lo t= blot ne 
and being therefore real when 


OXON i eet a2 <0, or CX Re ees 


* This equation, and a few others which we shall require, occurred before in this series, but in a 
connexion so different, that it appears convenient to repeat them here. 
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while the centre, say K, of the circle is always real, and its vector is, 
CXL = . 6 OG — k= Ot RR oo : 


and the plane XCI. of the same circle is parallel to the normal plane of the 
curve (s). 

(80.) With the condition CXXXII., the two scalar equations, LXXXIX. 
and XCI., represent then jointly a real circle; and the /ocus of all such circles 
(comp. 386, (6.)) is easily proved to be also the envelope of all the spheres, 
of which one is represented by the equation LXXXIX. alone; each such 
sphere touching this locus, in the whole extent of the corresponding circle of 
the system. 

(81.) The plane XCI., considered as varying with ¢, has a developable 
surface for its envelope; and the real right line, or generatrix, along which 
one touches the other, is represented (comp. again 386, (6.)) by the system 
of the two scalar equations, XCI. and 


So’(o - p) + 06° + (RR’Y = 0, NCTE: 


where p is now the variable vector of the line of contact, although it has been 
treated as constant (comp. 386, (4.)), in the process by which we are here 
conceived to pass, by a second derivation, from LXXXIX. through XCI. 
to XCIIT. 

(82.) This real right line (81.) meets generally the sphere, and also the 
circle (as being in its plane), in ¢wo (real or imaginary) points, say Pi, P.; 
and the curvilinear locus of all such points forms generally a species of singular — 
line,* upon the superficial locus (or envelope) recently considered (80.); or 
rather it forms in general two branches (real or imaginary) of such a line: 
which generally two-branched line (or curve) is the (real or imaginary) envelope 
(comp. 3886, (8.)), of all the circles of the system. 


* Called by Monge an aréte de rebroussement, except in the case to which we shall next proceed, 
when its two branches coincide. The envelope (80.) of a varying sphere has been considered in two 
distinct Sections, § XXII. and § XXVI., of the Application de T Analyse a la Géométrie; but the 
author of that great work does not appear to have perceived the interpretation which will soon be 
pointed out, of the condition of such coincidence. Meantime it may be mentioned, in passing, that 
quaternions are found to confirm the geometrical result, that when the two branches (P1) (P2) are 
distinct, then each is a cusp-edge of the surface; but that when they are coincident, the singular line 
(p) in which they merge has then a different character, 
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(83.) The equation 
ao (o—-p) =0, ACH, 


which now represents (comp. 376, V.) the osculating plane to the curve (s), 
shows that this plane through the centre s of the sphere is perpendicular to the 
right line (81.), and consequently contains the perpendicular let fall from that 
centre on that line: the foot P of this last perpendicular is therefore found by 
combining the ¢hree linear and scalar equations, XOI., XCII., XCTII., and 
its vector is, 

nie go + RR’s” 


(TN 4 ’ 
femmes 


ORE KE ore 


if 
CXXXIV...g=- 0% - R”® - RR” = To” - (RRB’)’. 


(84.) The condition of contact of the right line (81.) with the sphere (78.), 
or with the circle (79.), or the condition of contact between two consecutive* 
circles of the system (80.), or finally the condition of coincidence of the two 
branches (82.) of that singular line upon the surface which is touched by all 
those circles, is at the same time the condition of coexistence of the four scalar 
equations, LXXXIX., XCI., XCII., XCIII.; it is therefore expressed by 
the equation (comp. CXXXIII.), 


OXX XV. « Voa =e + hia): 
which may also be thus written,t 


CXXXVI... (RS8So’c” — R’g)? = (R” + 0”) (R’o” + 9’), 
or thus, 
CXXXVIT... R?(R? + 0”) (Vo'a”)? = (go? + RRS’); 


the scalar variable t (78.), with respect to which the derivations are performed, 


* Compare the second Note to page 115. 


ft In page 372 of Liouville’s Edition already cited, or in page 325 of the Fourth Edition (Paris, 
1809), of the Application de I’ Analyse, &c., it will be found that this condition is assigned by Monge, 
as that of the evanescence of a certain radical, under the form (an accidentally omitted exponent of 
nm’ in the second part of the first member being here restored) : 


Spe age kA Milt Net ose Rad olin, (Mi A Bal Be ad Neath | 
in which he writes, for abridgment, 
=1-9?—y? — 7, 
and », ~, m are the three rectangular coordinates of the centre of a moving sphere, considered as 
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remaining still entirely arbitrary, but the point p, which is determined by the 
formula CXXXIII., being now situated on both the sphere and the circle: 
and its curvilinear locus, which we may call the curve (P), being now the 
singular line itself, in its reduced and one-branched state. And the last form 
CXXXVII. shows, what was to be expected from geometry, that when this 
condition of coincidence is satisfied, the earlier condition of reality CX XXII. is 
satisfied also: together with this other inequality, 


CORY Tw do eg 0, 


which then results from the form CX XX VI. 
(85.) The equations CXXXI., CXXXIV., and the general formula 389, 
IV., give the expressions, 
rr’ A go” + RR’So’o”’ 


a , paca ay 
OXKXIK... 75-7 ="; OXL... nt =t SE; 


where » is still the radius of the circle of contact of the sphere with its 
envelope, and r, is the radius of curvature of the locus of the centre s of 
the same variable sphere; whence it is easy to infer, that the condition 
CXXXV. may be reduced to the following very simple form (comp. 
XXXVI’. and XLII.) : 


Oe. i er ss WOT ae eC ee ee 


the independent variable being still arbitrary. 
(86.) If the are of the curve (s) be taken as that variable ¢, the form 
CXXXVI. of the same condition is easily reduced to the following, 


CXLII... RF? =(RR)+ gr, with CXLII...g=1-(RR)Y’; 


derivating then, and dividing by 2g, we have this new differential equation, 


functions of its radius a. Accordingly, if we change R to a, and ¢ to id + jp + Am, supposing also 
that R’= a’=1, and Rk” =a’ =0, whereby g is changed to —h®, and R’? + 0” to h’, in the condition 
CXXXVI., that condition takes, by the rules of quaternions, the exact form of the equation cited in 
this Note: which, for the sake of reference, we shall call, for the present, the Hguation of Monge, 
although it does not appear to have been either interpreted or integrated by that illustrious author. 
Indeed, if Monge had not hastened over this case of coincident branches, on which he seems to have 
designed to retwrn in a subsequent Memoir (unhappily not written, or not published), he would 
scarcely have chosen such a symbol as 4? (instead of — h?), to denote a quantity which is essentially 
negative, whenever (as here) the envelope of the sphere is real. 
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which is of linear form with respect to RR’, whereas the condition itself may be 
considered as a differential equation of the second degree, as well as of the 
second order,* 


CXLIV...RR =nign); or CXLY... ru’ + nn’ —1)+u=9, 
if 
CXLVI...w=RR’ = RD,R, and therefore CXLVII...v= FR -?r’, 


by CXXXI. or CXXXI’., because we have now, 
OXLVIII...o%=-1, or To’ =1, or dé=Tde: 


so that the new scalar variable, RR’, or u, with respect to which the /inear 
equation CXLIV. or CXLY. is only of the second order, represents the 
perpendicular heightt of the centre s of the sphere, above the plane of the 
circle, considered as a function of the are (t) of the curve (s), and as positive 
when the radius & of the sphere increases, for positive motion along that curve, 
or for an increasing value of its are. 

(87.) If the curve (s) be given, or even if we only know the /aw according 
to which its radius of curvature (71) depends on its are (¢), the coefficients of 
the linear equation CXLY. are known; and if we succeed in integrating that 
equation, so as to find an expression for the perpendicular u as a function of 
that arc t, we shall then be able to express also, as functions of the same are, 
the radii R and r of the sphere and circle, by the formule, 


CXLIX...+r=gne=rn(l1-w’), and CL... M=2fudt=v/’+r71-e)’; 


the third scalar constant, which the integral 2{ud¢ would otherwise introduce 
into the expression for R’, being in this manner determined, by means of the 
other two, which arise from the integration of the equation above mentioned. 
(88.) For example, it may happen that the locus of the centre s of the 
sphere has a constant curvature, or that 7, = const. ; and then the complete 
integral of the linear equation CXLYV. is at once seen to be of the form, 


CLI. ..u=asin (r,t + 5), 


* We shall soon assign the complete integral of the differential equation in quaternions (84.), and 
also that of the corresponding Eguation of Monge, cited in the preceding Note. 

t It will be found that this new scalar uw, if we abstract from sign, corresponds precisely to the p 
of earlier sub-articles, although presenting itself in a differential connexion: for the sphere (78.), and 
the circle (79.), under the condition (84.), will soon be shown to be the osculating sphere and circle to 


the recent curve (Pp), or to the singular line (84.) upon the surface at present considered, that is, on 
the locus or envelope (80.). 


U 2 
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a and 6 being two arbitrary (but scalar) constants; after which we may write, 


by (87.), 
CLII...+r=7, -4@ 008 (rit + 8) ; 


CLIT... BR? =r) — ar, cos (rit + 6) + a’; 


so that, in this case, both the radii, r and R, of circle and sphere, are periodical 
functions of the arc of the curve (s). 

(89.) In general, if that curve (s) be completely given, so that the vector o 
is a known function of a scalar variable, and if an expression have been found 
(or given) for the scalar R which satisfies any one of the forms of the condition 
(84.), we can then determine a/so the vector p, by the formula CXXXIII., as 
a function of the same variable; and so can assign the point Pp of the singular 
line (84.), which corresponds to any given position of the centre s of the sphere. 
For this purpose we have, when the arc of the curve (s) is taken, as in (86.), 
for the independent variable ¢, the formula, 


CLIV...p=a-Uo’ - (L-w)o =m - uo’ - ru'o”, 


if x, be the vector of the centre, say K, of the osculating circle at s to that given 
curve, so that (comp. 389, XI.) it has the value, 


OLV...0Kj=K=c0-a '=a+7ro, with CLV...¢07+7,;*=0. 


If then we denote by » the distance of the point Pp from this centre Ki, and 
attend to the linear equation CXLYV., we see that 


CLVI...v=x,P = Tip - m) =f (wv + ru”), 
and 
CLVI’... vv =nr/u/, with To’ =1; 
or more generally, 
: CLVII. .. o's! = mr/v, 
i 
COLVIN pou =i s7.. and ObLVile 237 ido, 
while 
CHV... be 49 


so that s, denotes the arc of the curve (s), when the independent variable ¢ is 
again left arbitrary. This distance, v, is therefore constant (= a) in the case 
(88.), namely when the radius of curvature r, of that curve is tése/f a constant 
quantity. 
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(90.) When s, = To’ = 1, as in CXLVIII., the part o — wo’ of the first 
expression CLIV. for p becomes = x, by CKXXI”. and CXLVL.; attending 
then to CLY., we have the scalar quotient, 


CLVITe esa 


Gira Ky 


whence generally, 


pe aie “)-1-(5) (F 
cane oe -1-5( 7) =I (5) z) 


8} 


the independent variable ¢ being again arbitrary. Accordingly, if we 
combine the general expression CXXXIII. for p, with the expression 
CXXXI”. for x, and with the following for «, (comp. 389, IV.), 


4 
ao? 


CLIX. ..«=0+ =, for an arbitrary scalar variable, 


Veto" 
we easily deduce this new form of the scalar quotient, 


K 


OH We ee wee ae = 1 + (Gh Laie RR'80""'6”) a" ; 


oe 


1 


A 


which agrees with CLVIII’., because - o” = s;”, and § tia ~ 
oO 


$1 

(91.) It has then been fully shown, how to determine the vector p as a 
function of the scalar t, when o and F are two known functions of that variable, 
which satisfy any one of the forms of the condition (84.). It must then be 
possible to determine also the derived vectors, p’, p’, &c., as functions of the 
same variable; and accordingly this can be done, by derivating any three of 
the four scalar equations, LXXXIX. XCI. XCII. XCIIL., of which that 
condition (84.) expresses the coexistence. Now if we derivate a first time 
the two first of these, and then reduce by the second and fourth, we get 
the equations, 


(3) 5. Char Sp’(o a p) = 0, Sp’o’ = 0, whence OLX’... p | Vo'(c “a p) ; 


and although this last formula only determines the direction of the tangent to 
the singular line at P, namely that of the common tangent at that point to two 
consecutive circles (84.), yet it enables us to infer, by the remaining equation 


XCIL., that 
COX fe) ai Wao ane Oust. cco 0. 
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reducing by which the derivative of XCIII., we find, 
So’”’(o — p) + 880’o” + (RR’)” = 0, XCLYV., 


the scalar variable being still arbitrary. And conversely, the system* of the 
four equations LXXXIX. XCI. XCIII. XCIV. gives the three equations 
CLX. CLXI’., and so conducts to the equation XCII., and thence to the 
condition (84.); unless we suppose that p ts a constant vector a, or that the 
variable sphere passes through a fixed point A, a case which we do not here 
consider, because in it the singular /ine (P) would reduce itself to that 
one point. 

(92.) Derivating the two equations CLX., and reducing with the help 
of CLXI’., we find these new equations, 


01 Ib. 65 Inge Sp’ (o me p) 2 pe =U, 2 9 0 .— We 
whence 
CLXIII. .. Sp’(o — p) — 88p’p” = 0. 


We are led then, by elimination of the derivatives of o, to the system of the 
three equations 395, VII.; and we conclude, that the point s ts the centre, and 
the radius k ts the radius, of the osculating spheret to the singular line (P): 
whence it is easy to infer also, that the plane of contact (79.) of the sphere 
with its envelope is the osculating plane, and that the circle of contact (80.) is 
the osculating circle (comp. (72.)), to the same curve (P), at the point where 
two consecutive circles touch one another (84.). 

(93.) In general, and even without the condition (84.), the tangent to a 
branch (82.) of the curvilinear envelope of the circles of the system, at any 
point p, of that branch, has the direction represented by the vector Vo'(o— p1), 
of the tangent to the circle at that point; but when that condition is satisfied, 


* In the language of infinitesimals, this system of equations expresses that four consecutive spheres 
ntersect, in one common point Pp. When that point happens to be a jixed one, the condition (84.) 
requires that we should have the relation So’s"(¢ — a) =0; or geometrically, that the curve (s) 
should be in a plane through a fixed point, which is then a singular point of the envelope. 


t+ In the language of infinitesimals (comp. the preceding Note), if every four consecutive spheres 
of a system intersect in one point of a curve, then each sphere passes through four consecutive points of 
that curve. Simple as this geometrical reasoning is, the writer is not aware that it has been 
anticipated ; and indeed he is at present led to suppose that this whole theory, of the Locus of the 
Osculating Circle, as the Envelope of the Osculating Sphere, is new. Monge had however considered, 
but rejected (page 374 of Liouville’s Edition), the case of a system of circles having each a simple 
contact with a curve in space. 


Art. 398. | ENVELOPE OF OSCULATING SPHERE. 151 


so that the two branches of the singular line coincide, the point P of that line is 
in the osculating plane (83.) to the curve (8): and then the equation XOII. 
shows that the tangent p’, or Vo'(o — p), to the Zine, is perpendicular to o”, or 
parallel to Vo'o” (comp. CLXI.), and therefore that the singular line crosses 
that plane at right angles. 

(94.) It follows that, with the condition (84.), the singular line (p) is an 
orthogonal trajectory to the system of osculating planes to the curve (s); and 
whereas, when this last curve is given, there ought to be one such trajectory 
for every point of a given osculating plane, this circumstance is analytically 
represented, in our recent calculations, by the diordinal form of the differential 
equation OXLYV., of which the complete integral must be conceived (87.) to 
involve generally, as in the case (88.), two arbitrary constants. 

(95.) It follows also that, with the same condition of coincidence of 
branches, the singular line (Pp) must have the curve (s) for the cusp-edge of 
its polar developable; or that the sphere, with s for centre, and with R for 
radius, must be the osculating sphere to the curve (P), as otherwise found 
by calculation in (92.): while the circle (80.) must be, as before, the osculating 
circle to that curve. 

(96.) Accordingly, al/ equations, and inequalities, which have been stated 
in the recent sub-articles (79.), &c., respecting the envelope of a moving 
sphere with variable radius, under that condition (84.), and without any 
special selection of the independent variable, admit of being verified, by 
means of the earlier formule for the osculating circle and sphere to a 
curve (Pp) treated as a given one, when the arc (s) of that curve is taken 
as such a variable. 

(97.) For example, we had lately the two inequalities, R® + 6 < 0, 
CXXXIT., and Ro” +9? <0, CXXXVIII. And accordingly the earlier 
sub-articles (22.), (23.) give, for those two combinations, the essentially 
negative values, 


CLXTV...R%+0%=s-p'R?;  OLXV... Ro’? + 9? =- ((nr)’)’; 
in obtaining which last, the following transformations have been employed 
OLXVI. .. 6 =-n? - nr : CLXVII...g=-7n’p+nrr’. 


(98.) As regards the verification of the equations, it may be sufficient 
to give one example; and we shall take for it the dast general form CLVII 
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of the differential equation of condition (84.). For this purpose we may 
now write, by (22.) and (23.), 


OLXVIII...s/=in, w=+p, Wty, nufsfl=p rn =p: 
and have only to observe that 
OLXIX...4(p?+ pr’) =p'r(r+p’r)’, because p =r'r. 


(99.) If we denote by c, ¢, ¢ the first members of the equations XCI., 
XOIII., XCIV., then besides the equation LXXXIX., which may be 
regarded as a mere definition of the radius 2, we have ¢, = 0 for the whole 
of the superficial locus or envelope (80.); but we have not also c, = 0, except 
for a point on one or other of the ¢wo (generally distinct) branches of the 
singular line (82.) upon that locus. And if, at any other and ordinary point, 
we cut the surface by a plane perpendicular to the circle at that point, we 
find, by a process of the same kind as some which have been already 
employed, expressions for the tangential and normal components of the vector 
chord, whereof the principal terms involve the scalar ¢, as a factor, while the 
latter varies (ultimately) as the square of the former, so that the curvature 
of the section is finite and known, but tends to become infinite when ec, tends 
to sero. 

(100.) If the condition of coincidence (84.) be not satisfied, so that the two 
branches of the singular line (82.) remain distincf, and that thus c, = 0, but 
not cs= 0 (comp. (91.)), for any ordinary point on one of those two branches, 
then if we cut the surface at that point by a plane perpendicular to the branch, 
or to the circle which touches it there, we find an ultimate expression for the 
vector chord which involves the scalar c; as a factor, and of which the normal 
component varies as the sesquiplicate power of the tangential one: so that we 
have here the case of a semicubical cusp, and each branch of the singular line is 
a cusp-edge* of the surface, exactly in the same known sense (comp. (76.)) as 
that in which a curve of double curvature is generally such, on the developable 
locus of its tangents. 

(101.) But when the condition (84.) ¢s satisfied, so that the two branches 
coincide, and that thus (comp. again (91.)) we have at once the three equations, 


Clk. 6, =, 6, = 0, é, = 0, 


then the terms, which were lately the principal ones (100.), disappear: and a 


* Compare the Note to page 144, 
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new expression arises, for the vector chord of a section of the surface, made 
by a plane perpendicular to the singular line, which (when we take ¢=s, as 
n (96.)) is found to admit of being identified with the formula CXVIL., 
and of course conducts to precisely the same system of consequences; the 
tangential component now varying ultimately as the cube, and the normal 
component as the fourth power of a small variable, so that the cuspidal 
property of the point P of the section no longer exists, although the curvature 
at that point is still enfinite, as in (74.): and the Singular Line, reduced now 
to a single branch, to which all the circles of the system osculate, (92.), (95.), 
is not a cusp-edge of the Surface, as had been otherwise found before (77.), 
but a line of a different character,* which may thus be regarded, with 
reference to a more general Envelope (80.), as the result of a Fusion (84.) 
of Two Cusp-Edges. 

(102.) The condition of such fusion (or coincidence) has been seen (84.) 


to be expressible by the differential equation of the second order, and second 
degree, 


(RSo’o” — R’g)? = (R? + 6”) (R’o’” + 9’), CXXXVI. 
with 
g=-o0°-(RR’)’, CXXXIV. 


and with the independent variable arbitrary. And we are now prepared 
to assign the complete general integrait of this differential equation ; namely 


the system of the two following equations (comp. 395, (7.) and (14.)), of the 
vector and scalar kinds, 


Ge eee got z rk aid Clix ke 
pp. 


R=T(o-p); 


in which p is an arbitrary vector function of any scalar variable, t, and which 
express, when geometrically interpreted, that o is the variable vector of the 


* Compare the Note to page 144. Monge (in page 372 of Liouville’s Edition) has the remark, 
that (when a certain radical vanishes) ‘‘les deux branches de la courbe touchée par toutes les 
caractéristiques se confondent en une seule: et cette courbe, sans cesser d’étre une ligne 
singuliére de la surface, n’est plus une aréte de rebroussement, elle est une ligne de striction.’’ 
The propriety of this last mame, ‘‘line of striction,’? appears to the present writer question- 
able: although he has confirmed, as above, by calculations with quaternions, the result that, 
in the case referred to, the singular line is not a cusp-edge. Monge does not seem to have 
perceived that, in the same case of fusion, the curved line in question is not merely ¢ouched, but 
osculated, by all the circles of the system. 

t+ Compare the first Note to page 147. We say here, general integral, because a less general 
one, although involving one arbitrary function (of the scalar kind), will soon be pointed out. 
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centre s, and that & is the variable radius, of the osculating sphere, to an 
arbitrary curve (p), of which the variable vector of a point. P is p. 

(103.) In fact, if we met the cited equation of condition CXXXVI., g 
representing therein the expression CXXXIYV., without any previous know- 
ledge of its meaning or origin, we might first, by the rules of quaternions, 
and as a mere affair of calculation, transform it to the equation CXXXYV.; 
which would evidently allow the assumption of the formula CXXXIIL, 
p being treated as an auwiliary vector, which satisfies (in virtue of the 
supposed condition) the system of the four sealar equations, LXXXIX., 
XCI., XCII., XCIII.; whence derivating and combining, as in (91.) and 
(92.), we are led to a new system* of four scalar equations, whereof one 
is again the equation LXXXIX., and may be written under the form 
CLXXITI.; while the three others are those formerly numbered as 399, 
VII., and conduct (except in a particular case which we shall presently 
consider) to the vector expression CLXXI., which conversely is sufficient to 
represent them, all derivatives of « and of R being thus eliminated. 


* The ZLguation of Monge (comp. the second Note to page 145) may be considered as the 
condition of coexistence of the four following equations, in which ¢, y, m are supposed to be 
functions of a, and to be differentiated or derivated as such: 


(1)... (e— 9)? +(y-WP + (e-7)? = @; 

(2)... (e— g)¢' + (y- WW + (¢-a)r' +a = 0; 

(3)... (@— 9)0" + (y— WW" + (2 — m)n" + 1-2 - yp? — 2? = 0; 

(4)... (@— 9) (a — wp") + (y —W) (nb — o'n") + (@ — 2) (P'W - V9") = 0; 


whereof the first three have been employed by Monge himself, but the fourth does not seem to have 
been perceived by him, the condition of evanescence of a radical having been used in its stead. And 
by a translation of quaternion results, above deduced, into the usual language of analysis, it is found 
that the complete and general integral, of the non-linear differential equation of the second order, which 
is obtained by the elimination of z, y, 2 between these four, is expressed by a new system of four 
equations, the equation (1) being one of them; and the three others, in which a, y, ¢ are now treated 
as arbitrary functions of a, and are derivated as such, being the following: 


(5)... (e@— @)2" + (y¥—wW)y' + (eg—-x)2’ = 0; 
(6)... (@— p)a" + (y — Wy" + (2— ae" + ao? ty? +22 = 0; 
(7). + 6 (@— G)a" + (y ~ Wy” + (@ — ma” + 8 (a'a” + y'y” + 2") = 0. 


By treating a as a function of some other independent variable, ¢, the terms + @ and + 1, in (2) and 
(3), come to be replaced by + aa’ and + aa’’+ a” ; and the slightly more general form, which Monge’s 
Equation thus assumes, has still its complete general integral assigned by the system (1) (5) (6) (7), 
if x, y, 2 (as well as a) be now regarded as arbitrary functions of the new variable t, in the place of 
which it is permitted (for instance) to take 2, and so to write 2 =1, «#'’=0: only two arbitrary 
Junctions thus entering, in the last analysis, into the general solution, as was to be expected from the 
form of the equation. 
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(104.) The case just now alluded to, in which the general integral (102.) 
is replaced by a Jess general form, is the case (91.) when the variable sphere 
passes through a fixed point a, to which point, in that case, the singular line 


reduces itself. And the integral equations,* which then replace CLXXI. 
and CLXXII. may be thus written : 


CLXXITI...c=a+tB+uy, with u= Fé), 
and 


OLXXIV... R= T(tB + uy); 


the second scalar coefficient, u, being here an arbitrary function of the first 
scalar coefficient, or of the independent variable ¢, and a, 3, y being three 
arbitrary but constant vectors: so that the curve (s) is now obliged to he én 
some one planet through the fived point a, but remains in other respects 
arbitrary. Accordingly it will be found that this dast integral system, 
although /ess general than the former system (102.), and not properly 
included in it, satisfies the differential equation CXXXVI.; whereof the 
two members acquire, by the substitutions indicated, this common value, 


CLXXV... (RSo'e” — R’g)" = &e. = RF (tu — u)*u?(VBy)*. 


(105.) Other problems might be proposed and resolved, with the help 
of formule} already given, respecting the properties or affections of curves 


* The particular integral corresponding, of the Equation of Monge, is expressed by the following 
system : 
p=atett+lu, pH=b+ft+mu, wm=cet+gt+nu, 


(e¢ + lu)? + ( ft + mu)? + (gt + nu)? = a; 


abcefginn being nine arbitrary constants, while t and u are two functions of a, whereof one is arbitrary, 
but the other is algebraically deduced from it, by means of the fourth equation. The writer is not 
aware that either of these integrals has been assigned before. 

ft Compare the first Note to page 150. 


t~ We might for example employ the formula VI. for x’, in conjunction with one of the 

expressions 397, XCI. for x’, to determine, by the general formula 389, IV., the vector (say &) 

of the centre of curvature of the curve (x), and therefore also the radius of curvature of that curve, 

which is the locus of the centres of curvature of the given curve (Pp), supposed to be in general one of 

double curvature. After a few reductions, with the help of XII., we should thus find the equations, 
Ke’ 


CLEXVIN ye SS ee Pas, 
K VK 


, 


CLXXVIII... =n + eae o—2x+p 
a ds rdk 


xX 2 
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in space which depend on the fourth power (s*) of the arc, or on the fourth 
derivative D,p or 7” of the vector ps; but it is time to conclude this series 
of sub-articles, which has extended to a much greater length than was 
designed, by observing that, in virtue of the vector form 396, XI. for the 
equation of a circle of curvature, the Locus (8.) of the Osculating Circle may 
be concisely but sufficiently represented by the Vector Equation, 


CLXXVI...V 


which apparently involves only one scalar variable, s, namely, the are of the 
curve (Pp), the other scalar variable, such as ¢, which corresponds (69.) to 
the are of the circle, disappearing under the sign V: and that the surface, 
which was called in (8.) the Circumscribed Developable, is now seen to be 
in fact circumscribed to that Locus, or Hnvelope, in a certain singular (or 
eminent) sense, as touching it along its Singular Line. 

399. When we take account of the fifth power (s*) of the are, the 
expression for ps receives a new term, and becomes (comp. 398, I.), 


= bot” ends je Le 1__95 . 


and although some of the consequences of such an expression have been 
already considered, especially as regards the general determination of what 
has been above called the Osculating Twisted Cubic to a curve of double 
curvature, or the gauche curve of the third degree which has contact of the 
Jifth order with a given curve in space, yet, without repeating any calcu- 
lations already made, some additional light may be thrown on the subject 
as follows. 


in which last the denominator is a quaternion, and the scalar variable is arbitrary: whence also, 


CLXXIX. .. Radius of curvature of curve (x), 
or of locus of centres of osculating circles to a given curve (P) in space, 


pe eA ae) aes 


esa ea a 
pds ae Rr 
dP 


. ; : k 1 
with the verification, that for the case of a plane curve (p), for which therefore ma 1, and tes 0=—, 


8 
we have thus the elementary expression, 


rdr 


CLXXX. . . Radius of Curvature of Plane Evolute = + rag? 


r being still the radius of curvature, and s the are, of the given curve. 
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(1.) As regards the successive deduction of the derived vectors in the 
formula I., it may be remarked that if we write (comp. 398, LVI., LXL.), 


Tl. Dt p = 2" = a7 + bntr + CntV, 
we shall have, generally, 
tan = hg it Cane Un ~ Oat Fo eT Wey Cal = 4d Og, 
with the initial values, 


IV. ~- = ie by =e 0, Cy = 0, or Dy ~- = 0, b; = fas Ci = 0 


. 
> 


ae 0p ee eee 
whence Nese 


By = Ot 0 5 Oy = IE) bE ce HOR Onan 7 ea) 


as in the expressions 397, VI. for 7”, and 398, IV. for 7”; the corresponding 
coefficients of 7’ being in like manner found to be, 


dy = — 2(r°*)” + ((r7)’)? + 9? - +x); 
VIL. 4h = ()” - 2 (9) - 3 (rr?) 


Cpa) oe a) ie x a 


and being sufficient for the investigation of all affections or properties of a 
curve in space, which depend only on the fifth power of the are s. 

(2.) For the helix the two curvatures are constant, so that all the deriva- 
tives of the two radii » and r vanish; the expressions become therefore 
greatly simplified, and a Jaw is easily perceived, allowing us to sum the 
infinite series for ps, and so to obtain the following rigorous expressions for 
the coordinates* x5, ys, 2; of this particular curve, instead of those which were 


* We have here, and in this whole inyestigatiun, an instance of the facility with which 
quaternions can be combined with coordinates, whenever the geometrical nature of a question may 
render it convenient so to combine them, by offering to our notice any obvious planes of reference. 


If it be thought useful to pass to a system connected more immediately with the right cylinder than 
with the helix, we may write, 


x, = (rly, — r-12,) = 227! gin ¢, 
VIY’...4y,=Prl-—y, = [27-1 cos ¢, 


Ze = U(rla, + v2) = Prt, 


where /?7-! = y sin? H is the radius of the cylinder, with converse formulw easily assigned. 
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developed generally in 398, LVIII., but only as far as s*‘ inclusive : 
Nile, Sat sine), Seo were bs, 1 eo Bi) 
where / and ¢ are an auxiliary constant and variable, namely, 
VIIL...2=(r? +4r°%)4=rsin A, t=?s, 


/ being thus what was denoted in earlier formule by TA”, and ¢ being the 
angle between two axial planes; while the origin is still placed at the point 
p of the curve, and the tangent, normal, and binormal are still made the 
axes of xyz. 

(3.) The cone of the second order, 398, (40.), which has generally a contact 
of the fifth order with a proposed curve in space, at a point Pp taken for vertex, 
has in this case of the helix the equation (comp. 398, LVII. and LXIX.), 


or See ae ee 
i Cee) -33 1+ (qos 70s) }* 


Accordingly it can be shown, by elementary methods, that if we write, for a 


moment, 
X... f(t) = 3(¢ - sin Z) (34 + 7 sin ¢) — 20 vers’ f, 


we have the eight evanescent values, 
eee, ef ey Oey a7 ae 


whence it is easy to infer that this cone IX. has (in the present example, 
although not generally) a contact as high as the sixth order* with the curve, 
of which the coordinates have here the expressions VII.; and consequently 
that the cone in question must wholly contain the osculating twisted cubic to 
that curve. 

(4.) In general, to find a second locus for such a cubic curve, the method 
of recent sub-articles (398, (38.) &c.) leads us to form the equation (398, 


* Or in modern language, seven-point contact, in the sense that the cone passes, in this case, 
through seven consecutive points of the curve. It may be remarked that the gauche curve of the 
fourth degree, ov the quartie curve, in which this cone cuts the cylinder of revolution whereon the 
helix is traced (cutting also in it a certain other cylinder of the second order), and which has the 
point e for a double point, crosses the helix by one of its two branches at that point, while it has 
seven-point contact with the same helix by its other branch: and that thus the fact of calculation, 
expressed by the formula XI., is geometrically accounted for. 
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LXVI.) of a cylinder of the second order, or briefly of a quadric* cylinder, 
which like the guadrie cone (3.) shall have contact of the fifth order with the 
proposed curve in space, at the given point Pp; the rutios of abe, which 
determine the direction of a generating line pr, being obliged for this 
purpose to satisfy a certain equation of condition (398, LXVIII.), of which 
the form indicates that the docus of this line pu is generally a certain cubic 
cone, having the tangent (say pr) to the curve for a nodal side: along which 
side it is touched, not only (like the quadric cone) by the osculating plane 
(s = 0) to that given curve, but also by a second plane, whereof the equation 
(gy + hs = 0, or after reductions y — 31's = 0 shows that the second branch of 
the cubic cone crosses the first branch, or the quadric cone, or the osculating 
plane to the curve, at an angle of which the trigonometric cotangent is equal 
to half the differential of the radius (x) of second curvature, divided by the 
differential of the are (s); so that this second tangent plane to the cone coincides 
with the rectifying plane to the curve, when the second curvature happens to 
be constant. The tangent pr therefore counts as three of the siz common sides 
of the ¢wo cones with Pp for vertex: and the three other common sides, for 
the assigning of which it has been shown (in 398, (41.)) how to form a cubic 
equation in b:c, are the parallels from that point p to the three real or 
imaginary asymptotest of the twisted cubic, and are generating lines PE of 
three quadric cylinders, whereof one at least is necessarily real, and contains, 
as a second locus, that sought osculating gauche curve of the third degree. 

(5.) In applying this general method to the case of the helix, it is found 
that the cubic cone breaks up, in this example, into a system of a new quadric 
cone, which touches the former quadric cone IX. along the tangent pr to the 
curve (the ¢wo other common sides of these two cones being imaginary), and of 
a plane (y= 0), namely the rectifying plane (comp. (4.)) of the helix, or the 
tangent plane to the cylinder of revolution on which that given curve is traced : 
and that this last plane cuts the first quadrie cone in two real right lines, the 
tangent being again one of them, and the other having the soughé direction of 
a real asymptote to the sought osculating twisted cubic. Without entering here 
into details of calculation, the resulting equation of the realt qguadric cylinder, 


* So called by Dr. Salmon, in his Treatise already cited. Compare the second Note to page 129 
of these Elements. 


+ Compare again the Note last referred to. 


t As regards the two imaginary quadriec cylinders, their equations can be formed by the same 
general method, employing as generating lines the two imaginary common sides (5.), of the cone IX., 
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on which that sought gauche curve is situated, may be at once stated to be 
(with the present system of coordinates), 

tee aaa 

+ 5 (1 =F ayy ; 


in such a manner that if we set aside the right line, 


3 Le 
D.G 0 aes) ge le (GE 03)" 


20 ee ge 
le yey, e+ (ThE-Gga)en 


which is a common side of the cone LX. and of the cylinder XII., the curve, 
which is the remaining part of their complete intersection, is the twisted cubic 
sought. As an elementary verification of the fact, that this gauche curve of 
intersection IX. XII. has contact of the fifth order with the helix at the point 
p, it may be observed that if we change the coordinates zyz in XII. to the 
expressions VII., and write for abridgment, 


XIV... F(¢) = (38¢ + 7é¢ sin ¢)* — 200 vers ¢ + 60 vers’ ¢, 
we have then (comp. X. XI.) the sc# evanescent values, 
Se ee Oe ee 0, 


(6.) As another verification, which is at the same time a sufficient proof, of 
the d posteriori kind, that the gauche curve 1X. XII. has in fact contact of the 
fifth order with the helix, it can be shown that while the coordinates y, and z; 
of the datter may (by VII., writing simply 2 for a, and neglecting 2’) be 


thus developed, 
f epee hee rae =D veces 
aaa anne tas Op | 24r \7? r 720r \ rt eS 


| nee cae x 8 anaes | 
GU Ore i ey 


and of that other qguadric cone above referred to, which is here a separable part of the general cubic 
locus, and has for equation, 


It seems sufficient here to remark, that by taking the sum and difference of the equations of those 
two imaginary cylinders, ¢wo new real quadrie surfaces are obtained, which also contain the osculating 
twisted cubic, and intersect each other in that gauche curve: namely two hyperbolic paraboloids, 
which have a common side at infinity, and of which the equations can be otherwise deduced (by way of 


verification), without imaginaries, through easy algebraical combinations of the two real equations 
IX, and XII. 
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the corresponding coordinates y and z of the former, that is, of the curvilinear 
part of the intersection of the cone IX. with the cylinder XII., have (in the 
same order of approximation) developments which may be thus abridged, 


MVik ya 2 ene 


(7.) The deviation of the helix from the gauche curve IX. XII. is 
therefore of the sixth order (with respect to 2, or s), and it has an inward 
direction, or in other words, the oscudating twisted cubic deviates outwardly 
from the felix, with respect to the right cylinder; the witimate (or initial) 
amount of this deviation, or the /aw according to which it tends to vary, 
being represented by the formula, 


: : (r? ee abe §6 . ty, 
XVIV’...% -y= enn aoe 


where ¢ denotes as in (2.) the angle, which a plane drawn through a near 
point p,, and through the axis of the right cylinder,* 


9 


XVIII. . . 2ry = (2 “4 : (1 A ") . 


whereon the helix is traced, makes with the plane drawn through the same 
ais of revolution, or through the right line, 


. r F 
XIX. ..¢%5= noe ag ple Came ee ea he 


and through the given point P: while y, is still the (inward) distance of the 
same near point Ps, from the tangent plane to the same cylinder at the same 
given point P. 

(8.) If we cut the cone IX., and the cylinder XII., by any plane, 


31 wee ad Ga a 
». ©. . 2ry = 0 lo+(T52- qos)" 


drawn through their common side XIII., we obtain two other sides, one for 


* With the coordinates VII’. of a recent Note (to page 157), the equation of this cylinder 
would be, 


ANID ge ye i. 
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each of these two quadric surfaces; and these two new right lines, in this 
plane XX., intersect each other in a new point,* of which the coordinates 
aye are given, as functions of the new variable w, by the three fractiona! 


expressions, t 
o+(t-2\¢ 
a ay : 3 
SNe eee 
jens 1 + sas 1+ De 
20 20 7? 20 


while the twisted cubic, which osculates (as above) to the helix at p, is the 
locus of all the points of intersection thus determined. Accordingly, if we 
develop wyz by XXI., in ascending powers of w, neglecting w’ (or 2), we are 
conducted, by elimination of w, to expressions for y and ¢ in terms of a, 
which agree with those found in (6.), and thereby establish in a new way 
the existence of the required contact of the fifth order, between the two 
curves of double curvature. 

(9.) The real asymptote to the cubic curve is found by supposing the 
auxiliary variable w to tend to infinity in the expressions XXI.; it is 
therefore the right line (comp. XX..), 


XXII. ee e+(Ti- ipn)e=% 

namely the second side in which the edliptic cylinder XII. is cut by a normal 
plane through the side XJII.; and by comparing the value of its y with 
the equation XIX., we see that the /east distance between the real asymptote 
to the osculating twisted cubic, and the axis of revolution of the cylinder on 
which the helix is traced, is equal to seven-thirds of the radius of that right 
cylinder. 

(10.) As regards the two imaginary asymptotes, they correspond to the two 
imaginary values of w, which cause the common denominator of the expressions 


* The plane XX., as containing the line XIII., is parallel to an asymptote, and therefore meets 
the cubic at infinity ; it also passes through the given point p: and therefore it can only cut the 
twisted cubic in one other point, of which the position is expressed by the equations XXI. 

T Quaternions suggest such fractional expressions, through the formula 398, LXXIX. for the 
vector (p + ¢)‘a; but it is proper to state that expressions of fractional form, for the coordinates 
of a curve in space of the third order (or degree) were given by Mobius, who appears to have been 
the first to discover the existence of such gauche curves, and who published several of their principal 
properties in his Barycentric Culculus (der barycentrische Calcul, Leipzig, 1827). 
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X XI. to vanish ; but it may be sufficient here to observe, that because those 
expressions give, generally, 


OX | pit glen 
ar Or 
the two imaginary lines in question are to be considered as being contained 


in two imaginary planes, which are both parallel to the real plane* through P, 
XXIV.. 2+ (gi 452) a= 0; 
r 4 


namely to a certain common normal plane to the two real cylinders XII. and 
XVIII., or to the edliptie and right cylinders already mentioned. 

(11.) In general, instead of seeking to determine, as above, a cylinder of 
the second order, which shall have contact of the fifth order with any given 
curve of double curvature, at a given point P, we may propose to find a 
second cone of the same (second) order, which shall have such contact with 
that curve at that point, its vertex being at some other point of space (abc). 
Writing (comp. 398, LX VI.) the equation of such a cone under the form, 


XXV... 2r(cy — bz) (ec — 3) = (cw — az) + 2B(cx — as) (cy — bs) + Cley - bz)’ ; 


substituting for xyz the coordinates 2,2, of the curve, under the forms 
(comp. 398, LVIII.), 


( eae Cae 


== 8-65 og + Toy 


12 / 3 b.s* b.8° 
RAN Eo en ee ee 
1 U5. gat Bd * Tae 


: oP i c,84 (48° 
Wa: eee i 1b 


in which the coefficients a30;c; and adc, have the values assigned in (l.); 


developing according to powers of s, neglecting s°, and comparing coeftlicients 
of s°, s*, s°; we find first the expressions, 


XXVII. Ba (1422) Om-5 (0 +22) 


3 cr 
+ ar yr ras 
+3(1+25)+ 5 (a- sa) 


* The right line at infinity, in this plane XXIV., is the common side of the two hyperbolic 
paraboloids mentioned in the third Note to page 159, as each containing the whole twisted cubic. 


bay 
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which are the same for cone as for cylinder: and then are led to the new 
equation of condition, 


XXVIII. (0 - Sa) =m- Sa + 


5 
b Oo 24 jie. Wy 
+B(h-2a-5-2)-20(5+ 2), 
which differs from the corresponding equation for the determination of a 
cylinder having the same (fifth) order of contact with the curve, but only by 


ae ; , 
the one term — in the second member, which term vanishes when the 
cry 


coordinate ¢ of the vertex is infinite. 

(12.) Eliminating B and C, and substituting for ajb,c; and adc, their 
values V. and VI., we find that the condition XXVIII. may be thus 
expressed (comp. 398, LXVIII.): 


».@. 4 8. Gay): (3 aie a —~ re = ab? + bb’c + cbc? + ec’; 


20) 


in which we have written, for abridgment, 


(eee ae ae 
Se wacker. 
1 
XXX... C= 3 (67°r — 8rr? — 293 rr — Gr’r’ + Grrr? — 18r r + 12rr’) ; 
1 Wh lapld -2,,/ / , / 
©= 5 (90x? — Ore’ r'r? + 49 Orr? 4 86rFr'r? + 187! — 27rr Pr’). 


The docus of the verter of the sought guadric cone XXYV. is therefore that 
cubic surface, or surface of the third order, which is represented by the 
equation XXIX. in abc; this surface, then, is a second locus (comp. (4.)) 
for the osculating twisted cubic, whatever the given curve in space may be: a 
first locus for that cubie curve being still the quadric cone (comp. (8.)), of 
which the equation in abe is (by 398, LX VII. and LXIX.), 


\\ 3 3\7 
»@.0:4 0 ee (= je 6 | ac + (a) be 
| r : Q1 
a4 


—-—~+ 
ori. 


On Orr 24 . Ore. 
r ry 47? er] ’ 
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and which has contact of the fifth order with the curve, while its vertex is 
at the given point P of osculation.* 

(13.) Instead of thus introducing, as data, the derivatives of the two radi 
of curvature, r and r, taken with respect to the arc, s, it may be more 
convenient in many applications to treat the two coordinates y and z of the 
curve as functions of the third coordinate x, assumed as the independent 
variable: and so to write (comp. (6.)) these new developments, 


2 1 M3 IV pt Vy 3 glV yt evxp5 
XEXIL. ye 5+ + ti Ms 


BP ey Bae i 


and then the equation of the quadric cone XXXI. will be found to become 
(in ays), 
RKTT y= _ a a 


with the coefficients, 


XXXIV...g=rr _y” ~ st") LS Sr (ye ~ = 2 


hh 3 ihe 9 
— ry? (y at a reivy'” — Ié re) : 


while the cubic surface XXIX. will also come to be represented by an 
equation of the same form as before, namely (in vyz) by the following, 


XXXV... wz (y + hs) - rz? = ay? + by’s + cys” + €8°, 
in which the coeflicients are, 


( 4 r 4 Ith aes tf 
a 9 z (a8 before) ; b ee ry” + oes h=—rry” + 4drra ; 


4 
NN . c= 5 peyy”? sa 4 pyry//gtV a 1 ryy a a5 r?y?gy s 


A bia a) Dy yf 
y Tol TY. 


4 
Oe rpg! 4. Leyty 


\ 


(14.) Whichever set of expressions for the coefficients we may adopt, some 
general consequences may be drawn from the mere forms of the equations, 


* The quadric cone XXXI. may be said to have jive-side contact with the cone of chords of the 
given curve (compare the Note to page 125). 
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XXXI. and XXIX., or XXXITI. and XXXV., of the quadrie cone and 


cubic surface, considered as two loci (12.) of the osculating twisted cubic to 
a given curve of double curvature. ‘Thus, if we eliminate ac (comp. 398, 
(41.)) from XXIX. by XXXI., or wz by XXXITI. from XXXV., we get 
an equation between J, c, or between y, 2, which rises no higher than the 
third degree, and is of the form, 


XXXVI... 2rz? = ay? + b,y’s + cys? + €%, 


with the same value of a as before; such then is the equation of the projection 
of the twisted cubic, on the normal plane to the curve; and we see that, as was 
to be expected, the plane cubic thus obtained has a cusp at the given point P, 
which (when we neglect s’ or 2") coincides with the corresponding cusp* of 
the projection of the given curve of double curvature itse//, on the same 
normal plane. 

(15.) The equation XXXVII. may also be considered as representing a 
cubte cylinder, which is a third locus of the twisted cubic; and on which the 
tangent pt to the curve is a cusp-edge, in such a manner that an arbitrary 
plane through this line, suppose the plane 


XXXVI... 8rz = wy, 


where v is any assumed constant, cuts the cylinder in that line twice, and a 
third time in a real and parallel right line, which intersects the guadric cone in 
a point at infinity (because the tangent pr is a side of that cone), and in 
another real point, which is on the twisted cubic, and may be made to be 
any point of that sought curve, by a suitable value of v: in fact, the plane 
XXXVIII. touches both curves at Pp, and therefore intersects the cubic curve 
in one other real point. And thus may fractional expressions (comp. (8.)) for 
the coordinates of the osculating cubic be found generally, which we shall not 
here delay to write down. 

(16.) Without introducing the cubic cylinder XXXVIL, it is easy to see 
that any plane, such as XX XVIII., which is tangential to the given curve at 
P, cuts the cubie surface XXXYV. in a section which may be said to consist of 
the tangent twice tuken, and of a certain other right line, which varies with the 
direction of this secant plane, so that the /ocus XXXV. or XXIX. is a Ruled 


* Compare the first formula of the Note to page 133. 
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Cubie Surface, with the given tangent pr for a singular* line, which is 
intersected by all the other right lines on that surface, determined as above: 
and if we set aside this line, the remaining part of the complete intersection of 
that cubic surface with the quadric cone XXXIII. or XXXI. is the twisted 
cubic sought. We may then consider ourselves to have completely and 
generally determined the Osculating Twisted Cubic to a curve of double 
curvature, without requiring (as in 898, (41.)), the solution of any cubie or 
other equation.T 

(17.) As illustrations and verifications, it may be added that the general 
yuled cubic surface, and cubic cylinder, lately considered, take for the case of 
the helix (2.), the particular forms,t 


XXXIX. .. vyz — rz’ aaty “ (5 - 5.) ys", 


and 

Ks sre -52% *a(: + sae 
and that accordingly these two last equations are satisfied, independently of 
w, when the fractional expressions XXI. are substitued for xyz. 

400. The general theory§ of evolutes of curves in space may be briefly 
treated by quaternions, as follows: a second curve (in space, or in one plane) 
being defined to bear to a first curve the relation of evolute to involute, when 
the first cuts the tangents to the second at right angles. 

(1.) Let p and o be corresponding vectors, op and os, of involute and 
evolute, and let p’, o’, p”, o” denote their first and second derivatives, taken 


* If the cubic surface be cut by a plane perpendicular to the tangent pr, at any point v distinct 
from the point Pp itself, the section is a plane cubic, which has T for a double point ; and this point 
counts for three of the six common points, or points of intersection, of the plane cubic just mentioned 
with the plane conic in which the quadric cone is cut by the same secant plane, because one branch, or 
one tangent, of the plane cubic at T touches the plane conic at that point, in the osculating plane to 
the given curve at p, while the other branch, or the other tangent, cuts that plane conic there. 

t+ It may be remarked that, by equating the second member of XX XVII. to zero, and changing 
y, z to b, c, we obtain generally the cubic equation, referred to in 398, (41.); and that by suppressing 
the term — re? in XXIX., or the term — rz* in XXXV., we pass, in like manner generally, from the 
cubic surface of recent sub-articles, to the earlier ewbie cone (4.). 


t By suppressing the term — rz’, dividing by ~, and transposing, we pass for the case of the 


helix from the equation XXXIX. of the cubic locus, to the equation IX’. in the last Note to page 159 ; 
namely to the equation of that quadric cone which forms (in this example) a separable part of the 
general cubic cone, the other part being here the tangent plane (y = 0) to the right cylinder. 


§ Invented by Monge. 
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with respect to a scalar variable ¢, on which they are both conceived to 
depend. Then the two fundamental equations, which express the relation 
between the two curves, as above defined, are the following : 


I...8(c0-p)p’ =9; Tees Vie = pyai=0' 


which express, respectively, that the point s is 7 the normal plane to the 
involute at p, and that the latter point is on the tangent to the evolute 
ats: so that the Jocus of Pp (the involute) is a rectangular trajectory to all such 
tangents to the locus of s (the evolute). 

(2.) Eliminating o - p between the two preceding equations, and taking 
their derivatives, we find, 


TLE. Boo — 0; TV... Sie—pip —p°—0, -V.2.Vie—pye — Vpeoe =: 
whence also, Vi.#. 8p c0.= 0. 


(3.) Interpreting these results, we see first, by IV. combined with I. 
(comp. 391, (5.)), that the point s of the evolute is on the polar avis of the 
involute at p, and therefore that the evolute itself is some curve on the polar 
developable of the involute; and second, by VI. (comp. 380, I.), that this 
curve is a geodetic line on that polar surface, because the osculating plane to 
the evolute at s contains the tangent to the involute at P, and therefore also 
the (parallel) normal to the locus of evolutes. 

(4.) The locus of centres of curvature (395, (6.)) of a curve in space is 
not generally an evolute of that curve, because the tangents* Kx’ to that 
locus do not generally intersect the curve at all; but a given plane involute 
has always the locus just mentioned for one of its evolutes; and has, 
besides, indefinitely many others,t which are all geodetics on the cylinder 
which rests perpendicularly on that one plane evolute as its base. 


* It might have been remarked, in connexion with a recent series of sub-articles (397), that this 
tangent kx’ or «’ is inclined to the rectifying line a, at an angle of which the cosine is, 
—SU0k/a = + R'Ta-! = x sin H cos P; 
upper or lower signs being taken, according as the second curvature 1“! is positive or negative, 
becatise Sx’A = — rl, 


t Compare the Note to page 58; from the formule of which page it ow appears, that if the 
involute be an ellipse, with 8 = on and y = oc for its major and minor semiaxes, and therefore 
with the scalar equations, 


(S81p)? + (Sy-%p)?=1, SByp = 0, 
the evolutes are geodetics on the cylinder of which the corresponding equation is, 


(SBo)s + (Syo)s = (6 — 77)3- 
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(5.) An easy combination of the foregoing equations gives, 
Webra (T(o = phe =—§ (U(e = p) . (o’ = p’)) = ¢8o0’Uo’ = + ee 


or with differentials, 


With Maier eye aide 


whence by an immediate integration (comp. 880, XXII. and 397, 1) Ae 
IX... AT(o - p) = +f Tdo = + are of the evolute: 


this are then, between two points such as s and s, of the latter curve, is equal 
to the difference between the lengths of the two lines, ps and Ps), intercepted 
between the two curves themselves. 

(6.) Another quaternion combination of the same equations gives, after 
a few steps of reduction, the differential formula (comp. 385, VI.), 


Kf dcos ons = ds S20 8°; 
gat ora ter 


if then the involute be a curve on a given sphere, with its centre at the 
origin 0, so that the evolute is a geodetic on a concentric cone, this differential 
X. vanishes, and we have the integrated equation, 


XI... cos ops =const., or simply, XI’... ops = const. ; 


the tangents ps to the evolute being thus cnclined (in the case here considered) 
at a constant angle,* to the radii op of the sphere. 

(7.) In general, if we denote by R the interval PS between two corre- 
sponding points of involute and evolute, we shall have the equation, 


A Gp) a OL or le ee) ee 
and the formula VII. may be replaced by the following, 
MITE on to = 0A on XI... Doe Tlie 


in which the independent variable ¢ is still left arbitrary. 


* This property of the evolutes of a spherical curve was deduced by Professor De Morgan, in a 
Paper On the Connexion of Involute and Evolute in Space (Cambridge and Dublin Mathematical 
Journal for November, 1851); in which also a definition of involute and evolute was proposed, 
substantially the same as that above adopted. 
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(8.) But if we take for that variable the arc s,s; of the evolute, measured 
from some fixed point of that curve, we may then write, 


EN ai dow OV hep ee Ub ew ld epg 
whence 


DY Eis 0 a) ne AY Ge ae = Ons ee 


the integral IX. being thus under a new form reproduced. 
(9.) In this dast mode of obtaining the result, 


—— Sona 
XIX... Aps= Rh; - Ry = +t =+ are 8; of evolute, 


no use is made of infinitesimals,* or even of small differentials. We only 
infer, as in XVIII. (comp. 380, (9.)), that the quantity A, + ¢ is constant,t 
because its derivative is null: it having been previously proved (380, (8.)), 
as a consequence of our definition of differentials (820, 324) that if s be the 
are and p the vector of any curve, then the equation ds = Tdp (880, XXII.) 
is rigorously satisfied, whatever the independent variable t may be, and whether 
the two connected and simultaneous differentials be small or large. 

(10.) But when we employ the notation of integrals, and introduce, as 
above, the symbol { Tde, we are then led to interpret that symbol as denoting 
the limit of a sum (comp. 345, (12.)); or to write, generally, 


AM tl de = lim, SA ie im Ap — 0; 


with analogous formule for other cases of integration in quaternions. CGeo- 
metrically, the equation, 


PONT dp. =A Or ee Lda Ag, 


if s and ¢ denote ares of curves of which p and o are vectors, comes thus to be 
interpreted as an expression of the well-known principle, that the perimeter 
of any curve (or of any part thereof) is the limit of the perimeter of an inscribed 
polygon (or of the corresponding portion of that polygon), when the number 


* In general, it may have been observed that we have hitherto abstained, at least in the text of 
this whole Chapter of Applications, from making any use of injinitesimals, although they have been 
often referred to in these Notes, and employed therein to assist the geometrical investigation or 
enunciation of results. But as regards the mechanism of calculation, it is at least as easy to use 
ee in quaternions as in any other system: as will perhaps be shown by a few examples, 
arther on. 


+t Compare the Note to page 30. 
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of the sides is indefinitely increased, and when their lengths are diminished 
indefinitely. 
(11.) The equations I. and XII. give, 


MOG ie eh) RR 0: 


the independent variable ¢ being again arbitrary ; but these equations XII. 
and XXIT. coincide with the formule 398, LXXXIX. and XCI.; we may 
then, by 898, (79.) and (80.), consider the /ocus of the point p as the envelope 
of a variable sphere,‘namely of the sphere which has s for centre and & for 
radius, and is represented by the recent equation XII., if p = op be the vector 
of a variable point thereon. 

(12.) But whereas swch an envelope has been seen to be generally a surface, 
which is real or imaginary (398, (79.)) according as R® + 6? < or > 0, we 
have here by XIII. the intermediate or limiting case (comp. 398, CXXXT.), 
for which the circles of the system become points, and the surface itself 
degenerates into a curve, which is here the involute (e) above considered. 
The involutes of a given curve (s) are therefore included, as a limit, in that 
general system of envelopes which was considered in the lately cited sub- 
articles, and in others immediately following. 

(13.) The equation of condition, 8398, CX XXVL., is in this case satisfied by 
XIII, both members vanishing; but we cannot now put it under the form 
398, CXLI., because in the passage to that form, in 398, (85.), there was 
tacitly effected a division by +*, which is not now allowed, the radius 7 of the 
circle on the envelope being in the present case equal to zero. For a similar 
reason, we cannot now divide by g, as was done in 398, (86.); and because, 
in virtue of II., the two equations 398, CLX. reduce themselves to one, they 
no longer conduct to the formule 398, CLX’. CLXI. CLXI’. CLXIII. 
XCIY.; nor to the second equation 398, CLXII. 

(14.) The general geometrical relations of the curves (p) and (s), which 
were investigated in the sub-articles to 398 for the case when the condition* 


* If, without thinking of evolutes, we merely suppose that the condition 398, CXXXVI. is 
satisfied, as lately in (13.), by our having the relation R’? +o = 0, it will be found (comp. the 
symbolical expression 274, XX. for 03, and the imaginary solution in 353, (18.) of the system 
Syp = 0, p?=0), that the envelope of the sphere (« — p)? + R® = 0, or the locus of the (null) circles in 
which such spheres are (conceived to be) cut by the (tangent) planes, So’(o — p) + RR’ =0, may be 
said to be generally the system of all those imaginary points, of which the vectors (or the divectors, 
comp. 214, (6.)) are assigned by the formula, 


p=ao— kk’ 6’ + (Uo' + fy Poe Vou, 
Z2 


172 ELEMENTS OF QUATERNIONS. (III. m1. § 6. 


above referred to is satisfied, are therefore only very partially applicable to a 
system of involute and evolute in space: at least if we still consider the former 
curve (the involute) as being a rectangular trajectory to the tangents to the 
latter (the evolute), instead of being, like the curve (Pp) previously considered, 
a rectangular trajectory (3898, (94.)) to the osculating planes* of the curve (s). 

(15.) If the are of the evolute be again taken for the independent 
variable ¢, and if the positive direction of motion along that arc be always 
towards the tnvolute, we may write, 


PORELE anole aed yee ees "ote &e. ; 
whence 
pS. 6 Be) ie p par Reo’, p- oe Ro” ie a, Vp"'p mt R’Voa"'o”’ ; 


if then «x = oK be the vector of the centre x of the circle which osculates to 


the involute at p, the general formula 389, IV. gives, after a few reductions,f 
the expression (comp. 397, XVI. XXXIV., and XCVIII. (15.)), 


13 113 
Go 
pS. Oa he cm pt gry net R(o'+ yn] 
RSo'a'’ co” RSo' oo” 
Sn eae Ree 


(Oy i Ary AG =o+ UA, ° R COS pak 


if r,, H,, and X, be what r, H, and A in 3897 become, when we pass from 
the curve (p) to the curve (s), with the present relations between those 
two curves; this centre of curvature K is therefore the foot of the perpen- 
dicular let fall from the point P of the involute, on the rectifying line A, of 


where mw is an arbitrary vector, and 4/—1 is the old imaginary of algebra. By making mu = 0 we 
reduce this expression for p to the veal vector form, 


p=o-— RR ¢'=a4+ RRs”, 


= the « of 398, CXXXI.”; and thus the curve (Pp), which is here the locus of the centres of the null 
circles of contact, and coincides with the involute in the present series of sub-articles, may s¢i/7 be 
called a Singular Line upon the Envelope of the Sphere (with One Variable Parameter), as being in the 
present case the only real part of that elsewhere imaginary surface. 

* The curve to the oscwlating planes of which another curve is thus an orthogonal trajectory, and 
which is therefore (398, (95.)) the cusp-edge of the polar developable of the latter curve, was called by 
Lancret its evolute by the plane (developpée par le plan) ; whereas the curve (s) of the present series 
(400) of sub-articles, to whose tangents the corresponding curve (P) is an orthogonal trajectory, has 
been called by way of distinction the evolute by the thread (developpée par le fil) of this last curve. 
It would be improper to delay here on subjects so well known to geometers: but the student may be 
invited to read again, in connexion with them, the sub-articles (88.) and (89.) to Art. 398. 


oo 9n9 


t Especially by observing that Vo'Vo'"o” = — «3, because So’o” = 0, and So’o’” = — 0". 
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the evolute: as indeed is evident from geometrical considerations, because 
by (8.) this rectifying line of the curve (s) is the polar axis of the curve (P). 

(16.) If we conceive (comp. 389, (2.)) an auwiliary spherical curve to be 
described, of which the variable unit-vector shall be, 


XXVI...0or=r=o = U(p-c) = R'(p- 9), 


and suppose that v is the vector ou of the centre of curvature of this new 
curve, at the point r which corresponds to the point s of the evolute, we shall 
then have by XXYV. the expression, 


7 4/ 
ae ee ao ° kK — p 


Vee ane Neo” ae R 


XXVII...tTu=v-7r= = PK: PS; 

we have therefore this theorem, that the inward radius of curvature of the 
hodograph of the evolute (conceived to be an orbit described, as in 379, (9.), 
with a constant velocity taken for unity) is equal to the «ward radius of 
curvature of the involute, divided by the interval R between the two curves 
(p) and (s): and that these two radii of curvature, TU and PK, have one 
common direction, at least if the direction of motion on the evolute be supposed, 
as in (15.), to be towards the involute. 

(17.) Lhe following is perhaps a simpler enunciation of the theorem* 
just stated :—J/ Pp, P,, P., .. and 8, Si, S:, . . be corresponding points of involute 
and evolute, and if we draw lines sv; || $:P1, ST2 || $:P2,.. with a common length = sp, 
the spherical curve PT,T, . . will then have contact of the second order with the 
curve PP\P;.., that is with the involute at p. 

401. The fundamental formula 389, IV., for the vector of the centre of 
the osculating circle to a curve in space, namely the formula, 


13 dp® 


| ar = cfee i SAT AS 
Kk Or ore che K P * Vapdp 


which has been so extensively employed throughout the present Section, 
has hitherto been established and used in connexion with derivatives and 


* Some additional light may be thrown on this theorem, by comparing it with the construction in 
397, (48.) 5 and by observing that the equations 397, XVI. XXXIV. give generally, in the notations 
of the Article referred to, for the vector of the centre of curvature of the hodograph of any curve, the 
transformations, 


T+ =1-—=—riat= UA. cos H. 


, 
T 
Na est 
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differentials of vectors, rather than with differences, great or small. We 
may however establish, in another way, an essentially equivalent formula, 
into which differences enter by their limits (or rather by their limiting 
relations), namely, the following, 
3 

ee eho onan oe ol Abe OLS anda lie = a0, 
the denominator VA*pAp being understood to signify the same thing as 
V(A’p . Ap) ; and then may, if we think fit, interpret the differential expression 
II. as if dp and d’p in it denoted infinitesimals,* of the first and second orders : 
with similar interpretations 
in other but analogous in- 
vestigations. f- 

(1.) If in the second P 
expression 316, L.,f for the 


perpendicular from o on 0 D 
the line an, we change a Bas . Siar 
and (3 to their reciprocals Fig. 58, bis. Fie. 64, bie. 


(compare figures 58, 64, 
pp. 293, 849, vol. i.) and then take the reciprocal of the result, we obtain 


this new expression [but with the letters c and p referring to points not 
marked in fig. 58], 


A 


a'-B" a(BS-—a)B_ oA.AB.OB 


PviOrg 1. 8 Wea V(op.oa)’ 


V2. 20D 


in the denominator of which, op may be replaced by ax, or by ao + AB, for 
the diameter op of the circle oaB; so that if c be the centre of this circle, its 
vector y = oc = sop = 36 = &e. Supposing then that P, a, R are any three 
points of any given curve in space, while 0 is as usual an arbitrary origin, 
and writing 


VV... OF =p, 0Q—p + Ap, OR — p+ 2hp-+ Ap, 


and therefore 


VI...Pa=Ap, ar=Ap+A’p, 3Pr = Ap + 3A’p, 


* Compare 345, (17.), and the first Note to page 170. 


VBa. 


aon page 427, vol. i.] 


Tt [Namely p= 


g-= 
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the centre c of the circle Par has the following rigorous expression for 
its vector : 
Ap(Ap + A’p) (Ap + 3A’p) | 

V(A’p . Ap) ; 


glee ec ee 


whence passing to the Jimit, we obtain successively the expressions III. and 
II. for the vector « of the centre of curvature to the curve par at P; the two 
other points, a and R, being both supposed to approach indefinitely to the 
given point P, according to any daw (comp. 392, (6.)), which allows the two 
successive vector chords, pa and ar, to bear to each other an ultimate ratio 
of equality. 

(2.) Instead of thus jist forming a rigorous expression, such as VII., 
involving the differences Ap and A’o; then simplifying the formula so found, 
by the rejection of terms, which become indefinitely small, with respect to the 
terms retained; and finally changing differences to differentials (comp. 344, 
(2.)), namely Ap to dp, and A’p to d’p, in the homogeneous expression which 
results, and of which the /imit is to be taken: we may abridge the calculation, 
by at once writing the differential symbols, in place of differences, and at once 
suppressing any terms, of which we foresee that they must disappear from the 
final result. Thus, in the recent example, when we have perceived, by 
quaternions, that if x be the centre of the circle per, the equation 


_ PQ. QR. 3(PQ + QR) 
VIET. 2. 2K = V{ (ar — Pa)Pa} 


Is rigorous, we may at once change each of the three factors of the numerator to 
dp, while the factor ax — Pq in the denominator is to be changed to d’p; and 
thus the differential expression II., for the inward vector-radius of curvature 
k — p, is at once obtained. 

(3.) It is scarcely necessary to observe, that this expression for that 
radius, as a vector, agrees with and includes the known expressions for the 
same radius of curvature of a curve in space, considered as a (positive) scalar, 
which has been denoted in the present Section by the italic letter + (because 
the more usual symbol p would have here caused confusion). Thus, while the 
formula II. gives immediately (because T'dp = ds) the equation, 


IX... rds? = LVdpd’p, 


it gives also (because dp” = — ds’, and Sdpd’p = - dsd*s) the transformed 
equation, 


Acme der (dp eats 
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and it conducts (by 389, VI.) to this still simpler formula (comp. the equation 


Pie ir, ovo, 1X.) 
Mle. ds or OU dg: 


(4.) Accordingly, if we employ the standard trinomial form (295, I.) for 


a vector 
XII... p=it+yy + ka, 


which gives, by the laws of the symbols vk (182, 183), 


(dp = ide + jdy + kde, ds = Tdp = \/ (da? + dy? + ds), 
do = id’e + yd?y + kd’s, Td’p = ,/ (d’a* + d*y’ + d’e”), 
ee Vdpd’o = i(dyd’z — dad’y) + 7 (ded*w — dad*z) + k(dad’y — dyd’a), 
wt dg de Ge 
A aad Peake de Pun Fr dUdp = td 5 +-.; 


the recent equations IX. X. XI. take these known forms : 
TX’. .. rtds* = ,/ ((dyd’s ~ ded?y)? +. .); 
xX’... rds’ = ,/ (d*a"* + d’y* + d’s* — d’s’) ; 


, is ie dzx\? dy\? dz\? 
NY ds = (ae) + (@Z)+ (48): 


(5.) The formula IV., which lately served us to determine a diameter of 
a circle through three given points, may be more symmetrically written as 
follows. Jf av be a diameter of the circle asc, then 


AVY 7 AD. VAR. BC) "An. BC. cA 


an equation* in which V(AB. Bc) may be changed to V(aB. Ac), &., and in 


* A student might find it useful practice to verify, that if we write in like manner, 
XIV’... BE.V(Bc. cA) = BC. CA. AB, 


so that BE is a second diameter, then AB = ED, Or ABDE is a parallelogram. He may employ the 
principles, that aBy = yBa, if SaBy = 0, and that By - yB =2VBy; in virtue of which, after 
subtracting XIV’. from XIV., and dividing by V(zc.ca), or by its equal V(AB. 8c), the equation 
AD ~ BE = 2B is obtained, and proves the relation mentioned. It is easy also to prove that 


XIV”... By. V(Bc.ca) = aB.S(BC. CA), 


and therefore that aBDE is a rectanyie. 
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which it may be remarked that each member is an expression (comp. 296, V.) 
for a vector at, which touches at a the segment asc: while its length is at once 
a representation of the product of the lengths of the sides of the triangle axc, 
and also of the double area of that triangle (comp. 281, XIII.), multiplied by 
the diameter of the circumscribed circle. 

(6.) In general, if pars be any four concircular points, they satisfy (by 
260, IX., comp. 296, (3.)) the condition of concircularity, 


KV... V(E.2) 09, 


SQ RP 


which may be thus transformed :* 


KV Le LV (3+ Se) ~V(Z ro SE), 


PS PR 
Writing then (comp. VI., and the remarks in (2.)), 
XVII...ps=w-p, Pa=dp, PR=2dp+d’o, QPp+aQr=d’p, 


the second member is seen to be, on the present plan, an infinitesimal of the 
second order, which is therefore to be suppressed, because the first member is 
only of the first order; and thus we obtain at once the following vector 
equation of the osculating circle to the curve PaR at P, 


2 
XVIIL . (Se 4 xt) 0; 
w-p 2dp 
which agrees with the equation 392, VI., although deduced in a quite 
different manner, and conducts anew to the expression II. for « — p, under 
the form, 


BO ay Pee 392, VIII. 


ee eae ap 


* Without having recourse to this transformation XVI., we might treat the condition XV. by 
infinitesimals, as follows: 


> d d 
Qs Ss @— p'4p or 

Rey Lies: ‘ 4 
2aR ap + QR d’p d’p 
a a —_--—_——_——_- = TES Ce = l oh ee 
PR PR 2dp + d’p 2dp 


equating then to zero the vector part of the product of these two expressions, and suppressing the 
infinitesimal of the second order, the equation XVIII, of the osculating circle is obtained anew. 
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(7.) Again, if on = 0 be the diameter from the origin, of any sphere 
through that point 0, which passes also through any three other given points 
A, B, C, with oa = a, &c., we have by 296, XX VI. the formula, 


XX... d8aBy = Val((3 - a) (y - By; 
writing then (comp. X VII.), 
XXI...a=dp, BP-a=dp+dp, y-B=dp+ 2d’%po + dp, 
AAI... 0 = 2Es (a =p), 


and 


where o is (as in 395, &c.) the vector os (from an arbitrary origin 0) of the 
centre s of the osculating sphere to a curve of double curvature at p, we have 
by infinitesimals, suppressing terms which are of the seventh and higher orders, 
because the first member is only of the stwth order, and reducing* by the 
rules of quaternions, 


XXIII... (o — p)Sdpd’pd’p = §Vdp(dp + d’p) (dp + 2d’p + d’p) 
(3dp + 8d’p + d’p) = 3Vdpd’pSdpd’p + dp? Vd'odp ; 


which agrees precisely with the formula 395, XIII., although obtained by a 
process so different. 

(8.) Finally as regards the osculating plane, and the second curvature, of a 
curve in space, @nfinitesimals give at once for that plane the equation, 


XXIV... S8(w — p)dpd’p = 0, agreeing with 376, V. ; 


and if three consecutive elements of the curve be represented (comp. XXI.) by 
the differential expressions, 


XXV...Pa=dp, aR=dp+d’p, rs=dp + 2d’p + dp, 


the second curvature r™?, defined as in 396, is easily seen to be connected as 


* Of the eighteen terms which would follow the sign of operation $V, if the second member of 
XXIII. were fully developed, one is of the fourth order, but is a scalar ; three are of the fifth order, 
but have a scalar sum ; nine are of orders higher than the sixth; and two terms of the sixth order are 
scalars, so that there remain only three terms of that order to be considered. In this manner it is 
found that the second member in question reduces itself to the sum of the two vector parts, 


$V. (dpd?p)? = 3Vdpi?p . Sdpd’p, 
3p°V (dpd*p + 30% dp) = dp? Vd'pdp ; 
aud thus the third member of XXIII. is obtained. 


and 
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follows with the angle of a certain auxiliary quaternion q, which differs infinitely 
little from unity : 


NOI ee XE ee ee ea 


e V(PQ. QR) Vdpd’p ‘ 
we have then the expression, 
Vq d'p 
ee Aon ghia Os eam See 
XXVIII... Second Curvature = x a6 Waadie 


which agrees with the formula 397, XX VII., and has been illustrated, in 
the sub-articles to 397 and 398, by numerous geometrical applications. 

(9.) On the whole, then, it appears that although the logic of derived 
vectors, and of differentials of vectors considered as finite lines, proportional 
to such derivatives, is perhaps a Uittle clearer than that of infinitesimals, 
because it shows more evidently (especially when combined with Tuylor’s 
Series adapted to Quaternions, 342, 375) that nothing is neglected, yet it is 
perfectly possible to combine* quaternions, in practice, with methods founded 
on the more usual notion of Differentials, as infinitely small differences: and 
that when this combination is judiciously made, abridgments of calculation 
arise, without any ultimate error. 


SECTION 7. 


On Surfaces of the Second Order; and on Curvatures 
of Surfaces. 


402. As early as in the First Book of these Elements, some specimens 
were given of the treatment or expression of Surfaces of the Second Order 
by Vectors; or by Anharmonic Equations which were derived from the 
theory of vectors, without any introduction, at that stage, of Quaternions 
properly so called. ‘Thus it was shown, in the sub-articles to 98, that a 
very simple anharmonic equation (vz = yw) might represent either a ruled 
paraboloid, or a ruled hyperboloid, according as a certain condition (ac = bd) 
was or was not satisfied, by the constants of the surface. Again, in the 


* Compare the first Note to page 170. It will however be of course necessary, in any future 
applications of quaternions, to specify in which of these two senses, as a finite differential, or as an 
infinitesimal, such a symbol as dp is employed. 


2A 2 
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sub-articles to 99, two examples were given, of vector expressions for cones 
of the second order (and one such expression for a cone of the third order, 
with a conjugate ray (99, (5.)); while an expression of the same sort, 
namely, 


I... pstatyB+sy, with 247+ s?=1, 


was assigned (99, (2.)) as representing generally an ellipsoid,* with a, [, 7; 
or OA, OB, oc, for three conjugate semidiameters. And finally, in the sub- 
articles (11.) and (12.) to Art. 100, an instance was furnished of the 
determination of a tangential plane to a cone, by means of partial derived 
vectors. 

403. In the Second Book, a much greater range of expression was 
attained, in consequence of the introduction of the peculiar symbols, or 
characteristics of operation, which belong to the present Calculus ; but still 
with that dimitation which was caused, by the conception and notation of a 
Quaternion being confined, in that Book, to Quotients of Vectors (112, 116, 
comp. 307, (5.)), without yet admitting Products or Powers of Directed 
Lines in Space: although versors, tensors, and even normst of such vectors 
were already introduced (156, 185, 273). 

(1.) The Sphere,t for instance, which has its centre at the origin, and 
has the vector oa, or a, with a length Ta =a, for one of its radii, admitted 
of being represented, not only (comp. 402, I.) by the vector expression, 


I... p=tat+tyBPt+ay, vty +s'=1, 
with 


ee. Las Pp = ly og, and 17 oe eee 
a 


* In like manner the expression, 
Il...p=aa+yB+cy, with a+y?—22=1, or =-—1, 


represents a general hyperboloid, of one sheet, or of two, with aBy for conjugate semi-diameters : 
while, with the scalar equation x® + y* —z*=0, the same vector expression represents their common 
asymptotic cone (not generally of revolution). 


t The notation Na, for (Ta)?, although not formally introduced before Art. 278, had been used by 
anticipation in 200, (8.), page 191, vol. i. 


jt That is to say, the spheric surface through a, with o for centre. Compare the Note to 
page 199, vol. i. 


Arts, 402, 403. ] QUATERNION EQUATIONS OF SPHERE. 181 


but also by any one of the following equations, in which it is permitted to 
change a to -a: 


flo Ke Hl ee 1. 
Pp a a a 
Iy...N&=1; 145, (8.), (12.) V...Tp =a; 
View To = Lal Vie 4 1862), 180 11o) 
aan gO sys 1G-Gene ea eee 
pta E é 
200, (11.), ; . 
SeeoNo Ne fig on, Ome (8?) (ve) = 2 
O78. 1) a a 


XI... NS*+ NV©=1; 204, (6.), KXV., XXVI. 


XIL...N(82+V2) <1; XIV....1(82+V2)=1; 204, (9, 
a a a a 


re 


or by the system of equations, 
XV eee (v e) ese al OI 204, (4.) 
a a 


representing a system of circles, with the spheric surface for their locus. 
(2.) Other forms of equation, for the same spheric surface, may on the 
same principles be assigned ; for example we may write, 


SGI Ue gee ee SIL Nn ei MV a eas 
a p p p 

Op we ae 6 ee en ear deena 
pta 2 pra pta 


or (comp. 186, (5.), and 200, (3.)), 


XXT. Tp = ca) = Teo — a), 0° 1; 


< 


under which Jast form, the sphere may be considered to be generated by 
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the revolution of the circle, which has been already spoken of as the 
Apollonian* Locus. 

(3.) And from any one to any other, of all these various forms, it is 
possible, and easy to pass, by general Rules of Transformation,t which 
were established in the Second Book: while each of them is capable of 
receiving, on the principles of the same Book, a Geometrical Interpretation. 

(4.) But we could not, on the principles of the Second Book alone, 
advance to such subsequent equations of the same sphere, as 


RR Gee. 00 ON Vp 202; NLL Ed Ie 


whereof the latter includes (282, (9.)) the important equation p’+1=0, 
or p?>=-1, of what we have called the Unit-Sphere (128); nor to such 
an exponential expression for the variable vector p of the same spheric surface, as 


PERV ip Sale pe 3808, X VIII. 


in which 7 and / belong to the fundamental system ik of three rectangular 
unit-lines (295), connected by the fundamental Formula A of Art. 188, 


namely, 
Pah = yk =-], (A) 


while s and ¢ are two arbitrary and scalar variables, with simple geometrical} 
significations : because we were not then prepared to introduce any symbol, 
such as p’, or k’, which should represent a square or other power of a vector.§ 
And similar remarks apply to the representation, by quaternions, of other 
surfaces of the second order. 


* Compare the first Note to page 130, vol. i. 


t This richness of transformation, of quaternion expressions or equations, has been noticed, by 
some friendly critics, as a characteristic of the present Caleulus. In the preceding parts of this work, 
the reader may compare pages 130, 141, 185, vol. i., and pages 106, 108, 109, vol. ii.; in the two 
last of which, the variety of the expressions for the second curvature (171) of a curve in space may be 
considered worthy of remark. On the other hand, it may be thought remarkable that, in this 
Calculus, a single expression, such as that given by the first formula (389, IV.) of page 50, vol. ii., 
adapts itself with equal ease to the determination of the vector («) of the centre of the osculating cirele, 
to a plane curve, and to a curve of double curvature, as has been sufficiently exemplified in the 
foregoing Section. 

¢ Compare the second Note to page 398, vol. i. 


§ It is true that the formula A was established in the course of the Second Book (page 160, 
vol. i.) ; but it is to be remembered that the symbols ijk were there treated as denoting a system of 
three right versors, in three mutually rectangular planes (181): although it has since been found 
possible and useful, in this Third Book, to identify those right versors with their own indices or axes 
(295), and so to treat them as a system of three rectangular lines, as above. 
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404. A brief review, or recapitulation, of some of the chief expressions 
connected with the E/iipsoid, for example, which have been already established 
in these Elements, with references to a few others, may not be useless here. 

(1.) Besides the vector expression p = xa + yb + ey, with the scalar relation 
e+y+2=1, and with arbitrary vector values of the constants a, (3, y, 
which was lately cited (402) from the First Book, or the equations 403, I., 
without the conditions 403, I’., II’. which are peculiar to the sphere, there 
were given in the Second Book (204, (13.), (14.)) equations which differed 
from those lately numbered as 403, XI. XII. XIII. XIV. XV., only by 


the substitution of V £ for V®; for instance, there was the equation, 
a 


p 
eee ( § ey (v 5) > i; 204, (14.) 


analogous to 403, XI., and representing generally* an ed/ipsoid, regarded as 
the Jocus of a certain system of ellipses, which were thus substituted for the 
circlest (403, XV.) of the sphere, by a species of geometrical deformation, 
which led to the establishment of certain homologies (developed in the sub- 
articles to 274). 

(2.) Employing still only quotients of vectors, but introducing two other 
pairs of vector-constants, y, 6 and 1, x, instead of the pair a, B in the equation 
I., which were however connected with that pair and with each other by 
certain assigned relations, that equation was transformed successively to 


ior ¢ are 5) a 216, X. 
era 


* In the case of parallelism of the two vector constants (8 || a), the equation I. represents 
generally a Spheroid of revolution, with its axis in the direction of a; while in the contrary case of 
perpendicularity (B 1 a), the same equation I. represents an elliptic Cylinder, with its generating lines 
in the direction of 8. Compare 204, (10.), (11.), and the Note to page 231, vol. i. 


t The equation I. might also have been thus written, on the principles of the Second Book, 


2 
Tete sf) (st-s*) (re) "=1; 
(sf + BIN a 8) 8 


whence it would have followed at once (comp. 216, (7.)), that the ellipsoid I. is cut in two cireles, 
with a common radius = Tp, by the two diametral planes, 


| Wl ee «see at eta < deg = ee 
a B a B 
Tn fact, this equation I’. is what was called in 859 a cyclic form, while I. itself is what was there 
called a focal form, of the equation of the surface ; the lines a! + 6"! being, by the Third Book, the 


‘wo (real) eyclic normals, while B is one of the two (real) focal lines of the (imaginary) asymptotic cone, 
Compare the Note to page 535, vol. i. 
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and to a form which may be written thus (comp. 217, (5.)), 
IIL. T(s4+ Kp) Tp = Te - Te; 217, XVI. 


and this last form was interpreted, so as to lead to a Rule of Construction* 
(217, (6.), (7.)), which was illustrated by a Diagram (fig. 53), and from 
which many geometrical properties of that 
surface were deduced (218, 219) in a very 
simple manner, and were confirmed by calcu- 
lation with quaternions: the equation and 
construction being also modified afterwards, 
by the introduction (220) of a new pair of 
vector-constants, “’ and x’, which were shown 
to admit of being substituted for « and «x, 
in the recent form IIT. 

(3.) And although the Lguation of Con- 


jugation 


eee sh-8(V5.V 5) 1, 816, LXII1. Fig. 53, Bis. 
a Cane ©. ‘ 

which connects the vectors A, u of any two points L, mM, whereof one is on 
the polar plane of the other, with respect to the ellipsoid I., was not assigned 
till near the end of the First Chapter of the present Book, yet it was there 
deduced by principles and processes of the Second Book alone: which thus 
were adequate, although not in the most practically convenient way, to the 
treatment of questions respecting tangent planes and normals to an ellipsoid, 
and similarly for other sunfacest of the same second order. 


* This Construction of the Ellipsoid, by means of a Generating Triangle and a Diacentric Sphere 
(page 234, vol. i.), is believed to have been new, when it was deduced by the writer in 1846, and was 
in that year stated to the Royal Irish Academy (see its Proceedings, vol. ili., pp. 288, 289), as a result 
of the Method of Quaternions, which had been previously communicated by him to that Academy (in 
the year 1843). 

+ The following are a few other references, on this subject, to the Second Book. Expressions for 
a Right Cone (or for a single sheet of such a cone) have been given in vol. i. in pages 121, 180, 226, 


227. In page 181 the equation S ’s B = 1, has been assigned, with a transformation in page 182, 
a 


to represent generally a Cyclic Cone, or a cone of the second order, with its vertex at the origin; and 
to exhibit its cyclic planes, and subcontrary sections (pp. 182, 184). Right Cylinders have occurred in 
pages 195, 199, 201, 202, 223. A case of an Elliptic Cylinder has been already mentioned (the case 
when Blain I.); and a transformation of the equation III. of the Ellipsoid, by means of reciprocals 
and norms of vectors, was assigned in page 314. And several expressions (comp. 403), for a Sphere 
of which the origin was not the centre, occurred in pages 165, 180, 192, vol. i., and perhaps elsewhere, 
without any employment of products of vectors. 
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(4.) But in this Third Book we have been able to write the equation III. 
under the simpler form,* 


Vee Tip + pk) =’ — 1’, 282, D.@.4 B.S 


which has again admitted of numerous transformations; for instance, of all 
those which are obtained by equating (x? — °)? to any one of the expressions 
336, (5.), for the sguare of this last tensor in V., or for the norm of the 
quaternion ip + pk; cyclic formst of equation thus arising, which are easily 
converted into focal forms (359); while a rectangular transformation (3873, 
XXX.) has subsequently been assigned, whereby the /engths (abc), and also 
the directions, of the three semiawes of the surface, are expressed in terms 
of the two vector-constants, 4. x: the results thus obtained by calculation 
being found to agree with those previously deduced, from the geometrical 
construction (2.) in the Second Book. 

(5.) The equation V. has also been differentiated (336), and a normal vector 
v = ¢p has thus been deduced, such that, for the ellipsoid in question, 


Vivo. Gidp =-0). ane i ope 1 


-a process which has since been ewtended (361), and appears to furnish 
one of the best general methods of treating surfacest of the second order by 
quaternions: especially when combined with that theory of dinear and vector 
Junctions (pp) of vectors, which was developed in the Sixth Section§ of the 
Second Chapter of the present Book. 


* Mentioned by anticipation in the Note to page 241, vol. i. 


ft Compare the second Note to page 183. The vectors : and « are here the cyclic normals, 
and 1 — « is one of the focal lines; the other being the line :’ — x’ of the page 241, vol. i. 


t The following are a few additional references to preceding parts of this Third Book, which has 
extended to a much greater length than was designed (page 322, vol. i.). In the First Chapter, the 
reader may consult pages 325, 326, 327, 328, vol. i., for some other forms of equation of the ellipsoid and 
the sphere. Inthe Second Chapter, pages 460, 461, vol. i., contain some useful practice, above alluded 
to, in the differentiation and transformation of the equation r? = T(ip + px). As regards the Sixth 
Section of that Chapter, which we are about to wse (405), as one supposed to be familiar to the reader, 
it may be sufficient here to mention Arts. 357-362, and the Notes (or some of them) to pages 523, 
525, 527, 5385, 546, 549, vol. i. In this Third Chapter, the sub-articles (7.)-(21.) to 373 (pages 15, 
&c.) might be re-perused ; and perhaps the investigations respecting cones and sphero-conics, in 394, 
and its sub-articles (pages 63, &c.), including remarks on an hyperdolic cylinder, and its asymptotic 
planes (in page 72). Finally, in a few longer and later series of sub-articles, to Arts. 397, &c., a 
certain degree of familiarity with some of the chief properties of surfaces of the second order has 
been assumed ; as in pages 103, 126, 129, and generally in the recent investigations respecting the 
osculating twisted cubic (pages 129, 166, &c.), to a helix, or other curve in space. 

§ It appears that this Section may be conveniently referred to, as III. ii. 6; and similarly in 
other cases. 
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405. Dismissing then, at least for the present, the special consideration 
of the ellipsoid, but still confining ourselves, for the moment, to Central 
Surfaces of the Second Order, and using freely the principles of this Third 
Book, but especially those of the Section (III. ii. 6) last referred to, we may 
denote any such cential and non-conical surface by the scalar equation (comp. 
361, [p. 547, vol. i.]), 


iE. 2 Jo= Spon = 1, 


the asymptotic cone (real or imaginary) being represented by the connected 


equation, 
IT... fp = Sppp = 0; 


and the equation of conjugation, between the vectors p, p of any two points 
Pp, P’, which are conjugate relatively to this surface I. (comp. 362, and 404, (3.), 
see also 373, (20.)), being, 


IIT... f(p, p’) = (ps p) = Spop’ = Sp’gp = 1; 
while the differential equation of the surface is of the form (361), 
IV...0=dj/p=28rde, with V...v=¢p; 


this vector-function pp, which represents the normal v to the surface, being at 
once linear and self-conjugate (361, (8.)) ; and the surface itself being the 
locus of all the points Pp which are conjugate to themselves, so that its equation I. 
may be thus written, 


Fn sf (psp) = 4,5 because (0, a) = 7p, by 362, IV. 


(1.) Such being the form of gp, it has been seen that there are always 
three real and rectangular unit-lines, ay, a2, a3, and three real scalars, C1, C2; Css 
such as to satisfy (comp. 357, ITI.) the three vector equations, 


VI... ga =- Cia, az =— C2a2, pas = — 630s ; 
whence also these three scalar equations are satisfied, 
NIL... far = ty fas 64° Jas = ts} 
and therefore (comp. 362, VIT.), 
VIII... f(ey4a:) = f(co4a2) =f (ex%as) = 1, 
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(2.) It follows then that the three (real or imaginary) rectangular lines, 
‘O.eree cy = C; Far, eS C2 aan, Bs - C3 *a3, 


are the three (real or imaginary) vector semiawes of the surface I.; and that 
the three (positive or negative) scalars, ¢1, ¢:, ¢;, namely the three roots of the 
scalar and cubic equation* M = 0 (comp. 857, (1.)), are the (always real) 
inverse squares of the three (real or imaginary) scalar semiaxes, of the same 
central surface of the second order. 

(3.) For the reality of that surface I., it is necessary and sufficient that 
one at least of the three scalars c, ¢, ¢; should be positive ; if all be such, 
the surface is an ellipsoid; if two, but not the third, it is a single-sheeted 
hyperboloid ; and if only one, it is a dowble-sheeted hyperboloid : those scalars 
being here supposed to be each finite, and different from zero. 


(4.) We have already seen (357, (2.)) how to obtain the rectangular 
transformation, 


De. Sp = ¢,(Saip)? an C2(Sazp)? Be ¢3(Sasp)’, 


which may now, by IX., be thus written, 


XI... fo = (SBr"p)? + (SBa 7p)? + (SBs"p)? 5 


but it is to be remembered that, by (2.) and (38.), one or even two of these 


three vectors (3:23; may become imaginary, without the surface ceasing to 
be real. 


(5.) We had also the cyclic transformation (357, II. IT’.), 
XII. . «fo = gp® + SApup = p?(g — SAu) + 28APSup, 


in which the scalar g and the vector X, m are real, and the latter have 
the directions of the two (real) cyclic normals;f in fact it is obvious on 


inspection, that the surface is cut in circles, by planes perpendicular to these 
two last lines. 


* It is unnecessary here to write Jf = 0, as in page 520, vol. i., &c., because the function ¢ is 
here supposed to be self-conjugate ; its constants being also real. 


t+ Compare the Note to page 527, vol. i., see also the proof by quaternions, in 373, (16.), &c., of 
the known theorem, that any two subcontrary circular sections are homospherical, with the equation 


(373, XLIV.) of their common sphere, which is found to have its centre in the diametral plane of the 
two cyclic normals A, m. 


2B2 
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(6.) It has been proved that the four real scalars, c,c,¢3g, and the five real 
vectors, a,a,a;Au, are connected by the relations* (357, XX. and XXI.), 


XIII. ..¢, =-g — Tap, C,=-9 + Sry, ¢;=-g+ Trp; 
XIV... a, = UATp - uTX), a2 = UVAn, a= UATp + pla); 


at least if the three roots c,c.c; of the cubic UM = 0 be arranged in algebraically 
ascending order (3857, IX.), so that ¢ < ¢2 < ¢;. 

(7.) It may happen (comp. (8.)), that one of these three roots vanishes ; 
and in that case (comp. (2.)), one of the three semiaxes becomes infinite, and 
the surface I. becomes a cylinder. 

(8.) Thus, in particular, if c, = 0, or g = — TA, so that the two other roots 
are both posztive, the equation takes (by XII., comp. 357, XXII.) a form 
which may be thus written, 


KV lu ticles Sel th Shi > 0 


and it represents an elliptic cylinder.t 
(9.) Again, if c, = 0, or g = SAn, the equation becomes, 


Vie: 2eNesu = ly 


and represents an hyperbolic cylinder ; the root c, being in this case negative, 
while the remaining root ¢; is positive. 

(10.) But if we suppose that ¢; = 0, or g = TAp, so that ¢, and c, are both 
negative, the equation may (by 357, XXIII.) be reduced to the form, 


XVII... (SAup)? + (SApTu — Sup TA)? = — TAp - Sry < 0; 


it represents therefore, in this case, nothing real, although it may be said to 
be, in the same case, the equation of an imaginaryt elliptic cylinder. 


* These relations and a few others mentioned are so useful that, although they occurred in an 
earlier part of the work, it seems convenient to restate them here. 


t+ [XV. and XVII. may be directly obtained by means of the identity p= (VAu)-1 (SAup + VVAu. p).] 


{ In the Section (III. ii. 6) above referred to, many symbolical results have been established, 
respecting imaginary cyclic normals, or focal lines, &c., on which it is unnecessary to return. But it 
it may be remarked that as, when the scalar function fp admits of changing sign, for a change of 
direction of the real vector p, so as to be positive for some such directions, and negative for others, 
although f(— p) = f(+ p), the two equations, fp = + 1, fp =— 1, represent then two real and conjugate 
hyperboloids, of different species: so, when the function fp is either essentially positive, or else 
essentially negative, for real values of p, the equation fp = 1 and “p =—1 may then be said to represent 
two conjugate ellipsoids, one real, and the other imaginary. 
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(11.) It is scarcely worth while to remark, that we have here supposed 
each of the two vectors X and p to be not only real but actual (Art. 1); for 
if either of them were to vanish, the equation of the surface would take by 


XII. the form, 
VEL po Jo. OF aN tid aaa p al gy, 


and would represent a real or imaginary sphere, according as the scalar 
constant g was negative or positive: A and pw have also distinct directions, 
except in the case of surfaces of revolution. 

(12.) In general, it results from the relations (6.), that the plane of the 
two (real) cyclic normals, X, , 18 perpendicular to the (real) direction of that 
(real or imaginary) semiaxis, of which, when considered as a scalar (2.), the 
inverse square Cc, is algebraically intermediate between the inverse squares ¢, Cs 
of the other two; or that the two diametral and cyclic planes (SAp = 0, Sup = 0) 
intersect in that real line (VA) which has the direction of the real wnit-vector 
a, (1.), corresponding to the mean root c, of the cubic equation M=0: all 
which agrees with known results, respecting the circular sections of the (real) 
ellipsoid, and of the two hyperboloids. 

406. Some additional light may be thrown on the theory of the central 
surface 405, I., by the consideration of its asymptotic cone 405, II.; of which 
cone, by 405, XII., the equation may be thus written, 


I... fo = gp’ + Srpup = p*(g — SAu) + 2ApSup = 0; 
and which is real or imaginary, according as we have the inequality, 
LES oc aA COL LE en Ae 7 


that is, by 405, (6.), according as the product cc; of the extreme roots of the 
cubic M = 0 is negative or positive; or finally, according as the swi:face Jp = 1 
is a (real) hyperboloid, or an ellipsoid (real or imaginary*). 

(1.) As regards the asserted reality of the cone I., when the condition II. 
is satisfied, it may suffice to observe that if we cut the cone by the p/ane, 


IV... SA(p - p) =- 9, 
the section is a circle of the real and diacentric sphere, 


Vy = .p° = 20ap, or (Vic axe (oe tle ates 


* Compare the Note immediately preceding ; also the second Note to page 535, vol. i. 
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and a real circle, because it is on the real cylinder of revolution, 
VI... TV(p - p) VA = (Te? - g* TA"), 


so that its radius is equal to this last real radical. 
(2.) For example, the cone 


Att eae bee tetanic ihe ich mm |) 
P 


which under the form VII. occurred as early as 196, (8.), and for which 
A=a, n=, g =SaP - 2a’, and therefore TAw +g > 0, the condition II. 
reduces itself to TAu -g>0; or after division by 2Ta’, &., to the form 
(comp. 199, XIT.), 


Vill 40 Ses, or var... 2 >1; 
a 


and accordingly, when either of these two last inequalities exists, it will be 
found that the sphere 8 p = 1 is cut by the plane oe = 1 in a real cirele, the 
Pp 


base of a real cone VII. 

(3.) As an example of the variety of processes by which problems in this 
Calculus may be treated, we might propose to determine, by the general 
formula 389, IV., the vector « of the centre of the osculating circle to the 
curve LV. V., considered merely as an intersection of two surfaces. The 
first derivatives of the equations would allow us to assume p’ = VX(p — p), 
and therefore p” = Ap’; whence, by the formula, we have 

fs ‘SpA + Vua 


is aie igre ne bs er ee 
|B. Gare ae Page . iu gx ; 


the section is therefore a circle, because its centre of curvature is constant ; and 
its radius is, 


K...r% Dp—x) =T(p—- 4+ 9X) = (De — 9 TH), 


= the radius of the cylinder VI. 

(4.) When the opposite inequality III. exists, the radius X., the cylinder 
VI., the circle IV. V., and the cone I., become all four imaginary ; the plane 
IV. being then wholly external to the sphere V., as happens, for instance, 


with the plane and sphere in (2.), when the condition VIII. or VIII’. 
is reversed. 
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(5.) In the cntermediate case, when 
>. @ oa Gn r’u’, Orar nee. g=rt TAu, 


the radius + in X. vanishes; the right cylinder VI. reduces itself to its 
avis; and the circle IV. V. becomes a point, in which the sphere is touched 
by the plane. In this case, then, the cone I. is reduced to a single (real*) 
right line, which has (compare the equations of the e/liptic cylinders, 405, XY. 
XVII.) the direction of ATu- wTA, if g=-TAp, but the perpendicular 
direction of ATu + wTA, if g=+ Trp. 

(6.) In general (comp. 405, X.), the equation of the cone I. admits of 
the rectangular transformation, 


XII. ° Jp = ¢,(Saip)? + ¢2(Sarp)? 2 ¢3(Sasp)* = 0 3 


and the two sub-cases last considered (5.) correspond respectively (by 405, (6.) ) 
to the evanescence of the roots ¢,, cs of the cubic I= 0, with the resulting 
directions a, as of the only real side of the cone. An analogous but 
intermediate case (comp. 405, (9.)) is that when c,=0, or g=SAu; in 
which case, the cone I. reduces itself to the pair of (real) planes, 


XI Bio Sip = 0: 


namely to the asymptotic planes of the hyperbolic cylinder 405, XVI., or to 
those which are usually the ¢wo cyclict planes of the cone. 
(7.) The case (comp. 394, (29.)), 


AW eg = RN OF RLV. Cea ee 0, 
for which the equation I. of the cone becomes, 
XV... 0 = fp = 2(SApSup — p*SAn) = 28(VAp.Vup), 


may deserve a moment’s attention. In this case, the two planes, of Xp and 
up, which connect the two cyclic normals X and pw with an arbitrary side p of 
the cone, are always rectangular to each other; and these two normals to the 
cyclic planes are at the same time sides of the cone, which thus is cut in 


* It may however be said, that in this case the cone consists of a pair of imaginary planes, which 
intersect in a real right line. 


+ The cones and surfaces which have a common centre, and common values of the vectors A and p, 
but different values of the scalar g, may thus be said, in a known phraseology, to be diconcyelic. 
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circles, by planes perpendicular to those two sides. And because the equation 
of the cone may (in the same case) be thus written, 


Do Vabons TV(A a2 [)p = TV (A es LL) Ps 


while the Jengths of X and pw may vary, if their product Tru be left 
unchanged, so that A +p and A-w may represent any two lines from the 
vertex, in the plane of the two cyclic normals, and harmonically conjugate 
with respect to them, it follows that, for this cone XY., the sines of the 
inclinations of an arbitrary side p, to these two new lines, have a constant 
ratio to each other. 

(8.) In general, the second form I. of fp shows (comp. 394, (23.)), that 
the constant product of the sines of the inclinations, of a side p of the cone 
to the two cyclic planes, has for expression, 


SEV AT ss eos £8008 22 = a (ae + COS cf) 

iu 
while the first form I. of the same function /p reproduces the condition of 
reality II., by showing that g:'TAp is (for a real cone) the cosine of a real 
angle, namely, that of the quaternion product Apup, since it gives the 
relation, 


g -1 
XVII. . « Ay = SUApup = 008 4 Apup = cos 4 oe 


(9.) We may also observe that in the case of reality II., with exclusion 
of the sub-case (6.), if a; have the direction of the internal axis of the cone, 
so that 


MI. (0c es yt Ober, i ge Any. O San, 
the two sides (of one sheet) in the plane of Ay have the directions, 
XX... pr = ¢s%as + (— 1) a, pz = Cs "as — (— 1) “an $ 
if then their mutual inclination, or the angle of the cone in the plane of the 


cycle normals, be denoted by 2b, we have the values, 


RM tan bo XK pe 
7 a oF —C,+ C3 DAu 
the angle of the quaternion Apup is therefore (by XVIII.), equal to this 
angle 2b, namely to the arcual minor axis of the sphero-conic, in which the 
cone is cut by the concentric unit-sphere. 


Arr.406.] ARCUAL AXES AND FOCI OF A SPHERO-CONIC. 193 


(10.) The same condition of reality II. may be obtained in a quite 
different way, as that of the reality of the reciprocal cone, which is the 
locus of the normal vector, 


ol ay op = gpt VApu. 


Inverting this linear function ¢, by the method of the Section III. ii. 6, we 
find first the expression (comp. 354, (12.), and 361, (6.)), 


XXIII... mp = Wy = wASAv + A2uSuv — gASuv + wSrv) + (9? -— Vu), 
in which XXIV... m= (g — SAp) (9? — A2u’) = = CrC2€s 3 
and next the reciprocal equation (comp. 861, XX VII.), 
XXYV... 0 =Swpv = w?(SArv)? + AX?(Suv)? — 2gSrAvGuv + (9? — Au’) v?, 


which may be put under the form, 


v v -g 
>... rae cos(2 ¢ + ”) = Ty} 

the quotient g: TAw thus presenting itself anew as a cosine, namely as that 
of the supplement of the sum of the 
inclinations of the normal v (to the 
cone I.), to the two cyclic normals Xr, pu 
(of that cone); or as the cosine* of ¢ 
a7 —A-—bB, if a and B denote (comp. 
fig. 80 [vol. ii, p. 65] the two 
spherical angles, which the tangent 
are to the sphero-conic (9.) makes 
with the two cyclic arcs: so that by comparison of XXI’. and XXYVI. we 
have the relation, 


Fig. 80, bis. 


XKVIL..a + B= 2) 447 = 0-2, 


* This relation was mentioned by anticipation in 394, (3.); and the relation in XXVII. may 
easily be verified, by conceiving the point of contact P in fig. 80 (vol. ii., page 65) to tend towards a 


minor summit of the conic, or the tangent arc aps to tend to pass through the two points c, c’, in 
which the cyclic arcs intersect. 
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(11.) Comparing the expression X XI’. for cos 2b, with the last expression 
XVIII. for g: TAu, we derive the following construction for a sphero-conic, 
which may easily be verified by geometry :* 

Having assumed two points (L, M) on a sphere, and having described a small 
circle round one of them (say 1), bisect the arcs (Ma) which are drawn to its 
circumference from the other point; the locus of the bisecting points (P) will 
be a sphero-conic, with the two fixed points for its two cyclic poles (or for the 
poles of its cyclic arcs), and with an arcual minor axis (2b) equal to the arcual 
radius of the small circle.t 

(12.) As regards the arcual major axis (say 2a) of the same sphero-conie, 
it is (with the conditions XIX.) the angle between the two sides (comp. XX.), 


as 


XX VIII. es i a Cs 8a iE (— Co) "ar, pos 6. "as oa (- C2) "ay ; 


whence (comp. XXI.), 


XXIX... tan? a= uy or XXIX’... cos 2a= a de (say) e, 


Cg ote O7 ie wal 65 


and therefore, a few easy reductions being made, 


ia ly = He +suf)| =oos 345; 


ao) Sere r 


from which we can at once infer, that if a focus of the conic be determined, 
by drawing from a minor summit to the major axis an are equal to the 
major semiaxis a, the minor axis subtends at this focus (or at the other) a 
spherical angle equal to the angle between the two cyclic ares. 

(13.) For the two real unifocal transformations of the equation of the cone, 
or the forms, 


XXXI. .. a(Vap}? + 4(SBp)? = 0, and XXXI’...a(Va'p)*+5(86'p)? = 0, 


with one common set of real values of the scalar coefficients, a and b, but with 
two real focal unit lines a, a’, and two real directive normals (3, B’ corresponding, 
it may be sufficient here to refer to the sub-articles to 858; except that it 
should be noticed, that if the cone be veal, and if the line a; have the direction 


* In fact, the bisecting radii op are parallel to the supplementary chords m’a, if um’ be a diameter 
of the sphere; and the locus of all such chords is a cyclic cone, resting on the small circle as its base. 


+ [By quaternions, if 09 = «, ue! = u(pu"})? or UK = — Upmp, &e. | 
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of its internal axis, so that the inequalities XIX. are satisfied, and therefore 
also (by 405, (6.)), 


RN ee 0 er c 


instead of the inequalities 358, III., or 359, XXXVII., we are now to 
change, in the earlier formule referred to, the symbols ¢,¢:¢;a,a,a3 to 
C3C\C2a3a,02, 80 that we have now the values, 


XXXITI...a@=-¢, b=e,-e, +a, if TB = TP’ =1. 


(14.) And as regards the interpretation of the unifocal form XXXI., with 
these last values, it is evidently contained in this other equation, 


XXXIV...sinz&.seoz E= 
a Sp 


the sines of the inclinations of an arbitrary side (p) of the cone, to a focal line 
(a), and to the corresponding director plane (1 (3), thus bearing to each other 
(as is well known) a constant ratio, which remains unchanged when we pass 
to the other (real) focal line (a’), and at the same time to the other (real) 
director plane (1 3’): and the focal plane of these two lines (a, a’) being 
perpendicular to that one of the three axes, which corresponds to the root 
(here c, by XXXII.) of the cubic, of which the reciprocal is algebraically 
intermediate between the reciprocals of the other two. 


(15.) It is, however, more symmetric to employ the bifocal transformation 
(comp. 360, VI.*), 


Py C3 — Cy + Cy\2 
oP = ( : ; ‘)- const. ; 
se OI 


XXXYV...0 = (Sap)? — 2eSapSa’p + (Sa’p)? + (1 - €*)p’; 
in which the scalar constant e has the value (comp. XXIX’.), 
XXXVI... e = c08 2a; 


and a, a’ are the ¢wof real and focal unit lines, recently considered (13.). 


* It is to be remembered that, in the formula here cited, the symbols a, a’ did not denote unit- 
vectors. 


t+ When those two vectors a, a’ remain constant, but the scalar e changes, there arises a system of 
biconfocal cones: or, by their intersections with a concentric sphere, a system of diconfocal sphero- 
conics. Compare the second Note to page 191. 


2C2 
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(16.) The equation XXXV., for the case of a real cone, may be thus 

written (comp. XX VI. XXXVI.), 
NORV LP = cost e = 2a; 
a a 

the swn* of the inclinations of the side p to the two focal lines a, a’ being 
thus constant, and equal (as is well known) to the major avis of the spherical 
conic: and although, when e > 1, the cone becomes imaginary, yet it is then 
asymptotic to a real ellipsoid, as we shall shortly see. 


407. The bifocal form (406, XXXYV.) of the equation of a cone may 
suggest the corresponding form, | 


I... C= Cfp = (Sap)* — 2eSapSa’p + (Sa’p)? + (1 — &)p?, 


in which a and a’ are given and generally non-parallel unit-lines, while e and 
C are scalar constants, as capable of representing generally (comp. 360, (2.), 
(3.)) a central but non-conical surface (fp = 1) of the second order. And we 
shall find that if, in passing from one such surface to another, we suppose 
a and a’ to remain unchanged, but e and C to vary together, so as to be always 
connected by the relation, 


ii CS “yes Saat 


in which 7 is some real, positive, and given scalar, then all the surfaces 
I. so deduced, or in other words the surfaces represented by the common 
equation, 


, SM (a a (Sap)? = 2eSapNa’p fh (Sa’p)’ - (1 a e*) 0” 
ae (e — 1) (e + Saa’) 


with e for the only variable parameter, compose a Confocal System. 
(1.) The scalar form III. of fo gives the connected vector form, 


aS(a — ea’)p + a’S(a’ - ea)p + (1 - e*)p 


LV. one l*v = l gp = Gi ig 1) (e + Saa’) ’ 


* Or the difference, according to the choice between two opposite directions, for one of the two 
focal lines. The angular transformation XXXVII. may be accomplished, by resolving the equation 
XXXYV. as a quadratic in e, and then interpreting the result. 
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which may also be thus written, with the value II. of C, 
Noo. op = Cop =(a- ea’ )Sap a (a’ - ea)Sa’p + (1 - €”) p, 


so that the function @ is se//-conjugate, as it ought to be. 
(2.) And because we have thus, 


VI... (@ -1)?da=a’- ea, (e -1)l’¢a" =a - ea’, 
if we write, for abridgment, 
Vil .@ (e+ 17 b= (e4 Sca)t*, @ =i, 
we shall have the values, 
g(ata)=-a*(at+a), 
VII... 4@Vad == - 6° Vad’, 
g(a-a)=-@(a-a); 


comparing which with 405, (1.), (2.), we see that the three (real or imaginary) 
lines, 


TX...aU(a+a’), bUVaa’, cU(a- a’), 


of any one of which the direction may be reversed, are the three vector 
semiaxes of the surfaces fp =1; and therefore, by VII., that the system III. 
is one of confocals, as asserted. 

(3.) The rectangular transformations, scalar and vector, are now (comp. 


405, X., and 357, V. VIII.) : 


(SoU(a+a’))? (SoUVaa’)? (SpU(a -a’))’ 
+ + ; 
e+] e + Saad’ e-l 


Ol 


U(a + a’). Sp U(a + a’) : UVaa’. SpU Vad’ 
e+ e+ Saa’ 
U(a - a’). SpU(a - a’) 
+ 
e-l 


Ml pore 


which can both be established, by the rules of the present Calculus, in several 
other ways, and from the first of which it follows that (as is well known) 
through any proposed point Pp of space there can in general be drawn three 
confocal surfaces, of a given system III. ; one an ellipsoid, for which e > 1, 
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and therefore a? > b?>c? > 03 another a single-sheeted hyperboloid, for which 
e<1, e>-Sad’, @ >? >0>c’; and the third a double-sheeted hyperboloid, 
for which e<—Sav’,e>-1,@>0>6'>¢. 

(4.) From the other rectangular transformation XI. it follows, that if 
we denote by v:=¢,0 what the normal vector v= dp becomes, when p 
remains the same, but ¢ is changed to a second root e, of the equation III. 
or X. of the surface, considered as a cubic in e, then 


XII. ete Hae = Pov; = Pow = l*o,pp = Podip ; 


Chae 


but 
XIII. . . Sov. = Spv = fip = fp = I, 


fie being formed from fp, by the substitution of e, for e; therefore, 
XIV... 0 =Sp¢m, = Sridp = Suv, 


and the known theorem results, that confocal surfaces cut each other 
orthogonally.* 

(5.) It follows, from V. and VI., that the inverse function op can be 
expressed as follows: 


XV... gp = 1?(aSa'p + a’Sap) — 0p; 
or that p may be deduced from v by the formula, 
XVI... p= ¢7v = 1?(aSa’v + a’Sav) — bv, 


which can easily be otherwise established. Hence (comp. 361, (4.)), the 
equation of the surface veciprocal to the surface I. or III., or of that new 
surface which has v (instead of p) for its variable vector, is 


XVII... 1 = Fv = 8nd = 27*8av8a’v — 6'v’; 


the fixed focal lines a, a’ of the confocal system III., or of the corresponding 
system of the asymptotic cones, becoming thus (in agreement with known 
results) the jived cyclic normals (or cyclic lines, comp. 361, (6.)) of the 
reciprocal system XVII. 


* We shall soon see that the same formula XII., by expressing that v, v1, and gv1 or giv are 
complanar, contains this other part of the known theorem referred to, that the intersection is a line of 
curvature, on each of the two eonfocals. [Compare 410, (12.).] 
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(6.) In thus deducing the equation XVII. from III., no use has been 
made of the rectangular transformations X. XI., of the functions fp and ¢p. 
Without the transformations last referred to, we could therefore have 
inferred, by a slight modification of the form XVIL., that the reciprocal 
surface (Fy = 1) with v for its variable vector, which has the same rectangular 
system of directions for its three semiaxes as the original surface (fp = 1), but 
with inverse squares (the roots of dts cubic) equal to the direct squares of the 
original semiaxes, has for equation (comp. 405, XIT.), 


XVIII... 1 = Fv = [?(Sava’y - ev’) = SAvuy + gr’, 
XTX. A =a, Vee ie g=-el?=-—eTrp; 


if 


the values VII. of a’, 0, c being thus deduced anew, but by a process quite 
different from that employed in (2.), under the forms (comp. 405, XIIT.), 
Me a =G2-0+ tur bP =G=—g4 Shee C= 4 =—9— An; 


while the directions IX. of the corresponding semiaxes may be deduced as 
those of as, a2, a;, from the formule 405, XIV. 

(7.) If the symbol w (vy), or simply wy, be used to denote a new linear and 
self-conjugate vector function of v, defined by the equation, 


XXI... wy = pSpv — 1?(aS8a’v + a’Sav), 


with p here treated as a vector constant, then (because Spy = 1) the equation 
XVI. may be thus written (comp. 354, &c.), 


XXII... (w+ B)v=0; 


the three rectangular directions, of the three normals v, v,, v2 to the three 
confocals through Pp, are therefore those which satisfy (comp. again 354) the 
vector quadratic equation, 


XXIII... Vowy = 0; 


and they are the directions of the axes of this new surface of the second order 
(comp. 357, &c.), 


XXIV... Svwy = (Sov)? — 2/*SavSa’v = 1, 


in which p is still treated as a constant vector, but v as a variable one. 
(8.) ‘The cnverse squares of the scalar semiaxes of this new surface (Svwy = 1) 
are the direct squares 0°, 0,*, b,? of what may be called the mean semiaxes of 
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the three confocals ; these Jatter squares must therefore be the roots of this 


new cubic, 
XXV...0=m+m’d? + m’’ (0)? + (8), 


in which the coefficients m, m’, m”, deduced here from the new function w, 
as they were deduced from ¢ in the Section III. 11. 6, have the values, 


m = 1(Saa'p)*; 
XXVI.. «4m! = U(Vaa’)? + 208(Vap .Va'p) ; 
mm” = p? — 21°Saa’. 


Accordingly, if we observe that (because Ta = Ta’ = 1) we have among 
others the transformation, 


XXVII. .. (Saa’p)? = p?(Vaa’)? — (Sap)? — 28aa’SapS8a’p — (Sa’p)’, 


we can express this last cubic equation XX Y., with these values XX VI. of 
its coeflicients, under the form, 


XXVIII... 0 = (0? + p*) {(0? — 7’Saa’)? — 74} 
+ 217(b? — [*Saa’) SapSa’p - 1'((Sap)* + (Sa’p)’) ; 


which, when we change 2° by VII. to its value 7°(e + Saa’), and divide by /', 
becomes the cubic in e, or the equation III. under the form, 


XXIX...0= (e - 1) {?(e + Saa’) + p?} + 2eSapSa’p — (Sap)? — (Sa’p)’. 


(9.) As an additional test of the consistency of this whole theory and 
method, the directions of the three axes of the new surface XXIV., or those 
of the three normals (7.) to the confocals, or the three vector roots (854) of 


the equation XXIII., ought to admit of being assigned by three expressions 
of the forms, 
nv =o + b’yo + dto, 


P.O. Oe Nv, = bo: te bxo1 - bi'o,, 


Neve = Por + b.yax + datas 5 


in which 28?, 0,*, b.? are the three scalar roots of the cubic XX YV. or XXVIILI., 
while o, 0, o, are three arbitrary vectors; n, m4, nN, are three scalar coefficients, 
which can be determined by the conditions Sev = Spm = Sev, = 1 (comp. 
XIII.) ; and ¥, x are two new auailiary linear and vector functions, to be 
deduced here from the function w, in the same manner as they were deduced 
from ¢ in the Section lately referred to. 
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(10.) Accordingly, by the method of that Section, taking for convenience 
the given* vector p (instead of the arbitrary vectors o, a1, 02) as the subject 
of the operations ~ and y, we find the expressions, 


XXXII... Wo =/'Vaa'Saa’p, yp = /?(aSa’p + a’Sap — 2pSaa’) ; 


whence, after a few reductions, with elimination of » by the relation Spv = 1, 
and by the cubic in 8°, the first equation XXX. becomes : 


XXXII... 0 = (bv + p) {(0? - U’8aa’)? - 14} 
+ 1?(B — l’8aa’) (aSa’p + a'Sap) — U*(aSap + a’Sa’p) ; 


which is in fact a form of the relation between v and p, for any one of the 
confocals, as appears (for instance) by again changing J? to /?(e + Sad’), and 
comparing with the equation IV. 

(11.) Another and a more interesting auwiliary surface, of which the axes 
have still the directions of the normals v, is found by cnverting the new linear 
function w, or by forming from XXII. the cnverse equation, 
in which, XI eo 08) pe 05 


ONLY. wry (Saa’p)” = Vaa’Saa’v + Z*(VapSa’py + Va’ pSapv) } 


and from which it follows that the normals v to the confocals through P have 
the directions of the aves of this new cone, 


XXXV...Svw'y=0, or XXXVI... 0 = /*(Saa’v)? + 2apv8a’pr, 


with p treated as a constant, as before. 

(12.) The vertex of this auxiliary cone being placed at the given point Pp, 
of intersection of the three confocals, we may inquire i what curve is the 
cone cut, by the plane of the given focal lines, a, a’, drawn through the common 
centre o of all the surfaces III. Denoting by o = ta+ ¢a’ the vector of a 
point s of this sought section, and writing 


XXXVIT...v=c0-p=ta+ ta’ —p, 
the equation XXXVI. gives the relation, 


| etek aha 


XXXVI... tt Se 


= CONBt: > 


* The general expressions for yo and xo include terms, which vanish when o = p. 
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the section is therefore an hyperbola, which is independent of the point P, and 
has the focal lines of the system for its asymptotes. And because its vector 
equation may be thus written (comp. 371, II.), 


MXXIX: =. co =ta+ $0 a, 
or what may be called its guaternion equation as follows (comp. 871, I.), 
| XL... 2Vae.Vaa’ = 1?(Vaa’)’, 
it satisfies the two scalar equations, 
Als Gana oa =) 


with the significations XX VI. of m and m’; it is therefore that important 
curve, which is known by the name of the Pocal Hyperbola:* namely the 
limit to which the section of the confocal surface by the plane of its extremet 
axes tends, when the mean axis (2b) tends to vanish. We are then led thus to 
the known theorem, that 7f, with any assumed point Pp for vertex, and with the 
Focal hyperbolat for base, a cone be constructed, the aces of this focal cone have 
the directions of the normals to the confocals through P. 

(13.) As regards the Focal Ellipse, its two scalar equations may be 
deduced from the rectangular form X., by equating to zero both the 
numerator and the denominator of its last term; they are therefore, 


XLIL...8(a-a)p=0, 2 = (SpU(a+«’))' + (ZO); 


Sada 


the curve being thus given as a perpendicular section of an elliptic cylinder, 
with 7,/2 and /,/(1 + Sada’), or (a? - ce)? and (0? - ¢)*, for the semiaxes of 
its base, or of the ellipse itself. 

(14.) The same curve may also be represented by the equations, 


XLIII... Sap = Sa’p, TVap = (8 - ey}, 


or 


XLII’... 8a’p = Bap, TVa'p = (8 - &)}; 


* Compare the Notes to pages 240, vol. i., and 17, vol. ii. 
+ Namely, those two of which the squares algebraically include between them that of the third ; 
this latter being, for the same reason, considered here as the mean. 


t{ We shall soon see that quaternions give, with equal ease, a more general known theorem, in 
which this is included as a limit. [Compare 408, (13.), page 214.] 
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which express that it is the common intersection of its own plane (La — a’) 
with two right cylinders,* which have the two focal lines a, a’ of the system 
for their aves of revolution, and have equal radii, denoted each by the radical 
last written. 

(15.) In general, the unifocal form (comp. 406, (13.)) of the equation IIT., 
namely, 


XLIV. .. 0 = (1 - &) ((Vap)? + 8?) + (S(a’ — ea)p)’, 


in which a and a’ may be interchanged, shows that the two equal right 
cylinders, 
LN cay cp) 20? 0, Ly choc Ly @ bo) Ue 0, 


or 


XLVI... TVap = 8, XLVI’... TVa'p = 3, 


which are veal if their common radius b be such, that is, if the confocal (e) be 
either an ellipsoid (supposed to be real), or else a single-sheeted hyperboloid, 
and which have the focal lines a, a’ of the system for their aves of revolution, 
envelopet that confocal surface ; the planes of the two ellipses of contact (which 
again are veal curves, if b be real) being given by the equations, 


>. a" g @ Be S(@’ so ea) p = 0, ALVIS: S(a a ea’) p = Oo 


so that they pass through the centre o of the surface (or of the system), and 
are the (real) director planes (comp. 406, (14.)) of the asymptotic cone (real or 
imaginary), to the particular confocal (e). 

(16.) Whether the mean seméawis (b) be real or imaginary, the surface 
ITI. (supposed to be itself rea/) is always, by the form XLIY. of its 
equation, the Jocus of a system of read ellipses (comp. 404, (1.)), in planes 
parallel to the director plane XLVII., which have their centres on the focal 
line a, and are orthogonally projected into circles on a plane perpendicular to 
that line. 

. (17.) The same surface is also the locus of a second system of such ellipses, 
related similarly to the second focal line a’, and to the second director 


* The reader may consult page 513 of the Lectures, for the case of this theorem which answers to 
a given ellipsoid. The focal ellipse may also be represented generally by the expression (comp. page 
417, vol. i., of these Elements), 


p = (a? — 02)? V. afU(a + a’) ; 
or by the same expression, with a and a’ interchanged. 


t Compare pages 202, 236, 241, 314, vol. i. 
2D 2 
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plane XLVII’.; and it appears that these two systems of elliptic sections of 
a surface of the second order, which from some points of view are nearly 
as interesting as the circular sections, may conveniently be called its Centro- 
Focal Ellipses. 

(18.) For example, when the first quaternion form (204, (14.), or 404, I.) 
of the equation of the ellipsoid is employed, one system of such ellipses 
coincides with the system (204, (13.)) of which, in the first generation* of the 
surface, the ellipsoid was treated as the Jocus; and an analogous generation 
of the two hyperboloids, by geometrical deformation of two corresponding 
surfaces of revolution, with certain resulting homologies (comp. sub-arts. to 
274), through substitution of (centro-focal) ellipses for circles, conducts to 
equations of those hyperboloids of the same unifocal form; namely, if a and 3 
have significations analogous to those in the cited equation of the ellipsoid 
(so that 8 and not a is here a focal line), 


XUV - . (s ar (v by 1: 
a 


the upper or the lower sign being taken, according as the surface consists of 
one sheet or of two. 

(19.) It may also be remarked that as, by changing to a in the 
corresponding equation of the ellipsoid, we could return (comp. 404, (1.)) 
to a form (403, XI.) of the equation of the sphere, so the same change in 


* Besides that jirst generation (I) of the Ellipsoid, which was a double one, in the sense that a 
second system (17.) of generating ellipses might be employed, and which served to connect the surface 
with a concentric sphere, by certain relations of homology (274); and the second double generation or 
construction (II), by means of either of two diacentric spheres (217, (4.), (6.), (7-), and 220, (3.)), 
which was illustrated by fig. 53 (page 234, vol. i., and page 184, vol. ii.): several other generations 
of the same important surface were deduced from quaternions in the Lectures to which it is only 
possible here to refer. A reader, then, who happens to have a copy of that earlier work, may consult 
page 499 for a generation (III) of a system of two reciprocal ellipsoids, with a common mean axis (2b), 
by means of a moving sphere, of which the radius (= b) is given, but of which the centre has the 
original ellipsoid for its locus; while the corresponding point on the reciprocal surface, and also the 
normals at the two points, are easily deduced from the construction. In page 502, he will find 
another and perhaps a simpler generation (IV), of the same pair of reciprocal ellipsoids, by means of 
quadrilaterals inscribed in a fixed sphere (the common mean sphere, comp. 216, (10.)) ; the directions of 
the four sides of such a quadrilateral being given, and one pair of opposite sides intersecting in a point 
of one surface, while the other pair have for their intersection the corresponding point of the other (or 
reciprocal) ellipsoid. In the page last cited, and in the following page, there is given a new double 
generation (V) of any one ellipsoid; its circular sections (of either system) being constructed as 
intersections of two equal spheres (or spheric surfaces), of which the line of centres retains a fixed 
direction, while the spheres slide within tiwo equal and right cylinders, whose axes intersect each other 
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XLYIII. conducts to equations of the equilateral hyperboloids of revolution, 
of one sheet and of two, under the very simple forms* (comp. 210, XI.), 


XE 4 (ey Si and Es (e)- rhe 
a 


in which it seems unnecessary to insert points after the signs 8, and of which 
the geometrical interpretations become obvious when then they are written 
thus (comp. 199, V.), 


LI... TE = /s00 2(5- 22), Tele ee Ua cae 
a 2 a a 


a 
where T? = op: oa, while Z P is the inclination aop of the semidiameter op 
a a 


to the ais of revolution oa, and a Zf ig the inclination of the same 
a 


2 
semidiameter to a plane perpendicular to that axis. 

(20.) The real cyclic forms of the equation of the surface III. might be 
deduced from the unifocal form XLIV., by the general method of the 
sub-articles to 359; but since we have ready the rectangular form X., it is 
simpler to obtain them from that form, with the help of the identity, 


LIT. . . - p? = (SpU(a + a’)? + (SpUVaa’)’ + (SpU(a - a’) ), 


by eliminating the jirst of these three terms for the case of a single-sheeted 


(in the centre of the generated surface), and of which the common radius is the mean semiaxis (0). 
Finally, in page 699 of the same volume, there will be found a new generation (VI) of the original 
ellipsoid (abc), analogous to the generation (IV) by the fixed (mean) sphere, but with new directions of 
the sides of the guadrilaterals, which are also (in this /ast generation) inscribed in the circles of a 
certain mean ellipsoid (or prolate spheroid) of revolution, which has the mean axis (26) for its major 
axis, and has two medial foci on that axis, whose common distance from the centre is represented by 
the expression, 
V (a? — b?) V(b? — ¢?) © 
Va@—P +e)’ 


the common tangent planes, to this mean (or medial) ellipsoid, and to the given (or generated) ellipsoid 
(abe), which are parallel to their common azis (2b), being parallel also to the two umbilicar diameters 
of the latter surface. 


* The same forms, but with o for p, and 8 for a, may be deduced from XLYIII. on the plan of 
274, (2.), (4.), by assuming an auxiliary vector o such that S a = 2 8 P and ve a ve ; the 
a 


homologies, above alluded to, between the general hyperboloid of either species, and the equilateral 
hyperboloid of revolution of the same species, admitting also thus of being easily exhibited. 
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hyperboloid (for which 6% > a’ > 0 > ¢*); the second for an ellipsoid 
(c? > 6? > a > 0); and the third for a double-sheeted hyperboloid 
(Gre Oost 270): 

(21.) Whatever the species of the surface III. may be, we can always 
derive from the unifocal form XLIY. of its equation what may be called 
an Exponential Transformation; namely the vector expression, 


LIV...p=aa+yVa'B, with LV...¢7fa+¥7fUVae =1; 


the scalar exponent, t, remaining arbitrary, but the two scalar coefficients, 
wand y, being connected by this last equation of the second degree: provided 
that the new constant vector [3 be derived from a, a’, and e, by the formula, 


(a’ — ca) UVad’ 
e+ Saa’ 


? 


Lye Ge 


which gives after a few reductions (comp. the expression 315, III. for a’, 
when Ta = 1), 


LVI... Va = UVaa’, S(a’-ea)B=0, Sa’B=0; 
VIL Vas 60 oa +0 Vadis ass 
bixXes Nave sp—oaUVaa — ib; 


Le. ee. (a’ - ea)p = x (e os Sa’), Vap = ya'U Vad’ ; 
while 


DXi eee and ee a ey aa 


(22.) If we treat the exponent, t, as the only variable in the expression 
LIV. for p, then (comp. 314, (2.)) that exponential expression represents 
what we have called (17.) a centro-focal ellipse; the distance of its centre 
(or of its plane) from the centre of the surface, measured along the focal 
line a, being represented by the coefficient x; and the radius of the right 
cylinder, of which the ellipse is a section, or the radius of the circle (16.) 
into which that ellipse is projected, on a plane 1 a, being represented by 
the other coefficient, y: while 4¢r is the excentric anomaly. 

(23.) If, on the contrary, we treat the exponent t as given, but the 
coefficients « and y as varying together, so as to satisfy the equation LY. 
of the second degree, the expression LIV. then represents a different section 
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of the surface III., made by a plane through the line a, which makes with 


the focal plane (of a, a’) an angle = ai this latter section (like the former) 


being always real, if the surface ctse/f be such: but being an edlipse for an 
ellipsoid, and an hyperbola for either hyperboloid, because 


PR eas PU Vae =e, py i and bx, 


(24.) And it is scarcely necessary to remark, that by interchanging 
a and a’ we obtain a Second Exponential Transformation, connected with 
the second system (17.) of centro-focal ellipses, as the first exponential trans- 
formation LIY. is connected with the first system (16.). 

(25.) The asymptotic cone fp = 0 has likewise its two systems of centro- 
focal ellipses, and its equation admits in like manner of two exponential 
transformations, of the form LIV.; the only difference being, that the 
equation LY. is replaced by the following, 


LXIV... #/fa+ yfUVad’ = 0, 


in which, for a real cone, the coefficients of 2 and #* have opposite signs 
by (23.). 

(26.) Finally, as regards the confocal relation of the surfaces III., which 
may represent any confocal system of surfaces of the second order, it may 
be perceived from (4.) that an essential character of such a relation is 
expressed by the equation, 


LAY... Vv,ov, = Vvdv; 


which may perhaps be called, on that account, the Equation of Confocals. 
(27.) It is understood that the two confocal surfaces here considered, are 
represented by the two scalar equations, 


LAVEss. Sogo =k. oho). 1, (08 “Ue VE 6-41, fos 


and that the two linear and vector functions, v and v,, of an arbitrary vector p, 
which represent normals to the two concentric and similar and similarly 
posited surfaces, 


LXVII...fp =const., jp = const., 
passing through any proposed point Pp, are expressed as follows, 


kV Ese = op, v,= p/p. 
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(28.) It is understood also, that the two surfaces LXVI. or LXVI’. 
are not only concentric, as their equations show, but also coaral, so far as 
the directions of their ares are concerned: or that the two vector quadratics 
(comp. 354), 

LXIX...Vp¢p =0, and LXX...Vpd  =0, 


are satisfied by one common system of three rectangular unit lines. And with 
these understandings, it will be found that the equation LXV., which has 
been called above the Hguation of Confocals, is not only necessary but 
sufficient, for the establishment of the relation required. 

(29.) It is worth while however to observe, before closing the present 
series of sub-articles, that the equations XII., and those formed from them 
by introducing e, and 1», give the following among other relations: 


POOR afi te ee i a ya 
and [XK fe a eo eo 


and therefore, 


LXXIII. . . A{(b,? - 62)!Uy, + (62 - 0’)?Uv} = 0; 


whence it is easy to see that the ¢wo vectors under the functional sign f{ in 
this last expression have the directions of generating lines of the single- 
sheeted hyperboloid (e:) through p, if we suppose that 0,’ > b,? > 0 > 0%, so 
that the confocal (e,) is here an ellipsoid, and (e) a double-sheeted hyperboloid. 

(30.) But if o be taken to denote the variable vector of the auaihary 
surface XXIV., the equation of that surface may by (7.) and (8.) be 
brought to the following rectangular form, with the meaning XXI. of w, 


LXXIV. .. 1 = Sows = (Spo)* - 2/*Sac8a’o = 6’(SaUv)? 
i bY (SaUn,)’ a b.°>(SoUv,)? ; 


hence, with the inequalities (29.), its cyclic normals, or those of its asymptotic 
cone Sowo = 0, or the focal lines of the reciprocal cone Sow'o = 0, that is of 
the cone XXXVI., or finally the focal lines of the focal* cone (12.), which 
rests on the focal hyperbola, have the directions of the lines LXXIII.; those 
focal lines are therefore (by what has just been seen) the generating lines of the 
hyperboloid (e,), which passes through the given point P. 

(31.) And for an arbitrary o we have the transformation, 


LXXV. . . /°(Spo)? — Saca’a = e (SoU)? + (SoU)? + e:(Sa0 02)’. 


* A more general known theorem, including this, will soon be proved by quaternions [page 213]. 
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408. The general equation* of conjugation, 
tet (p3 P= > 405, III. 


connecting the vectors p, p’ of any two points Pp, P’ which are conjugate with 
respect to the central but non-conical surface fo = 1, may be called for that 
reason the Hyuation of Conjugate Points; while the analogous equation, 


IL. . .f(ps p’) = 0, 


which replaces the former for the case of the asymptotic cone fp = 0, may be 
called by contrast the Equation of Conjugate Directions: in fact, it is satisfied 
by any two conjugate semidiameters, as may be at once inferred from the 
differential equation f(p, dp) = 0 of the surface fp = const. (comp. 362). Each 
of these two formule admits of numerous applications, among which we 
shall here consider the deduction, and some of the transformations, of the 
Equation of a Circumseribed Cone, 


TT pre ee Wo (7p a 


which may also be considered as the Condition of Contact, of the right line pr’ 
with the surface fo = 1. 

(1.) In this last view, the equation III. may be at once deduced, as the 
condition of equal roots in the scalar and quadratic equation (comp. 216, (2.) 
and 316, (80.)), 


? 


IV. ..0=f(ap + 2p’) - (e+ #’)’, 
or 


V...0=27(fp - 1) + 2xe’(f(p, p’) - 1) + 2( fp’ - 1); 


which gives in general the two vectors of intersection, as the two values of the 


rp t+ xp 
expression ase od 
at a 


* For the notation used, Art. 362 may be again referred to. [On page 550, vol. i., are printed 
the formule 


SF (ps p’) =F (p's p) = Sppp’ = Sp gp, 
F (p, p) =Sp; 


which sufficiently explain the notation employed.] 


and 


HamiLton’s ELEMENTS OF QuaTERNIONS, Vot. II. 2k 


210 ELEMENTS OF QUATERNIONS. PLTT i. & 7. 


(2.) If we treat the point P’ as given, and denote the two secants drawn 
from it in any given direction r by t,'r and ¢,‘7, then ¢, and ¢, are the roots 
of this other quadratic, f(p’ + ¢'r) = 1, or 


VI... 0 = flip’ +7) ~ # = #(fp! - 1) + 26/(p', 2) +A 


denoting then by ¢.'r the harmonic mean of these two secants, so that 
Qt) = t, + t,, and writing p = p’ + t,17, we have 


VIL... 4(1 —/p’) =S (9 7), S(p, p') =1; 


we are then led in this way to the formula I., as the Equation of the Polar 
Plane of the point Pp’, if that plane be here supposed to be defined by its 
well-known harmonic property (comp. 215, (16.), and 316, (81.), (32.)). 

(3.) At the same time we obtain this other form of the condition of contact 
IIT., as that of equal roots in VI., 


Vill Mew 


the first member being an abridgment of (/(p’, r))*: and because this last 
equation VIII. is homogeneous with respect to r, it represents a cone, namely 
the Cone of Tangents (r) to the given surface fp = 1, from the given point P’. 
Accordingly it is easy to prove that the equation III. may be thus written, 


TA 0p) 7 eee 


under which last form it is seen to be homogeneous with respect to p — p’. 

(4.) Without expressly introducing 7, the transformation IX. shows that 
the equation III. represents some cone, with the given point P’ for its vertex ; 
and because the intersection of this cone with the given suxface is expressed by 
the square of the equation I. of the polar plane of that point, the cone must 
be (as above stated) circumscribed to the surface fp = 1, touching it along the 
curve (real or imaginary) in which that surface is cut by that plane I. 

(5.) Another important transformation, or set of transformations, of the 
equation III. may be obtained as follows. In general, for any two vectors 
p and p’, if the scalar constant m, the vector function y~, and the scalar 
function F, be derived from the linear and vector function ¢, which is 
here se/f-conjugate (405), by the method of the Section III. 11. 6, we have 
successively, 


X.. . f(p; p’)* — fp - So’ = Sppp’. Sp’op - Spop - Sp'op’ = 8 (Vep’. Voge’) 
=8. pp'pVpp’ = mS . pp’g* Vp! = mE Vpp' ; 
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and thus the equation III. of the circumscribed cone becomes, 
Gl Beer mE V pp’ + f(p Re p) See Or 2 ti. 4 mE Vrp’ + fr = 0, 


if r=p-p’ be a tangent from Pv’. Or because gf =m, and m =— Cilxls 
= - a*b*c*, by 406, XXIV., we may write (with r = p — p’) either 


XIII. ..0=Srfr+ + Sug v, if v=Vro’ = Vop, 
or 
XIV... FVpp’ = e0’cf(p - 0’), 


as the condition of contact of the line pp’ with the surface fp = 1.* 

(6.) A geometrical interpretation, of this last form XIV. of that condition, 
can easily be assigned as follows. Supposing at first for simplicity that the 
surface is an ellipsoid, let Pp be the point of contact, so that fp =1, f(p,7) = 0; 
and let the tangent pr’ be taken equal to the parallel semidiameter oT, so 


that fr =/(o0-p’)=1. Then, with the signification XIII. of v, the equation 
XIV. becomes, 
OVS a7 Se ee ae = 


in which the factor Tv represents the area of the parallelogram under the 
conjugate semidiameters op, or of the given surface fo = 1; while the other 
factor ,/F'Uv represents the reciprocal of the semidiameter of the reciprocal 
surface Fv =1, which is perpendicular to their plane por; or the perpen- 
dicular distance between that plane, and a parallel plane which touches the 
given ellipsoid: so that their product ,/ Fv is equal, by elementary principles, 
to the product of the three semiaxes, as stated in the formula XV. And 
the result may easily be extended by squaring, to other central surfaces. 

(7.) It may be remarked in passing, that if p, o, r be any three conjugate 
semidiameters of any central surface fp = 1, so that 


DGG ban Sp=fo=fr=1, and XVII.../(p, 0) =/(,7) =/(r, p) = 9, 


* [The constituents of these auxiliary vectors v and 7 correspond to Pliicker’s six coordinates of a 
right line. A scalar equation of the type f(v, 7) = 0 represents a complex of right lines provided the 
relation is independent of the absolute magnitudes of the tensors of v and 7. The lines of the complex 
which pass through the extremity of a given vector p’ lie on the cone f(Vrp’, rT) = 0, 7 being variable. 
Moreover, if SAp=1, SA’p =1 are the equations of any pair of planes through the right line (v, 7), 
and if we take the new auxiliary vectors 71] = A — A’ and v1 = VAN’, it is easy to prove that 71 = wv 
and vi = #7, x being a scalar. Thus we may replace v and t by 7; and vy; respectively in the equation 
of the complex, and we have f(71, vi) =0 or f(m, Vrid’) = 0. ‘The second of these equations when 
d’ is regarded as known, and 7; as variable represents the reciprocal of the cone whose vertex is at 
the origin and which is touched by the lines of the complex which lie in the arbitrary plane Sa‘p = 1.] 
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and if zp + yo + er be any other semidiameter of the same surface, we have 
then the scalar equation, 


AVI... f(eptyoterleetyYtis=al; 


a relation between the coefficients, x, y, s, which has been already noticed 
for the ellipsoid in 99, (2.), and in 402, I., and is indeed deducible for that 
surface, from principles of read scalars and real vectors alone: but in extending 
which to the hyperboloids, one at least of those three coefficients becomes 
imaginary, as well as one at least of the three vectors p, o, Tr. 
(8.) Under the same conditions XVI. XVII., we have also, 
XIX... Vpo = + abegr = + (- m) Sor ; 
XX...7=+ (-m)'p'Vpo = F (— m)*Vepde ; 
XXII... Sper = + abe = + (-m)4; 
together with this very simple relation, 


XXIT. . . Spor . Sdpgogr = - I. 


(9.) Under the same conditions, if zp + yo + er and a’p + ya + 2’r have 
only conjugate directions, that is, if they have the directions of any two 
conjugate semidiameters, the six scalar coefficients must satisfy (comp. IL.) 


the equation, 
XXITI. . . va’ + yy’ + 28° = 0. 


(10.) The equation VIII., with p for p’, may be written under the form, 
XXIV...0=Sor=Srwr, if XXV...0=w7 = ¢pSpgr + gr(l- fp), 


=a new linear and vector function, which represents a normal to the cone of 
tangents from P, to the surface fo = 1. Inverting this last function, we find 


{ 


= eee tal 
RXVE pon ee 


the equation in o of the reciprocal cone, or of the cone of normals to the 
circumscribed cone from P, is therefore, 


XXVII...Sewc=0, or XXVIII... Ho = (Spo), 
or finally 
XXVIII’... F(o:S8poc) =1; 


a remarkably simple form, which admits also of a simple interpretation. In 
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fact, the line o: Spo is the reciprocal of the perpendicular, from the centre o, 
on a tangent plane to the cone, which is also a tangent plane (fo the surface; it 
is therefore one of the values of the vector v (comp. (6.), and 373, (21.)), and 
consequently it is a semidiameter of the reciprocal surface Fv = 1. 

(11.) As an application of the equation XXVIII., let the surface be 
the confocal (e), represented by the equation 407, III. or X., of which the 
reciprocal is represented by 407, XVII. or XVIII. Substituting for Fo its 
value thus deduced, the equation of the reciprocal cone (10.), with o for a side, 
becomes,* 


XXIX. . . 2/’SasSa’o - (Spo)? = bo", 
XXIX’. . . Saca’s — 7° (Spo)? = eo’; 


or 


if then the vertex Pp be fixed, but the confocal vary, by a change of e, or of 0? 
which varies with it, the cone XXIX. will also vary, but will belong to a 
biconcyclic system ; whence it follows that the (direct or) circumscribed cones 
from a given point are all biconfocal: and also, by 407, (80.), that their 
common focal lines are the generating lines of the confocal hyperboloidt of one 
sheet, which passes through their common vertex. 

- (12.) Changing e to e in XXIX”’., and using the transformation 407, 
LXXYV., with the identity (comp. 407, LIIL.), 


bates o° = (SoUv)? + (SoU) + (ScU»,)’, 


we find that if « be a normal to the cone of tangents from P to (e,), it satisfies 
the equation, 


AXX..,05 (e oe] e) (ScUv)? a (e = e) (SoU»,)’ i: (e2 a é) (SoU)? ; 


and therefore that if + be a tangent from the same point P, to the same 
confocal (e), it satisfies this other condition, 


XXXII... 0=(e-e¢)? (SrUv)? + (a, - e)-* (SrUn,)? + (e2 - e,)* (Sr Un)’, 


which thus is a form of the equation of the circumscribed cone to (e,), with its 
vertex at a given point p: the confocal character (11.) of all such cones being 
hereby exhibited anew. 


* It may be observed that, when 4 = 0, this equation XXIX. represents the ymptotie cone 
the auxiliary surface 407, XXIV.; and at the same time the reciprocal of that focal cone, 407, 
XXXVI., which rests on the focal hyperbola. 

t+ This theorem (which includes that of 407, (30.)) is cited from Jacobi, and is proved, in page 
143 of Dr. Salmon’s Treatise, referred to in several former Notes. 
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(18.) It follows also from XXXI., that the aves of every cone thus 
circumscribed have the directions of the normals v, v1, v, to the three confocals 
through Pp; and this known theorem* may be otherwise deduced, from the 
Equation of Confocals (407, LX V.), by our general method, as follows. That 
equation gives 


v,—v || o,v (because pv, = ¢,v), and therefore, 
XXXII... (v,- v)Svv, = dr(fp-1), VovSvv, + Vrorv(l -fp) = 0; 


changing then V to S, and »v to +, we see that v, »,, », as being the roots 
(354) of this last vector quadratic XXXILI., have the directions of the axes of 
the cone, with 7 for side, 


BARA yo.) ee) 


that is, by VIII., the directions of the awes of the cone of tangents, from P 
to (e). 

(14.) As an application of the formula XIV., with the abridged symbols 
7 and v of (5.) for p — p’ and Vpp’, the condition of contact of the line pr’ with 
the confocal (e) becomes, by the expressions 407, III., X VIII., and VII. for 
the functions 7, J, and the squares a’, b?, c’, the following quadratic in e: 


XXXIV... (Sar)? - 2eSarSa’r + (Sa’r)? + (1 - &*)7’ = *(Sava’y - ev’) ; 


there are therefore in general (as is known) two confocals, say (e) and (e,), of 
a given system, which touch a given right line; and their parameters,t e and e, 
are the ¢wo roots of the last equation: for instance, their swm is given by the 
formula, 


XXXV... (e+ ,)7? = fv? - 28ar8a’r. 


(15.) Conceive then that p is a given semidiameter of a given confocal (e), 
and that dp is a tangent, given in direction, at its extremity; the equation 
XXXIV. will then of course be satisfied,t if we change r to dp, and v to 
Vpdp, retaining the given value of e; but it will also be satisfied, for the same 


* Compare the third Note to page 202. 

Bere 
¢ This name of parameter is here given, as in 407, to the arbitrary constant e = > of which 
the value distinguishes one confocal (e) of a system from another. 


t In fact it follows easily from the transformations (5.), that 


Sp. fap — w*b*c*FVpdp = f(p, dp)’. 
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p and dp (or for the same 7 and v), when we change e to this new parameter, 
ORV a Cn ier 28aUdp : Sa’Udp ~ l*(VpUdp)? : 


that is to say, the new confocal (e,), with a parameter determined by this last 
formula, will touch the given tangent to the given confocal (e). 

(16.) If we at once make /* = 0 in the equation 407, III. of a Confocal 
System of Central Surfaces, leaving the parameter e finite, we fall back on the 
system 406, XXXYV. of Biconfocal Cones; but if we conceive that /? only 
tends to zero, and that e at the same time tends to positive infinity, in such a 
manner that their product tends to a finite limit, r?, or that 


XRAVAT dim, tame = cos in ee — oe 
then the equation of the surface (e) tends to this limiting form, 
MXAVIT Lp ee 0, or XAARVOE Toe; 


a system of biconfocal cones is therefore to be combined with a system of 
concentric spheres, in order to make up a complete confocal system. 

(17.) Accordingly, any given right line pr’ is in general touched by only 
one cone of the system just referred to, namely by that particular cone (e), for 
which (comp. XXXIV.) we have the value, 


MRKEN = Bavaluess OF ORK EX ee Ban = OSared ve 


with v = Vpp’, as before, so that uv is perpendicular to the given plane opr’, 
which contains the verter and the /ine; in fact, the reciprocals of the biconfocal 
cones 406, XX XV., when a, a’ are treated as given unit lines, but e as a variable 
parameter, compose the biconcyclic* system (comp. 407, X VIIT.), 


XL... Sava’v = ev. 


But, besides the tangent cone thus found, there is a tangent sphere with the 
same centre 0; of which, by passing to the limits XXX VII., the radius r 
may be found from the same formula XXXIV. to be, 

Veep" , 


? 


SGU ee eg! eee ; 

ee Daee 

and such is in fact an expression (comp. 316, L.) for the length of the 
perpendicular from the origin on the given line Pr’. 


* The bifocal form o tne equation of this reciprocal system of cones XL. was given in 406, XXV., 


but with other constants (A, mw, g), connected with the cyclic form (406, I.) of the equation oft he 
giwen system. 
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(18.) In general, the equation XXXIV. is a form of the equation of the 
cone, with p for its variable vector, which has a given vertew v’, and is 
circumscribed to a given confocal (e). Accordingly, by making e = — Saa’ in 
that formula, we are led (after a few reductions, comp. 407, XX VII.) to an 
equation which may be thus written, 


XLII... 0 = 7?(Saa’r)? + 28ap’78a’p’s, 


with the variable side 7 = p - p’, as before; and which differs only by the 
substitution of p’ and 7 for p and », from the equation 407, XXXVI. for 
that focal cone, which rests on the focal hyperbola. The other (real) focal cone 
which has the same arbitrary vertex p’, but rests on the focal ellipse, has for 
equation, 


XLII... /?(S(a - a’)r)? = Sava’ - v’, 


as is found by changing e to 1 in the same formula XXXIV. 

(19.) It is however simpler, or at least it gives more symmetric results, to 
change e, in XXXI. to —Saa’ for the focal hyperbola, and to +1 for the 
focal ellipse, in order to obtain the two real focal cones with P for vertex, 
which rest on those two curves; while that third and wholly imaginary focal 
cone, which has the same vertex, but rests on the known imaginary focal 
curve, in the plane of b and ¢, is found by changing ec, to—1. This imaginary 
focal cone, and the two real ones which rest as above on the hyperbola and 
ellipse respectively, may thus be represented by the three equations, 


XLIV. . . 0 = a*(SrUv)? + a*(SrUv,)? + ay2(SrUr,)? ; 
LV: oe 0 = b?(S7Up)? + b,?(SrUp,)? 7 6,?(SrU v,)? ; 
RVI 0 c?(SrUpv)? + ¢?(SrUn,)? + cz *(SrUp,)? ; 


t being in each case a side of the cone, and v, », v, having the same 
significations as before. 

(20.) On the other hand, if we place the vertex of a circumscribed cone at 
a point P of a focal curve, real or imaginary, the enveloped surface being the 
confocal (e), we find first, by XXX., for the reciprocal cones, or cones of 
normals o, with the same order of succession as in (19.), the three equations, 


XLVI... a(SUve)? = a7; 
ALVIS 6 SUre)* = 67; 
RLS. Urey =e; 
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and next, for the circumscribed cones themselves, or cones of tangents r, the 
connected equations : 


Lh. ..a@(VUvr)*? +a? =0; 
Libepe OHV iy ah a Oe 
Tat ye CY On) ee 


all which have the forms of equations of cones of revolution, but on the 
geometrical meanings of the three last of which it may be worth while to 
say a few words. 

(21.) The cone L. has an imaginary vertex, and is always itse/f imaginary ; 
but the ¢wo other cones, LI. and LIL., have each a real vertex p, with b? > 0 for 
the first, and c’ <0 for the second; 6 being the mean semiaxis of the ed/ipsoid, 
which passes through a given point of the focal hyperbola, and ¢ being the 
negative and algebraically least square of a scalar semiaxis of the double- 
sheeted hyperboloid, which passes through a given point of the focal ellipse: 
while, in each case, v has the direction of the normal to the surface, which is 
also the tangent to the curve at that point, and is at the same time the avis of 
revolution of the cone. 

(22.) The semiangles of the two last cones, LI. and LII., have for their 
respective sines the two quotients, 


1A 8 Bie 0 pee and LIV... (-¢7)4: (-@&)3; 


each of those two cones is therefore read, if circumscribed to a single-sheeted 
hyperboloid, because, for such an enveloped surface (¢), b, is real, and less 
than the 6 of any confocal ellipsoid, while c, is imaginary, and its square is 
algebraically greater (or nearer to zero) than the square of the imaginary 
semiaxis ¢ of every double-sheeted hyperboloid, of the same confocal system ; 
but the cone LI. is imaginary, if the enveloped surface (e,) be either an 
hyperboloid of two sheets (b, imaginary), or an exterior ellipsoid (b, > b); 
and the other cone LII. is imaginary, if the surface (e) be either any 
ellipsoid (c, real), or else an exterior and double-sheeted hyperboloid 
(a?<a@, ¢?<c, -c?>-c*). Accordingly it is known that the focal 
hyperbola, which is the locus of the vertex of the cone LI., lies entirely 
imside every double-sheeted hyperboloid of the system; while the focal 
ellipse, which is in like manner the Jocus of the vertex of the cone LII., is 
interior to every ellipsoid: and real tangents to a single-sheeted hyperboloid 
can be drawn, from every real point of space. 
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(23.) The twelve points (whereof only four at most can be rea?), in which 
a surface (e) or (abc) is cut by the three focal curves, are called the Umbilies 
of that surface; the vectors, say w, w, w,, of three such umbilics, in the 
respective planes of ca, ab, bc, are: 


(a+a’) + 5 (a -a); 
_ a(a +a’) . J — 1bVad | 
2 an 1-—Sad’ ’ 


c(a—a’) f-1bVaa' | 


[ie EES TE Sea 


Vin; 


1 DA eee, 


and the others can be formed from these, by changing the signs of the terms, 
or of some of them. ‘The four rea/ umbilics of an ellipsoid are given by the 
formula LYV., and those of a double-sheeted hyperboloid by LYVI., with the 
changes of sign just mentioned. 

(24.) In transforming expressions of this sort, it is useful to observe that 
the expressions for the squares of the semiaxes, 


@=Pe+l1), BP=P(e+S8aa’), &=l(e-1), 407, VII. 


combined with Ta = Ta’ = 1, give not only a’ — c = 2/?, but also, 


, wees Yi , eee rhe | 
LVLIL. «PS 5% = [EAS cos $2 = (Ta) 
2 Z a 


e-? 


cate Be, , / eee 
jl aber Vessel at ete mein 3 2 =(7 5) 


2 2 a ae)’ 
aus DXee LVaa 3/1 —(Saa 7) sin a = 1*(a? — b°)8 (Bb? - ?)8, 


with the verification, that because 
1 BD. (a = a’) (a 7 a’) =2Vaa, 
LXV’... T(a—a’).T(a+ a’) = 2TVad’. 


therefore 


We have also the relations, 
UXT oolia+ a)? F(a 4) = (vee); 
LXIII. .. T(a + a’)? — T(a - a’)* = Saa’. (TVaa’)*; 
with others easily deduced. 
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(25.) The expression LV. conducts to the following among other con- 
sequences, which all admit of elementary verifications,* and may be 
illustrated by the annexed fig. 84. Let vu, vu’ be the two real points in 
which an ellipsoid (abc) is cut by one branch 
of the focal hyperbola, with u for summit, 
and with ¥ for its interior focus; the adjacent 
major summit of the surface being x, and Rr, 
R’ being (as in the figure) the adjacent points 
of intersection of the same surface with the 
focal lines a, a’, that is, with the asymptotes 
to the hyperbola. Let also v, rT be the points 
in which the same asymptotes a, a’ meet the 
tangent to the hyperbola at vu, or the normal 
to the ellipsoid at that real umbilic, of which we may suppose that the vector 
ou is the w of the formula LV.; and let s be the foot of the perpendicular 
on this normal to the surface, or tangent tv to the curve, let fall from the 
centre o. Then, besides the obvious values, 


LXIV...oz=a, or=(a-0)t, on = (a? - 6%), 


and the obvious relations, that the intercept Tv is bisected at v, and that the 
point F is at once a summit of the focal ellipse, and a focus of that other 
ellipse in which the surface is cut by the plane (ac) of the figure, we shall 
have these vector expressions (comp. 871, (3.), and 407, VIII. LXL.): 


LXV...ov=(a+e)a, or=(a-c)a, tv=a(a-a)+c(at+a); 


-1 -1 
162.08 ieee sU9 = gw=- 5 (ata) - (a-a’), sU=~—ac:TU; 
LXVII. .. or = vi Tg abtca, OR’ = wae = ab eq’; 


whence follow by (24.) these other values, 
LXVIII...ov=a+e, or=a-c, tv=2b; 
LXIX...tu=vuv=), su =or=or’ =ab"c; 
LXX. .. ov = Tw = (¢? - B+ 0); 


LXXI. .. 08 = (@ — 08 + & — a'b0)8 = O(a? — BP (8 -— 4. 


* Some such verifications were given in the Lectures, pages 691, 692, in connexion with fig. 102 
of that former volume, which answered in several respects to the present fig. 84. 
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(26.) It follows that the lengths of the sides ov, or, Tv of the wmbilicar 
triangle rov are equal to the swm and difference (a + c) of the extreme semiazes, 
and to the mean axis (2b) of the ellipsoid ; while the area of that triangle 
= os. Tu = (¢ — 0*)* (b? — )* = the rectangle under the two semiaxes of the 
hyperbola, if both be treated as real. The length (T¢w)7, or su, or the 
perpendicular from the centre o, on the tangent plane at an umbilic v, is abe ; 
and the sphere concentric with the ellipsoid, which touches the four umbilicar 
tangent planes, passes through the points x, R’ of intersection of that ellipsoid 
with the focal lines a, a’, that is, as before, with the asymptotes to the 
hyperbola ; or, by (21.) (22.), with the aves of the two circumscribed right 
cylinders.* And finally the length, say w, of the wmbilicar semidiameter ov, 
is given by the formula, 


LX... vW@=¢ -BUre; 


all which agrees (25.) with known results. 

(27.) An umbilic of a surface of the second order may be otherwise 
defined (comp. (23.)), as a real or imaginary point at which the tangent 
plane is parallel to a cyclic plane; and accordingly it is easy to prove (comp. 
407, (20.)) that the wmbilicar normal gw in LXVI. has the direction of a 
cyclic normal. ‘Yo employ this known property in verification of the recent 
expressions (20.), (26.), for the lengths of ov and su, it 1s only necessary to 
observe that the common radius of the diametral and circular sections of the 
ellipsoid is the mean semiaxis 6 (comp. 216, (7.) (9.), &e.); and that, by a 
slight extension of the analysis in (7.), (8.), (9.), it can be shown that if p, o,7 
and p’, o’, r be any two systems of three conjugate semidiameters of any central 
surface, fp = 1, then 


bAAI LI t p” +o%47?% = ae Oars ae 
and 


1 BS. ee (Sp’o'r’)’ = (Spor)’. 


* Compare 218, (5.), and 220, (4.); in which the points xz, B’ (comp. also fig. 53, p. 234, vol. i. 
[and p. 184, vol. ii.]) may now be conceived to coincide with the points R, Rr’ of the new figure 84. 
[t is obvious that the theory of circumscribed cylinders is included in that of circumscribed cones; so 
that the cylinder circumscribed to the confocal (e), with its generating lines parallel to a given (real 
or imaginary) semidiameter y of that surface (fy = 1), may be represented (comp. III. XIV.) by the 
equation, 

Ill’... f(p, y)*=fp—1; or XIV’... FV yp = ab? ; 


with interpretations easily deduced, from principles already established. 
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(28.) A less elementary verification of the value LXXII. of u?, but one 
which is useful for other purposes, may be obtained from either the cubic 
in 0%, or that in e, assigned in 407, (8.). For if 0’, 6, 6,’ be the roots of 
the former cubic, and ¢,, ¢, ¢ the roots of the latter, inspection of those 
equations shows at once that we have generally, 


UXXYV. ..- p? = 2 + 07 + b,? — 20’Sad’ = I?(e) + 1 + @ + Saa’) ; 
or 
LXX VI. one OP” = T'p? a as + be + C2" = b,° + ey + Ad” = &e., 


where the semiaxes @, 0,, ¢; belong to the three confocals through any 
proposed point p. Making then, 


LXXVII. sis is = a’, ie = 0, C2” = — b’, 


we recover the expression assigned above, for the square of the length wu of 
an umbilicar semidiameter of an ellipsotd. 

(29.) For any central surface, the principle (27.) shows that if A, pu be, 
as In 405, (5.), &e., the two real cyclic normals, and if g be the real scalar 
associated with them as before, then the vectors of the four real umbilics 
(if such exist) must admit of being thus expressed : 


UXKNVIT ot Ohta AEA = 2 eg Na ) 
TX eb as ay be ae OU OU + ALM) 


and thus we see anew, that an hyperboloid with one sheet has (as is well 
known) no real umbilic, because for that surface the product abe of the 
semiaxes is imaginary; or because it has no real tangent plane parallel to 
either of its two real planes of circular section. 

(30.) Of whatever species the surface may be, the three umbilicar vectors 
(23.), of which only one at most can be real, with the particular signs there 
given, but which have the forms of lines in the three principal planes, must 
be conceived, in virtue of their expressions LV. LVI. LVIL., to terminate on 
an imaginary right line, of which the vector equation is, 


le sale +1) a i ey e(e—1). 


, b 4 
Tie a-a 


e’ being a scalar variable, which receives the three values, —- Saa’, +1, and - 1, 
when p comes to coincide with w, w,, and w,, respectively. And such an 
imaginary right line, which is easily proved to satisfy, for all values of the 
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variable ¢’, both the rectangular and the bifocal forms of the equation of the 
surface (e), or to be (in an imaginary sense) wholly contained upon that 
surface, may be called an Umbilicar Generatrix. 

(31.) There are in general eight such generatrices of any central surface 
of the second order, whereof each connects three umbilics, in the three 
principal planes, two passing through each of the twelve umbilicar points 
(23.); and because e” disappears from the square of the expression LX XX. 
for p, which square reduces itself to the following, 


LXXXI... p? =- 1? (2e’ +e + Saa’) = — 8 - 27’, 


they may be said to be the eight generating lines through the four imaginary 
points, in which the surface meets the circle at infinity. 

(32.) In general, from the cubics in e and in 3’, or from either of them, 
it may be without difficulty inferred (comp. (28.)), that the eight intersections 
(real or imaginary) of any three confocals (e) (€:) (e:) have their vectors p 
represented by the formula: 


_ £Ofhd, of —-ldedibs eeits_. 
LXXXII...p=7 aaa twig Pana)’ 


comparing which with the vector expression LX XX., we see that the three 
confocals, through the point determined by that former expression, for any 
given value of e’, are (e), (e’), and (¢’) again; and therefore that two of the 
three confocal surfaces through any point of an umbilicar generatrix (80.) 
coincide: a result which gives in a new way (comp. LXXY.) the expression 
DAXXL. for 7: 

(33.) The docus of all such generatrices, for ail the confocals (e) of the 
system, is a certain swled surface, of which the doubly variable vector may be 
thus expressed, as a function of the ¢wo scalar variables, e and ¢’: 


LXXXIIL .. p,/ = 2fet De +1) , V= Tile + Sac’) (o'+ Baa! 


a a’ Vad’ 


2 Me-I C=), 


3 


4 i homed a’ 
and because we have thus, for any one set of signs, the differential relation, 
TRAE 55. Dios, 3 = oes pas os 


it follows that this ruled locus is a Developuble Surface: its edge of regression 
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being that wholly imaginary curve, of which the vector is pe, -, and which is 
therefore by (32.) the Jocus of all the imaginary points, through each of which 
pass three coincident confocals. 

(34.) The only real part of this imaginary developable consists of the two 
real focal curves, which are double lines upon it, as are also the imaginary focal, 
and the circle at infinity (31.) ; and the scalar equation of the same imaginary 
surface, obtained by elimination of the two arbitrary scalars e and e’, is found 
to be of the eighth degree, namely the following : 


0 = Sm*xs + 2Em(m - n)x’y’? + S(p? - 6mn)aty* 


+ 23(3m? — np)aty?s’? + 2m? (n - p)x® + 2m(mp — 8n’)aty’? 
|UD... aaa 
+ 2(m—n) (n— p) (p — m)a’y’s? + Sm? (m? — Bnp)at 


\ +2 Smn(mn - 8p")a*y + 2Em?np(p — n)a* + men? p* ; 
in which we have written, for abridgment, 
LXXXVE..¢=-S8pUl(a+a), y==—Spt Vaa, s=- SpU(a - a’), 


and TRXX VIL 
so that 
LXXXVIII...m+n+p=0; 


while each sign = indicates a sum of three or of six terms, obtained by 
cyclical or binary* interchanges. 

(35.) From the manner in which the equation of this imaginary surface 
(33.) or (84.) has been deduced, we easily see by (32.) that it has the double 
property : I.st of being (comp. (20.)) the docus of the vertices of all the (real 
or imaginary) right cones, which can be circumscribed to the confocals of the 
system ; and II.nd of being at the same time the common envelope of all those 
confocals : which envelope accordingly is known to be a developablet surface. 


* When zyz and abe are cyclically changed to yzx and dca, then mnp are similarly changed to 
npm; but when, for instance, retaining # and a unchanged, we make only binary interchanges of y, z, 
and of 6, c, we then change m, n, and p, to — m, — p, and — n respectively. 


t+ This theorem is given, for instance, in page 157 [Art. 221] of the several times already cited 
Treatise by Dr. Salmon, who also mentions the double lines &c. upon the surface; but the present 
writer does not yet know whether the theory above given, of the eight wmbilicar generatrices, has 
been anticipated: the oews (33.) of which imaginary right lines (30.) is here represented by the vector 
equation LXXXIII., from which the scalar equation LXXXV. has been above deduced (34.), and 
ought to be found to agree (notation excepted) with the known coordinate equation of the developable 
envelope (35.) of a confocal system. 
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(36.) The eight imaginary lines (31.) will come to be mentioned again, in 
connexion with the dines of curvature of a surface of the second order*; and 
before closing the present series of sub-articles, it may be remarked that the 
equation in (15.), for the determination of the second confocal (e,) which touches 
a given tangent, dp or PP’, to a given surface (e) of the same system, will soon 
appear under a new form, in connexion with that theory of geodetic lines, on 
surfaces of the second order, to which we next proceed.t 


* [Compare the sub-articles to 410, page 235. ] 

t+ [Although repetition is unavoidable, it seems well to supplement Arts. 407 and 408 by a few 
examples on the use of the general equation of confocals Sp(# + u)-1p =- 1, in which — (# + w) 
replaces the ¢7! of 407, XV., so that «— 0b? is constant. The vector @ to the pole of the plane 
Sap = 1, with respect to the quadric # is given by (® + u)!@=-A or D=-(@+u)aA. The locus 
of poles of the plane is thus a right line normal to the plane, and the distance between any pair 
of poles is T(@ — 7’) = (w’ — u)TA = (b'* — b*) py", wp being the central perpendicular on tke plane, and 
b and 2’ the mean semiaxes of the quadrics. The plane touches one quadric of the system whose 
parameter w is given by SA(@+4 %)A =— 1, this being the condition that the corresponding pole 
should lie in the plane. ‘The vector to the point of contact is @ = — A1(S + V) (@+4+ wo)a, or, by the 
condition, 7@ = A7! — A“! VA@~. 

If in this equation we replace A by wa where ~ is a variable scalar, we see at once that the locus 
of points of contact of a system of parallel planes is a rectangular hyperboloid, and if we replace 
A by (A + xa’) (1+ 2)-}, we find the locus of the points of contact of planes through a given line to 
be a twisted cubic. In this case also the locus of poles of the planes is a hyperbolic paraboloid 
p=—(@4+ 4) (A+ 2A’) (1+ 2)1, since the form of the equation shows that it is the locus of lines 
dividing the line loci for any two of the planes in the same ratio. 

If w1, wz, and w3 are the parameters of the three confocals which pass through the extremity of a 
given vector a, and v1, v2, and v3 the corresponding vectors of proximity, — a= (@ + )v1 = (@+ w1)r2 
= (6 + w3)v3, and Savi = Save = Savs = 1. Combining the three expressions for a, we deduce 
uSvev, + Svebvi = Sridve + w2Svive, so Syvive= 0, since w is not equal to we, or the surfaces cut at 
right angles. Again (@ + w1) (v1 — vz) = (#2 — w)v2, and on inversion v1 — v2 = (tz — 1) (& + m)-'v2. 
Operating on this by Sv3, we see that v2 and v3 as well as being at right angles are conjugate 
with respect to the quadric #1, and therefore parallel to the principal axes of the section of that 
quadric made by Spy; = 0; operating by Sve!, we find — 1 = — (w# — t)Svol(@ + um) v2 = 
+ (1 — u2)SUve(® + w)-'Uve, so the lengths of these semiaxes are (2 — a2)! and (ea — ws)?, 
respectively. 

Introducing a new linear vector function analogous to that of 407, (7.), and defined by the 
equation @p = &p + aSap, we see on referring to the relations between a, 11, v2, and yg that 


(@ + %)v1 = (O + U2)v2 = (O + u3)v3 = 0, 


so the vectors of proximity at a are the solutions of this new function and the parameters of the 
surfaces are the corresponding roots. This again proves the surfaces cut at right angles, for © is 
self-conjugate, and its solutions are consequently mutually rectangular. 

If SAp=1 is any plane through the extremity of a, the equation w= — (#+u)A which 
determines its pole with respect to the quadric wu, may be replaced by @ —-a=— (© + w)A, because 
Saa=1. If the pole is in the plane, @ —a is at right angles to A, and we determine at once the 
parameter of the touched quadric w and the point of contact by operating on A by —®, and then 
resolving the vector obtained in and normal to the given plane. Setting off from a the component 
in the plane we get the point of contact, while the parameter of the quadric is the ratio which the 
component normal to the plane bears to the vector A. 

In this case also we have S(@ — a) (@ + ~)"! (@— a) =0 for the equation of the tangent cone 
from the point a to the surface wv, and the form of the equation shows that the tangent cones are 
confocal, so that the quadrics appear to cut at right angles as well as actually doing so. Also the 
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409. A. general theory of geodetic lines, as treated by quaternions, 
was given in the Fifth Section (III. iii. 5) of the present Chapter ; 
and was illustrated by applications to several different families of sur- 
faces. We can only here spare room for applying the same theory 
to the deduction, in a new way, of a few known but principal properties 
of geodetics on central surfaces of the second order; the differential 


common principal axes of the system are along the normals at a« for these are the solutions 
of VvOv=0. Replacing @ — a by a given vector 7, we have Sr(@ + ~)-!7 = 0 to determine the two 
quadrics which the line touches. If A and 2’ are the vectors of proximity to the points of contact as 
before, we have the vectors from « to the points of contact given by r=—(@+ uA, and 
rT =— (0+ )a’, u and w’ being roots of the quadratics, and r being parallel to 7’. But a and a’ are 
normal to the corresponding cones, hence we see SA@A’ = 0 as well as SAA’ = 0. We may also write 
+ =-—A-!VAOA, and this, coupled with the condition SAa = 1, determines the locus of the points of 
contact, A being supposed to vary consistently with the condition. 

Another method of treatment is often useful. Any quadric may be derived from a sphere by 
operating on its vector radii by a self-conjugate linear vector function which is however real only 
when the quadric is an ellipsoid (Tait’s Quaternions, Third Edition, page 207.) 

It is obvious that if we can determine a self-conjugate linear vector function @ so that 6? = $, we 
may write Spdp =— 1 in the form (6p)? = — 1 or 6p = y, where Ty =1. Even in the more general 
case when ¢ is not self-conjugate but expressible in the form op = (aaSByp + bBSyap + cySaBp) 
(SaBy)"1, any one of the eight functions given by @p = (+ V aaSpyp + / bBSyap + \/ cySaBp) 
(SaBy)-1, satisfies the condition 6? =. It is evident that a functions of this type or of the type 
(p + u)® are commutative in order of operation. More generally it can be shown that two functions 
are commutative in order of operation when and only when their vector solutions are parallel, a 
condition obviously true for the functions to be considered. We may consequently use the vector 
equation p = (@ + ~)2y, where Ty =1 as the equation of a confocal system, for n? = ((@ + u)~*p)? 
=Sp(@+u)%p=-1. Points on two confocals derived from the same point on a unit sphere are 
called corresponding points, and it is easy to show in this notation if Pp and @ on one confocal 


correspond respectively to Pp’ and Q’ on another that Pa’ = ap’. 
Now three confocals pass through a given point. We have thus three different expressions for a 


vector p= (6+ m)2m = (6 + uz)? ne = (© + u3)2n3, niens being certain unit vectors, and m, %2, 


and «#3 being the parameters of the confocals through p. The form of these equations suggests the 
new expression 


p= [(@+ a) (®@+ we) (+ us) }e, 


and substituting this for p in Sp(@+ ~)-!p =—1, the result is Se(@+ wz) (@ + us)e =—1. This 
must be satisfied for all values of w2 and w3, so we see ¢ is one of eight imaginary vectors constant for 
the whole system, and satisfying «? = 0, Sebe = 0, and Se@2e =—1. For a value of ¢ satisfying 
these equations, and for suitable choice of the three parameters p may be made the vector to any 
point in space; if one parameter is given p describes the corresponding quadric, and if two of the 
parameters are assigned, p describes the curve of intersection of the quadrics determined by them. 
This notation is suitable for investigating the properties of the umbilical generators. When 
us = U2, we have p= (® + wz) (6 + w)*e which represents a right line of a simply infinite system 
when # is given and w2 variable. If for the moment + = (b + m)2e, we deduce from the properties 
of e, 7? = St(@ + w)"17 = 0, and Sr@r = — 1, and from these it appears that the line is a generator of 
the quadric passing through one of the points in which the asymptotic cone intersects the circle at 
infinity (408, (30.)). Again (33.) if ¢ = $(u2—) the equation of one of these lines becomes 


d 
Ts ( + a) (@ + m)2e, showing that they belong to a developable whose cuspidal edge is 


p = (& + u)%e, the locus of points through each of which pass three coincident confocals. ] 


Hamitton’s ELzMEnts or Quarrernions, Vot, II. ihe 
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equation employed being one of those formerly used, namely (comp. 


380, LV.), 
Ti Yuan — 0; tt, Pde conse, 


that is, if the arc of the geodetic be made the independent variable. 

(1.) In general, for any surface, of which v is a normal vector, so that 
the first differential equation of the surface is Svdp = 0, the second differential 
equation dSydp = 0 gives, by L., for a geodetic on that surface, the expression, 


gS ae d’p =— v'Sdvdp. 


(2.) Again, the surface fp = const. being still quite general, if we write 
(comp. 863, X’., 373, IIT., &e.), 


IV... d fp = 2Svdp = 2S¢pdp, we shall have V...d/fdp = 28(¢dp.d’p) ; 
and therefore, by III., for a geodetic, 


dfdp pdp 
VE. oe 76. + he fe a = 0. 
Sdpd¢p pp 


(3.) For a central surface of the second order, op is a linear function, and 
we may write (comp. 361, LY.), 


VII... ¢dp =ddp =dv, Sdpddp = Sdpgdp = fdp; 


the general differential equation VI. becomes therefore here, 


d fdp ica 
ne Gig aan pee 


and gives, by a first integration, with the condition II., 
IX... vfdp =hAdp*, or IX’... Tv?fUdo = h = const. ; 


or 

X...P°D*=h, or X’...P.D=h* =const.; 
where 

P = Tv" = perpendicular from centre on tangent plane, 
and 


D = (fUdp)* = semidiameter parallel to tangent ; 


these two last quantities being treated as scalars, whereof the latter may be 
real or imaginary,* together with the last scalar constant A*. 


* For the case of the ellipsoid, for which the product P. JD is necessarily real, the foregoing 
deduction, by quaternions, of Joachimstal’s celebrated first integral, P.D = const., was given 
(in substance) in page 580 of the Lectures. 


Art. 409. | GEODETICS ON CENTRAL SURFACES. 227 


(4.) The following is a quite different way of accomplishing a first 
integration, which conducts to another known result of not less interest, 
although rather of a graphic than of a metric kind. Operating on the 
equation 407, XVI. by S.dp, and remembering that Spv = 1, and Svdp = 0, 
we obtain the differential equation, 


XI... SpvSpdp = 7?(Sa’vpSadp + SavSa’dp) ; 
that is, by I. and IL., 
XIT. . . Sodp . Spd’ — p’Sdpd’p = /?d(Sadp . Sa’dp), 
in which the first member, like the second, is an exact differential, because 
XIII... S(Vpdp .Vpd’p) = $d (Vpdp)’ ; 
hence, for the geodetic, 
XIV... /*(Vpdp)? - 28adpSa’dp = h’dp’, 
XV... 28aUdp . Sa’Udp - *(VpUdp)? = #’, 


or 


h’ being a new scalar constant. 

(5.) Comparing this last equation with the formula 408, XXXVI., we 
find that the new constant h’ is the sum, e+e, of what have been above 
called the parameters,* of the given surface (e) on which the geodetic is traced, 
and of the confocal (e,) which touches a given tangent to that curve: whence 
follows the knownt theorem, that the tangents to a geodetic, on any central 
surface of the second order, all touch one common confocal.t 

(6.) The new constant e(=h’ - e) may, by 407, LX XV. and 408, LX XY. 
(with e for e), be thus transformed : 


VIE Pea é, — ex(TVUnr.dp)? re eT V Ur.dp)? 
= ¢(SUr.dp)* + e.(SUrdp)? = const. ; 
where ¢, ¢, are the parameters of the two confocals through the point p of 


the geodetic on (ce), and 1, v2 are as before the normals at that point, to 
those two surfaces (e,), (é2). 


* Compare the second Note to page 214. 
¢+ Discovered by M. Chasles. 


} This touched confocal becomes a sphere, when the given confocal is a cone. Compare 380, (5.), 
and 408, (16.), (17.) ; also the Note to page 31. 


2G2 
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(7.) In fact, the two equations last cited give the general transformation, 
XVII. . . 2*(Vpo)? — 28ac8a’o = e(VoUv)’ + e(VoUn)? + e(VoUr,)? ; 


o being an arbitrary vector, which may for instance be replaced by dp. 
Equating then this last expression to (e + ¢,)o*, or to e(VoUv)’ — eTo’, since 
Svo = 0, we obtain the first and therefore also the second transformation 
XVI., because the three normals vv:v, compose a rectangular system (comp. 
407, (4.), &e.). 

(8.) It is, however, simpler to deduce the second expression XVI. from 
the equation 408, XX XI. of the cone of tangents from P to (e,), by changing 
z to Udp; and then if we write 


Kis cua: 2 ne 


Vi 


so that v, denotes the angle at which the geodetic crosses the normal v, to (e:), 
considered as a tangent to the given surface (e), the first integral X VI. takes 


the form,* 
XIX. . . ¢, =e sin? o, + & cos’ 11, 
or 
XX... a? =a," sin’ v, + a,” cos’ 1, Ke. } 


in which the constant a, is the primary semiaxis of the touched con- 
focal (8.). 

(9.) Without supposing that Tdp is constant, we may investigate as 
follows the differential of the real scalar h in IX. or X., or of the product 
P>. D~, for any curve on a central surface of the second order. Leaving at 
first the surface arbitrary, as in (1.) and (2.), and resolving d’p in the three 
rectangular directions of v, dp, and vdp, we get the general expression, 


b.O.4 Wa d’?p = - v'Sdvdp + dp “Sdpd’p + (vdp)*Svdpd’p : 


of which, under the conditions I. and II., the two last terms vanish, as in 
III. Without assuming those conditions, if we now introduce the relations 


* Under this form XX., the integral is easily seen to coincide with that of M. Liouville, 
nu cos? i + v® sin? i = uw’ = const., 


cited in page 290 of Dr. Salmon’s Treatise. 
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VII. which belong to a central surface of the second order, we have by V. 
and IX. the expression,” 


», ©. Ea $dh : dp? = v’Sdrd*p a SvdvSdvdp 


— hSdpd’p = Svdvdp™. Svdped’p, 
or 
XXIII... dh=d.v'Sdvdp? =d.P?*D” = 28rdvdp"Svdp'd’p ;sx 


or finally, 
XXIV... dh. dpo*t = 28vdrdp . Svdpd’p, 


the scalar variable with respect to which the differentiations are performed 
being here entirely arbitrary. 

(10.) For a geodetic line on any surface, referred thus to any scalar variable, 
we have by 380, II. the differential equation, 


XXYV...Srdpd’p = 0; 


and therefore by XXIV., for swch a line on a central surface of the second 
order, we have again, as in (3.), 


XXVI...dh=0, or XXXVI’... = const, 


Wilh Fd)? as ek 

(11.) But we now see, by XXIV., that for such a surface the condition 
XXVI. is satisfied, not only by this differential equation of the second order 
XXY. but also by this other differential equation, 


AXVIT. . -Srdedp = 0; 


the product P’D~ (or PD itself) is therefore constant, not only as in (38.) for 
every geodetic on the surface, but also for every curve of another set,t represented 
by this /ast equation XXVII., which is only of the first order, and the 
geometrical meaning of which we next propose to consider. 


* In deducing this expression, it is to be remembered that 
dSdydp = dfdp = 2S8dyvd?p ; 
in fact, the linear and self-conjugate form of vy = ¢p gives, 
Sdpd*v = 7 (dp, d*p) = Sdvd*p. 


[The second part of the transformation in XXII. may be effected by replacing d%p in the term 
v°Sdvd’p by the value given in XXI.] 


t+ Namely, the dines of curvature, as is known, and as will presently be proved by quaternions. 
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410. In general, if » and » + Av have the directions of the normals to 
any surface, at the extremities of the vectors p and p + Ap, the condition of 
intersection (or parallelism) of these two normals is, rigorously, 


L.. DyArvAp= 0. 


the differential equation* of what are called the Lines of Curvature, on an 
arbitrary surface, is therefore (comp. 409, XX VIL.), 


IL... Sudodp = 0; 


from which we are now to deduce a few general consequences, together with 
some that are peculiar to surfaces of the second order. 
(1.) The differential equation of the surface being, as usual, 


EEE Orduc 0. 


the normal vector v is generally some function of p, although not generally 
linear, because the surface is as yet arbitrary: its differential dv is therefore 
generally some function of p and dp, which is linear relatively to the /atter. 
And if, attending only to the dependence of dv on dp, we write 


PV odo, 


it results from what has been already proved (363), that this linear and vector 
Junction » is at the same time self-conjugate. 

(2.) Denoting then by 7 a tangentt pr to a line of curvature, drawn at 
the given extremity p of p, we see that the vector 7 must satisfy the two 
following scalar equations, in which v is supposed to be given, 


V...8rr=0, and VI...Syrd7=0; 


this tangent 7 admits therefore (855) of two real and rectangular directions, 
but noé in general of more: opposite directions being not here counted as 


* In this equation II., dp and dy are two simultaneous differentials, which may (according to the 
theory of the present Chapter, and of the one preceding it) be at pleasure regarded, either as two 
Jinite right lines, whereof dp is (rigorously) tangential to the surface, and to the line of curvature ; or 
else as two infinitely small vectors, dp being, on this latter plan, an infinitesimal chord Ap. (Compare 
pages 97, 431, vol. i., and pages 4, 174, and the Notes to pages 170, 179, vol. ii.) The treatment of 
the equations is the same, in these two views, whereof one may appear clearer to some readers, and 
the other view to others. 


+ This symbol + is used here partly for abridgment, and partly that the reader may not be 


obliged to interpret dp as denoting a finite tangent, although the principles of this work allow him so 
to interpret it. 
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distinct. Hence, as is indeed well known, through each point of any surface 
there pass generally two lines of curvature: and these two curves intersect each 
other at right angles. 

(3.) A construction for the two rectangular directions of 7 can easily be 
assigned as follows. Assuming, as we may, that the /ength of the tangent r 
varies with its direction, according to the law, 


Vibes Sror habe 
Vill ear. dr) =, 
Vi pordn = 0. 


which gives 


or briefly 


by the properties above-mentioned of ¢; and remembering that v is treated 
as a constant in V., so that we may write, 


EX... Svdr = 0, and theretore (by V1.),..4..., S707 = 05 


we see that, under the condition of the question, the above-mentioned /ength 
Tr, of this tangential vector r, is a maximum or minimum: and therefore that 
the two directions sought are those of the two aves of the plane conic V. VIL., 
which has its centre at the given point p of the surface, and is in the tangent 
plane at that point. 

(4.) This plane conic V. VII. may be called the Index Curve, for the 
given surface at the given point P; in fact it is easily proved to coincide, if 
we abstract from mere dimensions, with the known indicatrix (la courbe 
indicatrice) of Dupin,t who first pointed out the coincidence (3.) of the 
directions of its aves, with those of the lines of curvature; and also 
established a more general relation of conjugation between two tangents to 
a surface at one point, which exists when they have the directions of any 
two conjugate semidiameters of that curve: so that the lines of curvature 
are distinguished by this characteristic property, that the tangent to each is 
perpendicular to its conjugate. 

(5.) In our notations, this relation of conjugation between two tangents 
t, 7, Which satisfy as such the equations, 


Vv... Ser =0, and. V*...8pr’ = 0, 


* (Since dr || Vorv by VIII. and IX.] 
t Développements de Géométrie (Paris, 1818), pages 48, 145, &e. 
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is expressed by the formula, 
Mis ordr =0;-08 Al. sr or 0: 
we ae therefore the parallelisms,* 
XII... r || Vuor’, RAIL. ot || Vuar; 
so that the equation VI. may be written under the very simple form, 
XII... Srr’ = 0, 


which gives at once the rectangularity lately mentioned. 


(6.) The parallelism XII’. may be otherwise expressed by saying 
(comp. (4.)) that 


XIV...do and Vvdv 
have the directions of conjugate tangents ; or that the two vectors, 
AVON sande Nad, 


have ultimately such directions, when TAp diminishes indefinitely. But 
whatever may be this /ength of the chord Ap, the vector VvAv has the 
direction of the line of intersection of the two tangent planes to the surface, 
drawn at its two extremities: another theorem of Dupint is therefore 
reproduced, namely, that if a developable be circumscribed to any surface, 
along any proposed curve thereon, the generating lines of this developable are 
everywhere conjugate, as tangents to the surface, to the corresponding tangents 
to the curve, with the recent definition (4.) of such conjugation. 


* The conjugate character of these two parallelisms, or the relation, 
V.vpVvor || 7, if Srvr =0, 


may easily be deduced from the se/f-conjugate property of @, with the help of the formula 348, VII., 
in page 490, vol. i. [The equation cited becomes for present purposes pVvor = Vr. ] 


ft Dupin proved jirst (Dév. de Géométrie, pp. 43, 44, &c.), that two such tangents as are described 
in the text have a relation of reciprocity to each other, on which account he called them ‘‘ tangentes 
conjuguées’’: and afterwards he gave a sort of image, or construction, of this relation and of others 


onnected with it, by means of the cwrve which he named ‘‘1’indicatrice’’ (in his already cited 
page 48, &c.). 
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(7.) The following is a very simple mode of proving by quaternions, 
that ‘f a tangent r satisfies the equation VI., then the rectangular tangent, 


DOV De care pe, 


satisfies the same equation. For this purpose we have only to observe, that 
the se/f-conjugate property of @ gives, by VI. and XVL., 


XVII. .. 0 = Sr’dgr = Sor’ = v"*Svr'g7’. 


(8.) Another way of exhibiting, by quaternions, the mutual rectangularity 
of the lines of curvature, is by employing (comp. 357, I.) the self-conjugate 
Sorm, 


XV. Df — OT & VArp; 


in which the vectors A, u, and the scalar g, depend only on the surface and 
the point, and are independent of the direction of the tangent. The equation 
VI. then becomes by V., 


XIX. . . 0 = SvrAry = Sv7rASur + SyrpSdrcx ; 
assuming then the expression, 
XX...7=2Vvd + yVop, 
XXII... (Vp)? = 2 (Vva)’, 
KX... yTVop = + eT Vv ;sW 


we easily find that 


or 


the two directions of r are therefore those of the two lines, 
.@.G & Fate OB) Cog Baye 


which are evidently perpendicular* to each other. 

(9.) An interpretation, of some interest, may be given to this last 
expression XXII., by the introduction of a certain auxiliary surface of the 
second order, which may be called the Index Surface, because the index curve 
(4.) is the diametral section of this new surface, made by the tangent plane 
to the given one. With the recent signification of ¢, this index surface is 
represented by the equation VII., if r be now supposed (comp. (2.)) to 


* This mode, however, of determining generally the directions of the lines of curvature, gives 
only an illusory result, when the normal y has the direction of either A or w, which happens at an 
wmbilie of the surface. Compare 408, (27.), (29.), and the first Note to page 525, vol. i. 
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represent a line pr drawn in any direction from the given point pP, and 
therefore not now obliged to satisfy the condition V. of tangency. Or if, for 
greater clearness, we denote by p + p’ the vector from the origin o to a point 
of the index surface, the equation to be satisfied is, by the form XVIII. of ¢ 
(comp. 357, IT.), 


BOM 0 = Bag oe Onan 


the centre of this auxiliary surface being thus at p, and its two (real) cyclic 
normals being the lines A and jm: so that VvA and Vo have the directions 
of the ¢races of its two cyclic planes, on that diametral plane (Svp’ = 0) which 
touches the given surface. We have therefore, by XXII, this general theorem, 
that the bisectors of the angle formed by those two traces are the tangents to the 
two lines of curvature, whatever the form of the given surface may be. 

(10.) Supposing now that the given surface is itself one of the second order, 
and that its centre is at the origin 0, so that it may be represented (comp. 405, 
XIT.) by the equation, 


XXIV... 1 =Sp¢p = gp’ + SApup, 


with constant values of A, u, and g, which will reproduce with those values the 
form XVIII. of ¢, we see that the index surface (9.) becomes in this case 
simply that given one, with its centre transported from o to Pp; and therefore 
with a tangent plane at the origin, which is parallel to the given tangent plane. 
And thus the traces (9.), of the cycle planes on the diametral plane of the 
index surface, become here the tangents to the circular sections of the given 
surface. We recover then, as a case of the general theorem in (9.), this 
known but less general theorem: that the angles formed by the two circular 
sections, at any point of a surface of the second order, are bisected by the lines of 
curvature, which pass through the same point. 

(11.) And because the tangents to these latter lines coincide generally, 
by (8.) (4.) (9.), with the axes of the diametral section of the index surface, 
made by the tangent plane to the given surface, they are parallel, in the case 
(10.), as indeed is well known, ¢o the ames a the parallel section of a given 
surface of the second order. 

(12.) And if we now look back to the Equation of Confocals in 407, (26.), 
and to the earlier formule of 407, (4.), we shall see that because the vector », 
in the last cited sub-article, represents a tangent to the given surface Sp¢p = 1, 
complanar™ with the normal v and the derived vector ov, so that it satisfies 


* Compare the Note to page 198, 
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(comp. 407, XII. XIV., and the recent formule V. VI.) the two scalar 
equations, 


XXYV...Svv=0, and XXVI...Srnd» = 0, 


which are likewise satisfied (comp. (7.)) when we change », to the rectangular 
tangent v2, it follows that these two vectors, v, and v., which are the normals to 
the two confocals to (e) through vp, are also the tangents to the two lines of 
curvature on that given surface of the second order at that point: whence 
follows this other theorem* of Dupin, that the curve of orthogonal intersection 
(407, (4.)), of two confocal surfaces, is a line of curvature on each. 

(13.) And by combining this known theorem, with what was lately 
shown respecting the umbilicar generatrices (in 408, (80.), (82.), comp. also 
(35.), (36.)), we may see that while, on the one hand, the Jines of curvature on 
a central surface of the second order have no real envelope, yet on the other 
hand, in an imaginary sense, they have for their common envelopet the system 
of the eight imaginary right lines (408, (31.)), which connect the twelve (real or 
imaginary) wmbilics of the surface, three by three, and are at once generating 
lines of the surface itself, and also of the known developable envelope of the 
confocal system. 

(14.) It may be added, as another curious property of these eight 
magiuary right lines, that each is, in an imaginary sense, tse/f a line of 
curvature upon the surface: or rather, each represents two coincident lines of 


that kind. In fact, if we denote the variable vector 408, LX XX. of such 
a generatrix by the expression, 


XPV TS fi eo + o, 


* Dev. de Géométrie, page 271, &c. 


+ The writer is not aware that this theorem, to which he was conducted by quaternions, has been 
enunciated before ; but it has evidently an intimate connexion with a result of Professor Michael 
Roberts, cited in page 290 of Dr. Salmon’s Treatise, respecting the imaginary geodetic tangents to a 
line of curvature, drawn from an umbilicar point, which are analogous to the imaginary tangents to a 
plane conic, drawn from a focus of that curve. An illustration, which is almost a visible representation, 
of the theorem (13.) is supplied by Plate II. to Liouville’s Monge (and by the corresponding plate in 
an earlier edition), in which the prolonged and dotted parts of certain ellipses, answering to the real 
projections of imaginary portions of the lines of curvature of the ellipsoid, are seen to touch a system of 
four real right lines, namely the projections (on the same plane of the greatest and least axes), of the 
Sour real umbilicar tangent planes, and therefore also of what have been above called (408, (30.), (31.)) 
the eight (imaginary) umbilicar generatrices of the surface. Accordingly Monge observes (page 150 
of Liouville’s edition), that ‘toutes les ellipses, projections des lignes de courbure, seront inscrites 
dans ce parallélogramme dont chacune d’elles touchera les quatre e6tés’’: with a similar remark in 
his explanation of the corresponding figure (page 160). 
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in which e’ is a variable scalar, but o, o are two given or constant but 
imaginary vectors, such that 


XXVIIJ...0°=0, Soo =-/*, 6” =- J, 
and 
XXIX... fo =Sedo=0, f(o, 0’) = So'¢o = 0, fo’ = 1, 
we have the imaginary normal v, with (for the case of a real umbilic) a 
real tensor, 


RRM eye ge i oe ty a er IE 


abe 


and we find, after reductions, the imaginary expression, 
XXXII... vo = + /-1 oT, 
XXXIIT...8ve =0, Srodo = 0. 


whence 


The differential equations V. VI. of a line of curvature are therefore 
symbolically satisfied, when we substitute, for the tangential vector 7, either 
the imaginary line o ifse/f, or the apparently perpendicular but in an 
imaginary sense coincident* vector vo; and the recent assertions are justified. 

(15.) As regards the rea/ lines of curvature, on a central surface of the 
second order, we see by comparing the general differential equation II. with 
the expression 409, XXIII. for the differential of 4, or of P’D~, that this 
latter product, or the product P. D itself, is constantt for a line of curvature, 
as well as for a geodetic line, on such a surface, as indeed it is well known to 
be: although this /as¢t constant (P.D) may become imaginary, for the case of 
a stngle-sheetedt hyperboloid, and must be such for a line of curvature on an 
hyperboloid of two sheets. 


* As regards the paradox, of the imaginary vector o being thus apparently perpendicular to itself, 
a similar one had occurred before, in the investigation 353, (17.), (18.), (19.) ; and it is explained, on 
the principles of modern geometry, by observing that this imaginary vector is directed to the circle at 
infinity. Compare 408, (31.), and the Note to page 516, vol. i. 

t Compare the second Note to page 229. 

{ Although the writer has been content to employ, in the present work, some of these usual but 
rather long appellations, he feels the elegance of Dupin’s phraseology, adopted also by Mobius, and 
by some other authors, according to which the two central hyperboloids are distinguished, as elliptic 
(for the case of two sheets), and hyperbolic (for the case of one). The phrase ‘‘ guadric,’’ for the 
general surface of the second order (or second degree), employed by Dr. Salmon and Mr. Cayley, is also 
very convenient. It may be here remarked, that Dupin was perfectly aware of, or rather appears to 
have first discovered, the existence of what have since his time come to be called the focal conics ; 
which important curves were considered by him, as being at once limits of confocal surfaces, and also 
loci of umbilics. Comp. Dév. de Géométrie, pages 270, 277, 278, 279; see also page 390 of the 
Apergu Historique, &c., by M. Chasles (Brussels, 1837). 
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(16.) And as regards the general theory of the index surface (9.), it is to be 
observed that this auxiliary surface depends primarily on the scalar function f, 
in the equation fp = 1, or generally /p = const., of the given surface ; and that 
it is not entirely determined by means of that surface alone. For if we write, 
for instance, 


XXXIV...ff=f1, with dfp = 28vdp as before, 


we shall have, as the new first differential equation of the same given 
surface, instead of IIL., 


AAV, «>; 0. Ot fa cena, 
».@.@.O i Fearn es 6 fi 


with 


and if we then write, by analogy to IV., 
XXXVII...d.nv = Pdp = npdp + n’vSvdp, 
KAX VI = et fo. 


with 


the new index surface, constructed on the plan (9.), will have for its equation, 
analogous to XXIII., the following : 


XXXIX. .. Sp’Pp’ = nSp'dp’ + n'(Svp’)? = const. 


(17.) But if we take this last constant = », the two index surfaces, XXIII. 
and XXXIX., will have a common diametral section, made by the given 
tangent plane, namely the index curve (4.); and they will towch each other, 
in the whole extent of that curve. And it will be found that the construction 
(9.), for the directions of the lines of curvature, applies equally well to the one 
as to the other, of these two auxiliary surfaces: in fact, it is evident that the 
differential equation II., namely Svdvdp = 0, receives no real alteration, when 
v is multiplied by any scalar, n, even if that scalar should be variable. 

(18.) And instead of supposing that the cariable vector p is thus obliged, 
as in 373, to satisfy a given scalar equation, of the form* 


Jp = const., 


* Ifp=ix + jy + ke, and v = fp = F(a, y, 2), and if we write, 


dv = pdx + gdy + rdz, dp = p'dx + r"dy + q'dz, 
dg=qdy+p'dze+r'dx, dr=r'de + q"dx + p''dy, 
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we may suppose, as in 372, that p is a given vector function of two scalar 
variables, « and y, between which there will then arise, by the same 
fundamental formula II., a differential equation of the first order and second 
degree, to be integrated (when possible) by known methods. For example, 
if we write, 

XL...p=it+yjy+ks, ds = pdx + gdy, 


we may then write also, on the present plan, which gives dfp = 2Svdp, 
dp = idx + jdy + kdz, v=— (ip +jq + hr), 
dy=—}(idp+jdg + kdr),  Sdpdvy = 4(dxdp + dydg + dzdr) ; 


and the index surface, constructed as in (9.), and with p’ changed to Ap = iAz + jAy + kAz, will thus 
have the equation, 


(a)... dp’ Ax? + dg’Ay? + dr As? + pAyAz + gAzAe + r" Ardy = 1, 


or more generally = const.; so that it may be made in this way to depend upon, and be entirely 
determined by, the sia partial differential coefficients of the second order, p’. . p". ., of the function v 
or fp, taken with respect to the three rectangular coordinates, xyz. And by comparing this equation 
(a) with the following equation of the same auxiliary surface, which results more directly from the 
principles employed in the text (comp. XVIII. XXIII.), 


(b). . . SAppAp = gAp? + SAApudAp = 1, 
we can easily deduce expressions for those six partial coefficients, in terms of g, A, wu. Thus, for 
example, 
4D,?v = dp’ =—g + Sdiui = Sau —g + 28iaSiz ; 
but SiaSinv + SjaSju + SASK = — Sau; therefore, 
(c). . . 3(Dz?0 + Dy’ + D,?v) = Sau — 89 = C1 + e2 +03 =— mM", 


if ¢1, ¢2, ¢3 be the roots and mm” a coefficient of a certain cubic (354, III.), deduced from the linear and 
vector function dv = gdp, on a plan already explained. If then the function v satisfy, as in several 
physical questions, the partial differential equation, 


(da). oe D,v + D,*o + D,7v = 0, 


the swm of these three roots, 1, cz, ¢3, will vanish: and consequently, the asymptotic cone to the 
index surface, found by changing 1 to 0 in the second member of (a), is vea/, and has (comp. 406, 
XXI1., XXIX.) the property that 


(ce)... cot? a + cot? b=1, 


if a, b denote its two extreme semiangles. An entirely different method of transforming, by 
quaternions, the well known equation (d), occurred early to the present writer, and will be briefly 
mentioned somewhat farther on. In the mean time it may be remarked, that because m’’ = 0 by (c), 
when the equation (d) is satisfied, we have then, by the general theory III. ii. 6 of linear and vector 


functions, and especially by the sub-articles to 350, remembering that ¢ is here self-conjugate, the 
formule, 


(f)...dv+xdp=0, and (g)...f~o-— po =m'o, 


x, W being auxiliary functions, and m’ another coefficient of the cubic, while o is an arbitrary vector. 
For the same reason, and under the same condition (d), the function ¢ itself has the properties 
expressed by the equations, 


(bh)... pVix =Kpi—ipe, and (i)... p?Vie = Voipe — m'Vir ; 


in which the two vectors 1, « are arbitrary, and m’ is tue same scalar coefficient as before. 
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we shall satisfy the equation III. by assuming (with a constant factor 
understood), 


XLI...v=ip+jqg—k, whence XLII... dv =idp+sdq; 


and thus the general equation II., for the lines of curvature on an arbitrary 
surface, receives (by the laws of 7k) the form, 


XLIII. . . dp (dy + gds) = dq (dx + pds) ; 


which last form has accordingly been assigned, and in several important 
questions employed by Monge*: but which is now seen to be tnc/uded in 
the still more concise (and more easily deduced and interpreted) quaternion 
equation, 


Svdvdp = 0. 


411. For a central surface of the second order, we have as usual » = gp, 
Av = Ap, and therefore (by 347, 348, and by the self-conjugate form of ¢), 


I... VvAv = VoppAp = PVpAp = mo" VpAp; 


the general condition of intersection 410, I. of two normals, at the extremities 
of a finite chord Ap, and the general differential equation 410, II. of the ines 
of curvature, may therefore for such a surface receive these new and special 
Sorms : 

LT... BApgo VpAp = 0s or ls Sekag Ag; 


Te, Sdog Vode 20 on lal 5 pdag i = OF 


which admit of geometrical interpretations, and conduct to some new 
theorems, especially when they are transformed as follows: 


IV... SAAp. SpApo un + Sudp.SpAp¢ a = 0, 
V...Srdp.Spdog n+ Sudp.SpdegrA = 0, 


* See the enunciation of the formula here numbered as XLIII., in page 133 of Liouville’s 
Monge: compare also the applications of it, in pages 274, 303, 305, 357. (The corresponding pages 
of the Fourth Edition are, 115, 240, 265, 267, 312.) The quaternion equation, Svdvdp = 0, was 
published by the present writer, in a communication to the Philosophical Magazine, for the month of 
October, 1847 (page 289). See also the Supplement to the same Volume xxxi. (Third Series) ; and 
the Proceedings of the Royal Irish Academy for July, 1846. 
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A and pw being (as in 405, (5.), &c.) the two real cyclic normals of the 
surface: while the same equations may also be written under the still 
more simple forms, 


VI... SaAp.Sa’pAp + Sa’Ap . SapAp = 0, 


VII... Sadp.Sa’pdp + Sa’dp.Sapdp = 90, 


a, a’ being, as in several recent investigations, the two real focal unit lines, 
which are common to a whole confocal system. 

(1.) The vector ¢?VpAp in II. has by I. the direction of VvAv; whence, 
by 410, (6.), the interpretation of the recent equation II., or (for the present 
purpose) of the more general equation 410, I., is that the chord pr’ is perpen- 
dicular to its own polar, if the normals at its extremities intersect. Accordingly, 
if their point of intersection be called n, the polar of pr’ is perpendicular at 
once to PN and P’N, and therefore to PP’ itself. 

(2.) The equation II’. may be interpreted as expressing, that when the 
normals at Pp and Pp’ thus intersect in a point Nn, there exists a point Pv” in the 
diametral plane opr’, at which the normal P’Nn” is parallel to the chord PP’: a 
result which may be otherwise deduced, from elementary principles of the 
geometry of surfaces of the second order. 

(3.) It is unnecessary to dwell on the converse propositions, that when 
either of these conditions is satisfied, there 7s intersection (or parallelism) of 
the two normals at P and Pp’: or on the corresponding but dimiting results, 
expressed by the equations III. and III’. 

(4.) In order, however, to make any use in calculation of these new 
forms II., III., we must select some suitable expression for the self- 
conjugate function g, and deduce a corresponding expression for the 
inverse function ¢7. The form,* 


NL gop = Jp + Vpn; 


* The vector form VIII. occurred, for instance, in pages 520, 529, 535, 549, vol.i., and 193, 
238, vol. ii. ; and the connected scalar form, 


Sp = gp? + Sapup, 357, IT. 


has likewise been frequently employed. 
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which has already several times occurred, has also been more than once 
inverted: but the following new inverse* form, | 


IX. . . (g — Sry). pip = p — ASpp pn - wSpp7, 


has an advantage, for our present purpose, over those assigned before. 
In fact, this form IX. gives at once the equation, 


X... (9 — An). p*VpAp = VpAp — ASpApg-'u — uSpApg"d ; 


and so conducts immediately from II. to IV., or from III. to V. as a 
limit. 

(5.) The equation LY. expresses generally, that the chord Ap, or PP’, is a 
side of a certain cone of the second order, which has its vertex at the point p 
of the given surface, and passes through all the points p’ for which the 
normals to that surface intersect the given normal at P; and the equation 
V. expresses generally, that the two sides of this last cone, in which it is 
cut by the given tangent plane at the same point P, are the tangents to the line 
of curvature. 

(6.) But if the surface be an ellipsoid, or a double-sheeted hyperboloid, 
then (comp. 408, (29.)) the always real vectors,t pA and gy, have the 
directions of semidiameters drawn to two of the four real umbilics ; supposing 
then that p is such a semidiameter, and that it has the direction of + ¢"A, 
the second term of the first member of the equation IV. vanishes, and the 
cone LV. breaks up into a pair of planes, of which the equations in p’ are, 


XE Olio 0, aud | XI ea Ge 


whereof the former represents the tangent plane at the umbilic Pp, and the J/atter 
represents the plane of the four real umbilics. 

(7.) It follows, then, that the normal at the real umbilie P is not intersected 
by any real normal to the surface, except those which are drawn at points P’ of 
that principal section, on which all the real umbilics are situated : but that the 


* Inverse forms, for o-!p or m yp, have occurred in pages 521, 549, vol. i., and 193, vol. ii. In 
comparing these with the form IX., it will easily be seen (comp. page 221) that 


t Compare the Note immediately preceding. 
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same real umbilicar normal PN ts, in an imaginary sense, intersected by all the 
imaginary normals, which are drawn from the imaginary points v’ of either of the 
two imaginary generatrices through P. 

(8.) In fact, the locus of the point P’, under the condition of intersection 
of its normal P’n’ with a given normal PN, 1s generally a quartic curve, 
namely the intersection of the given surface with the cone IV.; but when 
this cone breaks up, as in (6.), into two planes, whereof one is normal, and 
the other tangential to the surface, the general quartic is likewise decomposed, 
and becomes a system of a real conic, namely the principal section (7.) and 
a pair of imaginary right lines, namely the two umbilicar generatrices at P. 

(9.) We see, at the same time, in a new way (comp. 410, (14.)), that 
each such generatriz is (in an imaginary sense) a line of curvature: because 
the (imaginary) normals to the surface, at all the points of that generatrix, 
are situated by (7.) in one common (imaginary) normal plane. 

(10.) Hence through a real umbilic, on a surface of the second order 
there pass three lines of curvature: whereof one is a real conic (8.), and the 
two others are imaginary right lines, namely, the umbilicar generatrices as 
before. 

(11.) If we prefer differentials to differences, and therefore use the equation 
V. of the lines of curvature, we find that this equation takes the form 0 = 0, 
if the point P be an umbilic; and that if the normal at that point be parallel 
to A, the differential of the equation V. breaks up into two factors, namely, 


MMT Sido = 0 land” XIV > edog Ag nO 


whereof the former gives to imaginary directions, and the latter gives one real 
direction, coinciding precisely with the three directions (10.). 

(12.) And if p, instead of being the vector of an umbilic, be only the 
vector of a point on a generatrix corresponding, we shall still satisfy the 
differential equation V., by supposing that dp belongs to the same imaginary 
right line: because we shall then have, as at the umbilic itself, 


Vee SAdp =0, Spdp¢g dA = 0. 


An umbilicar generatrix is therefore proved anew (comp. (9.)) to be, in tts 
whole extent, a line of curvature. 

(13.) The recent reasonings and calculations apply (6.), not only to an 
ellipsoid, but also to a double-sheeted hyperboloid, four umbilics for each 
of these two surfaces being real. But if for a moment we now consider 
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specially the case of an eddipsoid, and if we denote for abridgment the real 
a-c¢ 


by 4, we may then substitute in IV. and V. for A, nu, $7", 


quotient 
ate 


pu the expressions, 


DON dary ee ha’ = 2bUA : a 2bUm 
ate Pee 
DON lect he gee eS tae hy open sage 26¢7 Un | 
ac(a + ¢) ac(a +) 


and then, after division by A’ — 1, there remain only the two vector constants 
a, a’, the equation LV. reducing itself to VI., and V. to VII. 

(14.) The simplified equations thus obtained are not however peculiar to 
ellipsoids, but extend to a whole confocal system. To prove this, we have only 
to combine the equations II. and III. with the tnverse form, 


XVIII... /?@"p = aSa’p + a’Sap - p(e + Saa’). 


which follows from 407, XV., and gives at once the equations VI. and VIL., 
whatever the species of the surface may be. 

(15.) The differential equation VII. must then be satisfied by the three 
rectangular directions of dp, or of a tangent to a line of curvature, which answer 
to the orthogonal intersections (410, (12.)) of the three confocals through a given 
point P ; it ought therefore, as a verification, to be satisfied a/so, when we 
substitute v for dp, v being a normal to a confocal through that point: that 
is, we ought to have the equation, 


3.@ B.S SavSa’pyv a Sa’vSapv = 0). 


_ And accordingly this is at once obtained from 407, XVI., by operating 
with S. pv; so that the three normals v are all sides of this cone XIX., or 
of the cone VII. with dp for a side, with which the cone V. is found to 
coincide (13.). 

(16.) And because this last equation XIX., like VI. and VII., involves 
only the two focal lines a, a’ as its constants, we may infer from it this 
theorem: “If indefinitely many surfaces of the second order have only their 
asymptotic cones biconfocal,* and pass through a given point, their normals at 


* That is, if the surfaces (supposed to have a common centre) be cut by the plane at infinity in 
biconfocal conics, real or imaginary. 
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that point have a cone of the second order for their locus”; which latter cone 
is also the locus of the tangents, at the same point, to all the lines of curvature 
which pass through it, when different values are successively assigned to the 
scalar constant a? —c* (or 2/*): that is, when the asymptotes a, a’ to the 
jocal hyperbola remain unchanged in position, but the semiares (a - b)?, 
(0? ~ c*)* of that curve (here treated as both real) vary together. 

(17.) The equation VI. of the cone of chords (5.) introduces the fixed 
focal lines a, a’ by their directions only. But if we suppose that the lengths 
of those two lines are equa/, without being here obliged to assume that each 
of those lengths is wnity, we shall then have (comp. 407, (2.), (8.)), the 
following rectangular system of unit lines, in the directions of the awes of 
the system, 


pS. Se Ula +a), UVaa’, Ula ~ a’), 


which obey in all respects the laws of 7s, and may often be conveniently 
denoted by those symbols, in investigations such as the present. And then, 
by decomposing the semidiameter p, and the chord Ap, in these three 
directions XX., we easily find the following rectangular transformation* of 
the foregoing equation V1., 


eee ee oe Le ea ar eke dee a 


©. eae S(a + a’)Ap x S(a-—a’)Ap S.Uaa’Ap ’ 


in which it is permitted to change Ap to dp, in order to obtain a new form 
of the differential equation of the dines of curvature; or else at pleasure to »v, 
and so to find, in a new way, a condition satisfied by the three normals, to 
the three confocals through Pp. 

(18.) The cone, VI. or XXI., is generally the locus of a system of three 
rectangular lines; each plane through the vertex, which is perpendicular to any 
real side, cutting it in a real pair of mutually rectangular sides : while, for the 


* ‘The corresponding form, in rectangular coordinates, of the condition of intersection, of normals 
at two points (xyz) and (z'y’z'), to the surface, 


is the equation (probably a known one, although the writer has not happened to meet with it), 


(P= ea! (@— ay’ (= Oe" _ 
en ’ 


eo y-y Ci oe 


in which it is evident that xyz and 2’y's’ may be interchanged. 
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same reason, the section of the same cone, by any plane which does not pass 
through its vertex p, but cuts any side perpendicularly, is generally an 
equilateral hyperbola. 

(19.) If, however, the point p be situated in any one of the three principal 
planes, perpendicular to the three lines XX., then the cone XXI. (as its 
equation shows) breaks up (comp. (6.)) into a pair of planes, of which one 
is that principal plane itself, while the other is perpendicular thereto. And 
while the former plane cuts the surface in a principal section, which is 
always a line of curvature through Pp, the Jatter plane usually cuts the surface 
in another ‘conic, which crosses the former section at right angles, and gives 
the direction of the second line of curvature. 

(20.) Bué if we further purpose, as in (6.), that the point P is an wmbilic, 
then (as has been seen) the second plane is a tangent plane; and the second 
conic (19.) is itself decomposed, into a pair of imaginary right lines: namely, 
as before, the two wmbilicar generatrices through the point, which have been 
shown to be, in an imaginary sense, both dines of curvature themselves, and 
also a portion of the envelope of all the others. 

(21.) We shail only here add, as another transformation of the general 
equation VI. of the cone of chords, which does not even assume Ta = Ta’, 
the following : 


XXII... S(a+a’)Ap.S8(a+a’)pAp =S(a—-a’)Ap.S(a—-a’)pAp; 


where the directions of the two new lines, a+ a’ and a — a’, are only obliged 
to be harmonically conjugate with respect to the directions of the fixed focal 
lines of the system: or in other words, are those of any two conjugate 
semidiameters of the focal hyperbola.* 


* [In order to obtain additional illustrations of the remark made at the beginning of this Article 
that SpApp-'Ap = 0, and the equivalent equations lead to geometrical theorems relating to a system 
of quadrics having the same pair of focal lines, we see in the first place if w and w’ are any two 
vectors terminating on the chord, that the equation may be written in the form Sew’¢-!(w — ’) = 0. 
This is equivalent to the vector equation (@-! + h’)w = (p!+ h)w’. Operating on this by (g-! + g)"}, 
we easily find @ = w + (h’-g) (91 + 9)3w =o’ + (h—g) (p71 +9)’. It is obvious from the form 
of these relations that the normal at w to the quadrie Sp(o-! + g)-!p = Sw(p-! + g)-1w intersects the 
normal at w’ to the similar quadric Sp(¢-! + g)-}p = Sw'(@-! + g)-1’; and that 7 is the vector to the 
point of intersection. In particular, if w and w’ happen to lie on the same quadric, the normals still 
intersect. Returning to the general case and allowing the arbitrarily assumed scalar g to vary, it is 
obvious that the point of intersection of the normals describes a twisted cubic if we remember the 
results of p. 131. 

The relation between w, w’, 4, and h’ suggests the use of an auxiliary vector 7 in terms of which 
we may write w = (p1! + h)r and w’ = (@-! + h’)r. Thus 7 is parallel to the chord, and the equation 
of the chord is p= 11+ 27. In terms of this vector, the vector to the point of intersection of 


246 ELEMENTS OF QUATERNIONS., (LEE Tu. S45 


412. The subject of Lines of Curvature receives of course an additional 
illustration, when it is combined with the known conception of the corre- 
sponding Centres of Curvature. Without yet entering on the general theory 
of the curvatures of sections of an arbitrary surface, we may at least consider 
here the curvatures of those normal sections, which touch at any given point 
the dines of curvature. Denoting then by o the vector of the centre s of 


normals becomes @ = (7! + g)"! (o-! + h) (pb +h’)r. Regarding w as fixed, we have @ = (¢!+ 9)! 
(p-! + h’)w as the vector equation of the locus of intersections of the normals at w with the corre- 
sponding normals at the variable point w’ = (p-! + h’)r. This surface locus which consists of right 
lines and twisted cubics is easily seen to be the quadric SWwp"/~@—w) = 0. But we obtain a second 
interpretation for this locus since w = (@1! +g) (p14 %)}@ =@+ (g—h’) (p11 + h’)-1@ expresses 
that the normal at @ to the quadric Sp(¢1 + h’)"p= Sw(p-!+h’)-1q passes through the fixed point w. 
So we may say that the quadric is the locus of points whose normals with respect to the 
doubly infinite system of quadrics Sp(p7! + h’)"1p = C pass through the extremity of the given 
vector w. Returning to the vector equation of the locus, we see that the locus of points whose 
normals pass through a fixed point is a twisted cubic when h’ is constant, or when we have to do 
only with a system of similar and similarly placed quadrics. If, on the other hand, we confine 
our attention to a system of confocal quadrics so that C is constant but h’ variable, we have 
Sa(p} + h')o = C or Sw(p} + 9g)? (p-1 + h’)w = C, giving /’ in terms of g. From this we deduce 
(h’ — 9) (p71 + g)-!w)? = C— Sw(p-! + g)-1w, and the vector equation of the locus of points on the 
system of confocals, whose normals pass through the extremity of w, becomes 


B= a + (C~ Sw($! + ge) (gt + 9) 0), 
or 


w= (C+ Volo + 9)e) (p+ 9)"40) 


We cannot delay on this curve except to state that it is a twisted quintic and unicursal, and that, 
being a quintic, it meets any quadric of the system in ten points, four of which must be foreign to 
the present inquiry as only six normals can be drawn to a quadric from a point. 

Returning to the equation w= (p-! + g)"! (61 +h) (p1 + h’)7, we shall express that the two 
points w and w’ lie on the same quadric Sp(p-! + g)"!p = C. In terms of + and A, we see that w lies 
on this quadric if St(g-! + A)? (gp! + g)-17 = OC, and if w’ likewise lies on it, 4’ must be the second 
root of this quadratic in k. Expanding in terms of 4 — g for convenience, we have 


(4 — 9)*Sr(p + g)-I7 + 2(h — 9)? + St(p} + g)t = C, 
and using this equation to eliminate / and h’ from the expression for ®, we find 


27° Sr(gl+g)r-—C 


at -] poeree’ oe ehe Reuse Be 
Slot a gyn | OFT SGT gtr 


cide Siege Cs ii 


This may be reduced to simpler forms, one being 


_ NGA Vet oye = ORF OV re +9) Ce eg) 7 
: Sr(p? +g) 


Ko} 


It is obvious when € alone varies that the locus is a right line; it is easily seen when g alone varies 
that the locus is a conic section, and when both vary, it may be proved that the locus is a ruled quartic 
having the line p = g7!7 + wr for a triple line. 

Finally, it easily follows from the equations of this note, that every line of the triply infinite 
system obtained by assigning all possible values to 7 in the equation p= o'r +7 is at every point 
normal to some one quadric, and at every point touches two quadrics of the doubly infinite system 
Sp (p7! + 9) 4p = C along lines of curvature. ] 
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curvature of such a section, and by & the radius ps, considered as a scalar 
which is positive when it has the direction of + v, it is easy to see that we 
have the éwo fundamental equations : 


Digs cameo edt Uae 
Ti ado + eyo: 


whence follows this new form of the general differential equation 410, IT. of 
the lines of curvature, 


TIL} Wdeduy 0: 


with several other combinations or transformations,* among which the 
following may be noticed here: 


A ley, dy 
tae zt ce 
(1.) The equation I. requires no proof; and from it the equation IT. is 
obtained by merely differentiating +t as if o and AR were constant: after 
which the formula IIT. follows at once, and IV. is easily deduced. 
(2.) To obtain from this last equation a more developed expression for 2, 
we may assume for dy, considered as a linear and self-conjugate function 


of dp (410, (1.)), the general form (comp. 410, X VIIL.), 
Vote = gdp 7: VAdpn, 


in which g, A, « are independent of dp; and then, while the tangent dp has 
(by 410, XXII.) one or other of the two directions, 


Vie do UVvrA is UVon, 
the curvature I receives one or other of the two values corresponding, 


Wil 2h == Pg Ay buys TNA TE Vay). 


en ee 


* [The expression R-'dp + Ty!dy = xy is at times a useful transformation of II. The value of 
the scalar x need not generally be considered, though it is — dTy }.] 


t To students who are accustomed to injfinitesimals, the easiest way is here to conceive the diffz- 
rentials to be such. But it has already been abundantly shown, that this view of the latter is by no 
means necessary, in the treatment of them by quaternions, (Compare the first Note to page 230.) 


248 ELEMENTS OF QUATERNIONS. BOG re ssck ee 


(3.) One mode of arriving at this last transformation, or of showing that 
if (comp. again 410, XXII.) we assume, 


VIII... + = (or ||)UVAv +t UVyu», 
then 
EXT OSA = SAUr, Sean | TVAUpe lyr, 
or 
Me 2OAr. Bar VA vale) PV AUy 1 Vue, 
or finally, 


XI... 28UAr. SUpr = S(CVUAv. VUpy) + TVUAn. TV Up, 
is to introduce the auxiliary quaternion, 


Mads C= VON. Ca 


and to prove that, with the value (or direction) VIII. of r, we have thus the 
equation (in which Vq’, as usual, represents the square of Vq), 


SU OSU SU ee 


(4.) And this may be done, by simply observing that we have thus (with 
the value VIII.) the expressions, 


XIV... 8rUA = 5, 


ee _  -F(SUAw)? at Ve"? 
XV. ..8UA.SUn= agg aye 7 Te 


Rb hee 


because 


and 
2 (Sq + Tg) 


XVII... 7 =-24 280g = 4-7 


(5.) Admitting then the expression VII., for the curvature Rk”, we easily 
see that it may be thus transformed : 


MV he (9 ID con € ev *\) 
mu 
and that the difference of the two (principal) curvatures, of normal sections of 
an arbitrary surface, answering generally to the two (rectangular) directions of 
the Zines of curvature through the particular point considered, vanishes when 
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the normal v has the direction of either of the two cyclic normals, A, uw, of the 
index surface (410, (9.)); that is, when the index curve (410, (4.)), considered 
as a section of that index surface, is a circle: or finally, when the point in 
question is, in a received sense, an wmbilic* of the given surface. 

(6.) That surface, although considered to be a given one, has hitherto (in 
these last sub-articles) been treated as quite genera’. But if we now suppose 
it to be a central surface of the second order, and to be represented by the 


equation, 
XIX. . . fo = gp* + SAppp = I, 


which has already several times occurred, we see at once, from the formula 
VII. or XVIII. (comp. 410, (10.)), that the difference of curvatures, of the 
two principal normal sections of any such surface, varies proportionally to 
the perpendicular (Tv or P) from the centre on the tangent piane, multiplied 
by the product of the sines of the inclinations of that plane, to the two cyclic 
planes of the surface. 

(7.) In general (comp. 409, (3.)), it is easy to see that 


if D denote the (scalar) semidiameter of the index surface, in the direction of 
dp or of r; but for the two directions of the /ines of curvature, these semi- 
diameters become (410, (3.), (4.)) the semdawes of the index curve. Denoting 
then by a; and a, these last semiaxes, the two principal radii of curvature of 
any surface come by LY. to be thus expressed : 


XXII. os vee =a a? Ty ; R, = as Py. 


And if the surface be a central one, of the second order, then a,, a, are the 
semiaxes of the diametral section, parallel to the tangent plane; while Tv is 
(comp. again 409, (3.)) the reciprocal P~ of the perpendicular, let fall on that 
plane from the centre. Accordingly (comp. (6.), and 219, (4.)), it is known 
that the difference of the inverse squares of those semiaxes varies proportionally 
to the product of the sines of the inclinations, of the plane of the section to 
the two cyclic planes.t 


* Compare the Note to page 233. 

+ [The expressions of this sub-article enable us to deduce the equation of a system of quadrics 
having at a given point on an arbitrary surface the same elements of lines of curvature as the 
arbitrary surface, and the same values of the principal curvatures. 

We know that the lines of curvature at a point on a quadric are parallel to the principal axes of 
the central section parallel to the tangent plane. If 71 and 72 are unit vectors touching the lines of 
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(8.) And as regards the squares themselves, it follows from 407, LXXI., 
that they may be thus expressed, in terms of the principal semiawes of the 
confocal surfaces, and in agreement with known results : 


XOX. Sea a a a 8s Sn as 


being thus both positive for the case of an ellipsoid ; hoth negative, for that of 
a double-sheeted hyperboloid ; and one positive, but the other negative, for the 
case of an hyperboloid of one sheet (comp. 410, (15.)). 

(9.) In all these cases, the normal + v is drawn towards the same side of 
the tangent plane, as that on which the centre o of the surface is situated 
(because Svp = 1); hence (by I. and XXI.) both the radii of curvature Ai, R, 
are drawn in this direction, or towards this side, for the ellipsoid ; but one such 
radius for the single-sheeted hyperboloid, and both radii for the hyperboloid of 
two sheets, are directed towards the opposite side, as indeed is evident from 
the forms of these surfaces. 


curvature, and if p is the vector from the centre to the point, the vectors aiTi, a2T2 and p compose a 
system of mutually conjugate radii of the quadric. It is easy to prove (see below) that 


(SwBy)? + (Swya)? + (SwaB)? = (SaBy)? 
is the equation of a quadric of which a, B, and y are conjugate radii. In particular 
a2*(Swrop)? + a12(Swrip)? + a12a22(Swritz)? = ar?a2*(Sprit2)? 


is the equation of a quadric having its centre at the origin and arbitrarily assumed directions for the 
lines of curvature at the extremity of p. Now the central perpendicular on the tangent plane at p 
has its length equal to P= Spritz =SpUv. So, by XXI., we have 


R2(Swrep)? + Ri(Swrsp)? + RiR2(SwUv)?SpUv = Ri R,(SpUr)* 


for the equation of a quadric with its centre at the origin, having at an assumed point arbitrarily 
assumed directions for the lines of curvatures and arbitrarily assumed values for the curvatures. By 
varying the position of the centre, we can thus determine a system of quadrics having contact of the 
high order described with any surface at a given point. 

We cannot delay discussing this system of quadrics except to state that when the centre lies on a 
certain line, the lines of curvature of the quadric have four point contact with those of the surface. 
We can, moreover, only suggest as an exercise on the notation given in the Note to page 225, the 
investigation of the locus of points on a quadric or on a confocal system at which one or both of the 
principal curvatures are given. It seems, however, to be worth while to prove the expression for a 
quadric in terms of the conjugate radii. If the equation of the quadric is Swpw = 1, and if a, B, and 
y are conjugate radii, among the conditions are Sada = 1 and SBga = Sypa=0. Thus 


‘ oa = VBy(SaBy)! and because wSaBy = aSByw + BSyaw + ySaBu, 
we have 

| pw(SaBy)? = VBySBye + VyaSyaw + VaBSaBu. 
‘The forms of the invariants of this function afford proofs of certain well-known theorems. We see 
also easily that ow = aSaw + BSBw + ySyw from which known theorems may be derived, and this 
function @-' may be used with advantage in certain questions relating to confocals. Again to find a 
set of directions Ua, UB, and Uy conjugate to two quadrics depending on two functions ¢ and $1, we 
have to solve V¢iwdw =0 or Vwgi-lpw = 0.) 
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(10.) The following is another method of deducing generally the two 
principal curvatures of a surface, from the sel/-conjugate function,* 


XXII dye pdp, 410, IV. 


which affords some good practice in the processes of the present Calculus. 
Writing, for abridgment, 
Vv 


op 


DO. 4 Ble tt A = YF fold A a S aa ee Sr‘or, 
P 


where 7 is still a tangent to a line of curvature, the equation II. is easily 
brought to the form, 
».©.@ Ber v! Vyor = or — v 'Srov = Or, 


where ® denotes a new linear and vector function, which however is not in 
general se/f-conjugate, because we have not generally gv || v. Treating then 
this new function on the plan of the Section III. ii. 6, we derive from it a 
new cubic equation, of the form, 


XXVI...0=M+ M’r+ Mr 4+ 4, 
and with the coefticients, 
AXVIT...M=0, M =8yv, MM’ =m’- Sv lop ; 


~ being a certain auciliary function (= mp"), and m” being the coefficient + 


* [Compare the Note to p. 554, vol.i., by which it appears that this function is self-conjugate only 
when in the equation dfp = »Svdp is a constant or a function of /p (see also 410, (16.)). Asan 
example, if we take » = Ty and write dUy = 6dp, equation II. of the present article becomes 
4-'dp + @dp = 0. Thus the principal curvatures are two roots of the cubic of 6, and the tangents to 
the lines of curvature are two of the solutions of Vdp@dp = 0. We can see that the third root is zero 
because SUvdUy = 0 or for any value of 3p, S5p0'Uy = 0. So 6'Uy=0, and therefore a root of the 
conjugate @ is also zero. If then the symbolic cubic of @ is 63 — "6? + N’@=0, we have the 
following expressions : 

Ril+Reot=—N" and Rr RoI = DN’. 


We may also write dUy = — Sdpv . Uv = dp where v is Hamilton’s operator, and from the properties 
of this operator it is not hard to see that 


Ry! + Ro} = SvUv and RR) = 48Vvv'VUyUyr’, 


where the accents are to be omitted when the operations indicated have been performed. ‘The 
function # introduced in this sub-article is closely analogous to the function @ of this Note.] 


t+ Compare the Note to page 237, continued in page 238. The reason of the evanescence of the 
coefficient , or of the occurrence of a null root of the cubic, is that we have here ép!y= 0, so that 
the symbol #10 may represent an actual vector (comp. 351). Geometrically, this corresponds to the 
circumstance that when we pass, along a semidiameter prolonged, from a surface of the second order 
to another surface of the same kind, concentric, similar, and similarly placed, the direction of the 
normal does not change. 


2K 2 
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analogous to MZ”, in the cubic derived from the function @ itse/f. The root 
r = 0 is foreign to the present inquiry ; but the ¢wo curvatures, Ry, Ry, are 
the two roots of the following quadratic in R-, obtained from the equation 
XXVI. by the rejection of that foreign root : 


AXVITT,..0s(R Ty) 4+ MRT 


(11.) As a first application of this general equation XXVIILI., let gr 
have again, as in V., the form gr + VAru; we shall then have the values, 


XXIX... UM” = 2(9 + SAUy. Su), 
XXX... M’ = (g + SAUv.SyuUv)? - (VAUv)? (VuUv)’, 


and 


= a great variety of transformed expressions; and the two resulting curva- 
tures agree with those assigned by VII. 

(12.) As a second application, let the surface be central of the second 
order, with abe for its scalar semiaxes (real or imaginary) ; then the 
symbolical cubie (350) in @ becomes, 


XXXII... 0 = G3 — mg’ + m’o — m= (o + a) (6 + 0) (6 + €*); 


and the coefficients of the quadratic XXVIII. in R* take the values, in 
which WV denotes the semidiameter of the surface in the direction of the 
normal : 


AXXO. + het aH My = — (me + FUP = (e404 KN PS 
XXAT. 2 RAR = yt a a Sa 


both of which agree with known results, and admit of elementary 
verifications.” 

(13.) In general, if we observe that m” — o = y (850, XVI.), we shall see 
that the quadratic XXVIII. in rv (or in AT vy) may be thus written : 


XXXIV... 0 = Syl (rv + ryv + Wr); 
or thus more briefly (comp. 398, LX XIX.), 
BRAN 3 0 =p os 7) ws 


* As an easy verification by quaternions of the expression XXXII., it may be remarked (comp. 
408, (27.)), that if a, 8, y be any three rectangular unit lines, then 


fa+fB + fy = const. =¢1 + ¢2 +e, =a *% + b% 4 6%. 
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(14.) Accordingly, the formula XXV. gives the expression, 
RN a PT ( +r)ty. Srov ; 


from which, under the condition Svr = 0, the equation XX XV. follows at once. 
(15.) We have therefore generally, for the product of the two principal 
curvatures of sections of any surface at any point, the expression : 


XXXVIL .. ROR? = nnTv? = - Srv =- 8 : cea 
Vv 


which contains an important theorem of Gauss, whereto we shall presently 
proceed. 

(16.) Meanwhile we may remark that the recent analysis shows, that the 
squares a,’, a,” (7.) of the semiaxes of the index-curve are generally the roots 
of the following equation, 


KV 0 ene ee) 


when developed as a quadratic in a’. 

(17.) And that the same quadratic assigns the squares of the semiaxes 
of a diametral section, made by a plane  », of the central surface of the 
second order which has Sp¢p = 1 for its equation. 

(18.) Accordingly, Vpg¢p has the direction of a tangent to this surface, 
which is perpendicular to p at its extremity ; and therefore the vector, 


XXXIX. ..o = p"Vpop = op — p™ = ($ — p*)p, 


is perpendicular to the plane of the diametral section, which has the semi- 
diameter p for a semiaxis: so that it is perpendicular also to p itself. The 
equation, 


Als 3s OG gn) ot 


assigns therefore the values of the squares (— p*) of the scalar semiaxes of the 
central section 1 o; which agrees with the formula XXX VIII. 

(19.) If then a surfuce be derived from a given central surface of the 
second order, as the locus of the extremities of normals (erected at the centre) 
to the diametral sections of the given surface, each such normal (when real) 
having the /ength of one of the semiaxes of that section, the equation of this new 
surface* (or locus) will admit of being written thus: 


p. 0 Bi ieee Se(o ~ pee = 0, 


* When the given surface is an ellipsoid, this derived surface XLI. is therefore the celebrated 
Wave Surface of Fresnel, which will be briefly mentioned somewhat farther on. 
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(20.) The first of the values XXIV., for the auxiliary scalar r, gives the 
expression (if vy = pp, as it is for a central surface of the second order), 
XU... c=ptr've= (14+ r'g)p =r (9+ r)p; 
whence, by inversion, and operation with 4, 
ME ate = 1b Sto 3. RY, a ae do, 
and therefore, because Spv = 1, 
XLV... 77 =8((¢ + r) te. (9 + 7) "G0) =8. o(g + 1) "ho. 


(21.) The following is a quite different way of arriving at this result, 
which is also useful for other purposes. Considering o as the vector os of a 
point s on the Surface of Centres, that is, on the /ocus of all the centres of 
curvature of principal normal sections, the vector (say v) of the Reciprocal 
Surface is connected with o (comp. 3738, (21.)) by the equations of reciprocity,* 


MONI. ss ov = pve — ls My. bude = 0% - MIVITL . beady — 0; 


which are all satisfied by the vector expression, 


Me ee 

Spr 
where r is, as before, a tangent to the line of curvature: so that, if w denote 
the variable vector of the normal plane to this last curve, the equation of that 


plane (comp. 369, IV.) may be thus written, 
L. . . Su(w - p) = 0. 


This normal plane, to the line of curvature at P, is therefore at the same time 
the tangent plane to the surface of centres at s, as indeed it is known to be, 
from simple geometrical considerations, independently of the form of the 
given surface, which remains here entirely arbitrary. 


* It is understood that do and du, in the differential equations XLVII., XLVIII., are in general 
only obliged to have directions tangential to the surface of centres, and to its reciprocal, at corre- 
sponding points: so that the equations might be in some respects more clearly written thus, 
Svic = 0, Scdv = 0, the mark d being reserved to indicate changes which arise from motion along a 
given line of curvature, while 5 should have a more general signification. Accordingly if, in 
particular, we write 3p = vdp, for a variation answering to motion along the other line, and denote 
the two radii of curvature jor the two directions dp and 5p by Ai and Re, we shall have by II., 
Rti-'dp +: dUy = 0, R2-!3p + 5Uy = 0, and therefore by I., 

do=dhi.Uv, 80 = 8p + 8(RiUyv) = (1 — Rike)vdp + 621. Uv; 
so that we have both Sdpdo = 0, and Sdpdc = 0, and therefore the tangent dp or 7 to the given line of 
curvature has the direction of the normal v to the corresponding sheet of the surface of centres, as is 


otherwise visible from geometry. And when we have thus found an equation of the form tv =7, 
operation with S.o gives by XLVI. the value ¢ = Spr, as in XLIX., because o — p || vy Lr. 
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(22.) The expression XLIX. for uv gives generally the relation, 
dt pu bs 
giving also, by 410, V. and VI., these two other equations, 
Ei Sy = 0s and a Side — 9, 


which are still independent of the form of the given surface. 
(23.) But if that surface be a central quadric,* then the equation LI. may 


be thus written, 
LN ee Sig de; 


combining which with LIT. and LIII., we derive the expressions : 


_ vou ufv | er Day 
ad ae are 1 Le is er OR TE cH 


wherein fu = Sugv, and Fu = Suv, as usual. 

(24.) Operating with 8S.» on this last expression for p, and attending to 
LIT. and LIV., we find the following quaternion forms of the Equation of the 
feciprocal of the Surface of Centres : 


\ au 
LVIL ..1=(Syp=) 7" or LVIIL.. v= (Fu - fy; 
or 
HDC oes eene aah) or LX... -—7=1; &0, 
uv a 
AX 


whereof the second, when translated into coordinates, is found to agree 
perfectly with a knownt equation of the same reciprocal surface. 
(25.) Differentiating the form LX., and observing that 


a -1 4 
15). ee (72) = 7? d.vt=4Sv'dv, dfu=2S8qudu, div = 28 'udv, 


we find, by comparison with XLVI. and XLVIIL., the expression : 


2Qu' ‘: u‘pu “ 
AL ea Gk ae 


or EAL, 6 = gout ae pv 


PIX es = Gy — : 
i. FUv ” (FOr) 


* Compare the last Note to page 236; see also the use made of this known name “ quadric,’’ for 
a surface of the second order (or degree), in the sub-articles to 399 (pages 159, &c.). 

+ The equation alluded to, which is one of the fourth degree, appears to have been first assigned 
by Dr. Booth, in a Tract on Tangential Coordinates (1840), cited in page 163 of Dr. Salmon’s Treatise. 
See also the Abstract of a Paper by Dr. Booth, in the Proceedings of the Royal Society for April, 1858. 
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or finally by XLIX., with the recent signification XXIV. of r, 
LXIV...c=7°(9+7)'p"'v, because LXV...r=/fUr=/Uv: 


and, for the same reason, the equation LX. of the reciprocal surface may be 
thus briefly written, 


LXVI...Mv+r%v’=1, while LXVI’... fut rv’ =0. 


(26.) Inverting the last form for o, and using again the relation XLVI, 
we first find for v the expression, 


DANE ow ig or) cass 

and then are conducted anew to the equation X LV., or to the following, 

XVI. b= Bol 4 oo 
(27.) This last equation may also be thus written, 

LXIX...1=S8.o0(1 + rp)? (p + 19") 5 

but by combining XLIII. LI. LXVII. we have, 

LXX...1 = (Sov =)8. o(1 + 1°19) go; 

XXII... 0=8. o(1 + 179) oc, 


hence 


a result which may be otherwise and more directly deduced, under the form 
Svu = 0 (LII.), from the expressions XLIV. LX VII. for v and v. 
(28.) If we write, 


EXXU- + += Udp, “= Udo), and therefore LX XIU = Us. 


rand 7’ being thus wnit-tangents to the lines of curvature, the equation ITI. 
gives, generally, 


LXXITV...0 = Vrd(rr’) = — dr’ + cSr’dr, whence LXXIV’... dr’ ||7; 


of which general parallelism of dr’ to r, the geometrical reason is (comp. again 
ITIL.) that a dine of curvature on an arbitrary surface is, at the same time, a 
line of curvature on the developable normal surface which rests upon that line, 
and to which the vectors 7’ or vdp are normals, 
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(29.) The same substitution LX XIII. for Uv gives by II., if we denote 
by s the arc of a line of curvature, measured from any fixed point thereof, so 
that (by 380, (7.), &e.), 


LXXV. ee Tdp Se ds, dp = rds, D;p =T, 


the following general expression for the curvature of the given surface, in the 


direction r of the given line, which by LXXIY’. is also that of dr’: 
EXAVI. oh = S.7 Dir) = — Sere Der = Bl Uy Dp) 


but D,’o is (by 389, (4.)) what we have called the vector of curvature of the 
line of curvature, considered as a curve in space, and RU is the corresponding 
vector of curvature of the normal section of the given surface, which has the 
same tangent r at the given point: hence the latter vector of curvature is 
(generally) the projection of the former, on the normal v to the given surface. 
(30.) In like manner, if we denote for a moment by #,' the curvature of 
the developable normal surface (28.), for the same direction 7, the general 


formula II. gives, by LXXIV., 
).. Gg Wi are dae = 7D,r’ =-S7r D7 =S8. ee 0 Fae : 


the vector R-'r’ of this new curvature is therefore the projection on the new 
normal 7’, of the vector of curvature D,’o of the given dine of curvature. But 
we shall soon see that these two last results are included in one more general,” 
respecting all plane sections of an arbitrary surface. 

(31.) The general parallelism LXXIV’. conducts easily, for the case of 
a central quadric, to a known and important theorem, which may be thus 
investigated. Writing, for such a surface, 


ON ei ee 


so that r retains here its recent signification LXV., and 7’ is the analogous 
scalar for the other direction of curvature, we have by LXXIYV. the 
differential, 


LXXITX. .. do’ = 28¢r'dr’ = 28rd7’Sr'dr = 0, 
because Srgr’ = 0, by 410, XI. 


* Namely in Meusnier’s Theorem, which can be proved generally by quaternions with about the 
same ease as the two foregoing cases of it. 
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(32.) We have then the relation, 
LAX. ©. (UGdp)=/r =0 = const; 


that is to say, the square (r’) of the scalar semidiameter (D’) of the surface, 
which is parallel to the second tangent (r’), is constant for any one line of 
curvature (r); and accordingly (comp. XXII., and the expression 407, 
LXXI. for fU»,), the value of this square is, 


1.0.0.6 Ri @ a Uh rel) aa fo =@-a? =O —-6%=¢ —e", 


if a’, b’, ¢& be the scalar semiaxes of the confocal, which cuts the given 
quadric (abc) along the line of curvature, whereof the variable tangent is r. 

(33.) This constancy of fUvdo may be proved in other ways; for 
instance, the general equation Sydrdp = 0 gives, for a line of curvature 
on an arbitrary surface, 


LEXXIL .. dy = vSy'dy + p85"; LXXXIII. . . Vdvdp = vdpSy'do 5 
p 


and 


E 5). @.©.@ Ba dop(vdp) = 0, because dy = gdp; 


while for a central quadric (fp = 1, gp = v) it is easy to show that we have 
also, 


LXXXYV... ¢(vdp) = Vedef(vUdp) ; 


hence, for such a surface, if we suppose for simplicity that ds or Tdp is 
constant, which gives Vvd’p || de, we have, 


TeX Vis df(vdp) = 28((vdp) : d(vdp} ) = By dr .f(vdp), 
a differential equation of the second order, of which a first integral is evidently, 
LXXXVII. ..f(vdp) = Cr’dp?, or LXXXVII’...fU (vdp) =C = const. 


(34.) But we see that the dines of curvature on a central quadric are thus 
included in a more general system of curves on the same surface, represented by 
the differential equation LXXXVI., of which the complete integral would 
involve two constants: and which expresses that the semidiameters parallel to 
those tangents to the surface, which cross any one such curve at right angles, 
have a common square, and therefore (if real) a common length, so that (in 
this case) they terminate on a sphero-conic.* 


* Compare the sub-articles (6.) (7.) (8.) to 219, in page 240, vol. i. 
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(35.) Admitting however, as a case of this property, the constancy LXXX. 
of the scalar lately called »’, namely the second root of the quadratic XXXIV. 
or XXXYV., of which the coefficients and the first root + vary, in passing 
from one point to another of what we may call for the moment a Jine of first 
curvature, we have only to conceive 7 and v to be accented in the equations 
LXVI. LXVI’, in order to perceive this theorem, which perhaps is new: 

The Curve*® on the Reciprocal (24) of the Surface of Centres of curvature of 
a central quadric, which answers to the second curvature of that given surface 
for all the points of a given line of first curvature, or which is itse/f in a 
known sense the reciprocal (with respect to the given centre) of the develop- 
able normal surface (28.) which rests upon that dine, is the intersection of two 
quadrics; whereof one (LXVI’.) is a cone, concyclic with the given surface 
(fp = 1); while the other (LXVI.) is a surface concyclic with the reciprocal of 
that given quadric (fv = 1). 

(36.) Again, the scalar Hguation of the Surface of Centres (21.) may be 
said to be the result of the elimination of +? between the equations LX VIII. 
and LXXI., whereof the latter is the derivativet of the former with respect 
to that scalar; we have therefore this theorem : 

An Ausiliary Quadrie (UX VIII. or XLY.) touches the Second Sheet of the 
Surface of Centres of a given quadric, along a Quartic Curve, which is the 
locus of the centres of Second Curvature for all the points of a Line of First 
Curvature (85.); and (for the same reason) the same auxiliary quadric is 
circumscribed, along the same quartic, by the Developable Normal Surface (28), 
which rests on that first line: with permission, of course, to interchange the 
words first and second, in this enunciation. 


* The variable vector of this curve is easily seen (comp. XLIX.) to be, 


: 7’ VT 


~ Srp Syrp’ 
and the reciprocal surface (21.) or (24.) is by (25.) the locus of this quartic (35.). 

+ The analogous relation, between the coordinate forms of the equations, was perhaps thought too 
obvious to be mentioned, in page 161 of Dr. Salmon’s Treatise; or possibly it may have escaped 
notice, since the quartic curve (36.) is only mentioned there as an intersection of two quadrics, which 
is on the surface of centres, and answers to points of a line of curvature upon the given surface. But 
as regards the possible novelty, even in part, of any such geometrical deductions as those given in the 
text from the guaternion analysis employed, the writer wishes to be understood as expressing himself 
with the utmost diffidence, and as most willing to be corrected, if necessary. The power of derivating 
(or differentiating) any symbolical expression of the form LXVIII., or of any analogous form, with 
respect to any scalar which it involves explicitly, as if the expression were algebraical, is an important 


but an easy consequence from the principles of the Section III. ii. 6, which has been so often 
referred to. 
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(37.) When the arbitrary constant 7 is thus allowed to take successively 
all values, corresponding to both systems of lines of curvature, the Susface of 
Centres is therefore at once the Envelope* of the Auxiliary Quadric LXVIIL., 
and the Locus of the Quartic Curve (36), in which one or other of its two 
sheets is touched, by that auxiliary quadric in one of its successive states, and 
also by one of the developable surfaces of normals to the given surface. 

(38.) To obtain the vector equation of that envelope or locus we may 
proceed as follows, using a new expression for o, in terms of v or of p, which 
may then be transformed into a function of two independent and scalar 
variables. Denoting (comp. (82.)) by a, 01, ¢: the semiaxes of the confocal 
which cuts the given surface in the given line of curvature, and by a2, b2, c 
those of the other confocal, so that the normals 1, v, to these two confocals 
have the directions of the tangents zr’, 7 lately considered, we have not only 
the expressions LXXXI. for rv’, with a’b’c’ changed to m, b,, ¢:, but also the 
analogous expressions (comp. 407, LXX1.), 


LXXXVIITI. . s@—a/=b)? - b= ¢ - ¢,’. 


We have therefore by XLII., combined with 407, XVI., this very simple 
expression for o: 


DACRE oe = (pe 1 = oe p2 op ; 


containing, in the present notation, and as a result of the present analysis, a 
known and interesting theorem,t on which however we cannot here delay. 

(39.) It follows from this last value of o, combined with the expression 
408, LX XXII. for p, that we may write, 


ata Vad’ Ga: 


x ¢ a aya, piel 1570,5,3 + Teel) 


as the sought Vector Equation of the Surface of Centres of curvature of a given 
quadric (abc) ; ambiguous signs being virtually included in these three terms, 


* Compare the Note immediately preceding. 

+ Namely Dr. Salmon’s theorem (page 161 of his Treatise), that the centres of curvature of a given 
quadric at a given point are the poles of the tangent plane, with respect to the two confocals. The 
connected theorem (page 136), respecting the rectilinear locus of the poles of a given plane, with 
respect to the surfaces of a confocal system, is at once deducible from the quaternion expression 407, 
XVI. for ¢-!y, although the theorem did not happen to be known to the present writer, or at least 
remembered by him, when he investigated that formula of inversion for other applications, of which 
some have been already given. 
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because in the subsequent eliminations* the semiaxes enter only by their 
squares: while /, a, a’ are constants, as in 407, &c., for the whole confocal 
system, and abc are also constant here, but a - a,’ and @ — a,”, or + and r} 
(38.), are variable, and may be considered to be the two independent scalars of 
which o is a vector function.t 

413. Some brief remarks may here be made, on the connexion of the 
general formula, 


Late ol we 412, XXXV. 


in which r = 2Ty (412, XXIV.), and which when developed by the rules of 
the Section III. 11. 6 takes (comp. 398, LX XIX.) the form of the quadratic, 


Ll 9 + eS yi Sop = 0, 412, XXXTV. 


with Gauss’s} theory of the Measure of Curvature of a Surface ; and especially 
with his fundamental result, that this measure is equal to the product of the 
two principal curvatures of sections of that surface: a relation which, in our 
notations, may be thus expressed, 


III. ..V.dUvdUp = Ri BR Vdpédp. 


(1.) As regards the deduction, by quaternions, of the equation III., in 
which d and 6 may be regarded as two§ distinct symbols of differentiation, 


* The corresponding elimination in coordinates was first effected by Dr. Salmon, who thus deter- 
mined the equation of the surface of centres of curvature of a quadric to be one of the twelfth degree. 
(Compare pages 161, 162 of his already cited Treatise.) 

+ [In the notation of the Note to page 225, the vector to the centre of curvature of the quadric w 
along its intersection with wm is c=p+a(@+%1)"1p, the value of the scalar x being found by 
expressing that o does not change while wg in the expression p = {(@+ wm) (6 + m2) (@ + us) }2€ 
receives a small increment. This gives at once 3(@ + 1 + x)pdu3 + (+ 3)pdz = 0, and therefore 
“w=u3—%. Hence o = (® +)! (6+ us3)p, or in terms of ¢ the vector equation of the surface of 
centres is when «2 and w3 are variable 


3 


o = (+ u1)2 (+ w)* (4+ U3)? €. 
It may also be shown in various ways that the vector equation of the reciprocal of this surface is 
v= — (b+ w1)2 (b+ u)2 ( + us)"3e.] 


j The reader is referred to the Additions to Liouville’s Monge (pages 505, &v.), in which the 
beautiful Memoir by Gauss, entitled: Disqguisitiones gencrales circa superficies curvas, is with greai 
good taste reprinted in the Latin, from the Commentationes recentiores of the Royal Society of 
Gottingen. He is also supposed to look back, if necessary, to the Section III. ii. 6 of these Elements 
(pages 484, vol. i., &c.), and especially to the deduction in page 486, vol.i., of y from ¢, remembering 
that the latter function (and therefore also the former) is here self-conjugate. 


§ Compare page 553, vol. i., and the Note to page 254. 
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performed with respect to two independent scalar variables, we may observe 
that, by principles and rules already established, 


IV...dUv=V2.Uv, 8Uv=V2.Uv=- Uv. V2; 
Vv 


and that therefore the first member of III. may be thus transformed : 


dv 


V...V.dUvdéUn = V (v2 oh a “”) = — v'Syv dvév. 


(2.) Again, since we have dv = ¢dp (410, IV., &c.), and in like manner 
dv = pop, the relations Sydp = 0, Svép = 0, and the self-conjugate property 
of ¢, allow us to write, 


VI... Vdvdv = WVdpdp, and VII... Vdpdp = v'Sudpdp ; 


whence follows at once by V. the formula III., if we remember the general 
expression, deduced from the quadratic II., 


Vili Roe 26 ee le KR VT 
v Vv 


(3.) If then we suppose that P, p;, P, are any three near points on an 
arbitrary surface, and that R, Ri, Rz are three near and corresponding points 
on the wnit sphere, determined by the condition of parallelism of the radi 
OR, OR}, OR, to the normals PN, PiN, P2N2, the two small triangles thus formed 
will bear to each other the ultimate ratio, 


ARR,R2 


TA, © ain: ne 


= hy RR; 


a result which justifies (although by an entirely new analysis) the adoption 
by Gauss of this product* of curvatures of sections, as the measure of the 
curvature of the swi/ace, with his signification of the phrase. 

(4.) As another form of this important product or measure, if we conceive 
that the vector p of the surface is expressed as a function (372) of two 
independent scalars, ¢ and uw, and if we write for abridgment, 


X...Dip=p’, Dip=p, Dip =p", DiDup=p/, Du'p = p,, 


* If it be supposed to be in any manner known that a limit such as IX. ewvists, or that the 
quotient of the two vector areas in III. is a scalar independent of the directions of PP1, PP2, or 
of dp, 5p, we have only to assume that these are the directions of the lines of curvature, in order 
to obtain at once, by 412, II. [page 247], the product Ri-'Rz} as the value of this quotient or limit. 
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which will allow us (comp. 372, V.) to assume for the normal vector v the 
expression, 


Mle Vp ps 


it is easy to prove* that we have generally, 


Kilt Pipa ase.g ls = (s ey 
Vv 


y v 
which takes as a verification the well-known form, 


ee rt — 3? 
b.S Sh ee ey a ian 


when we write (comp. 410, (18.)), 
XIV...p=itx+jyt+khs, p =Drp=i+kp, p = Dy =7+kq; 
XV...v=Vop,=k-w-jq, p' =hkr, p/=ks, p, = ki. 
(5.) In general, the equation XII. may be thus transformed, 
XVI... AR R71 = S(Vvp".Vvp,) - (Vve/)? + v?(Sp"p,, - p;”); 


also 
XVII... Tdp? = edd? + 2fdidu + gdu?, 
if 
A ee ps fe- Sp’p,, PF ir 
whence 


DOE a ea. 


and if we still denote, as in X., derivations relatively to ¢ and w by upper 
and lower accents, we may substitute in the quadruple of the equation XVI. 
the values, 
5. 2V vp” = (e, sg 2h") 0" oe e’p., 2Vvp/ 7 Jp ACOs 
2Vvp,, Slee 9,0. - (27, me 7) p, 


b:@.4 5 jcaah 2(Sp”p,, as i) als e, mu oe - gy”; 


and 


hence the measure of curvature is an explicit function of the ten scalars, 


BOS RE OE RE SM es Ae Hn pe Tn Cs Me ee) Oe 


* The quadratic in R-! may be formed by operating on 412, II. with S.p’ and S.p, and then 
eliminating dé: dw. 
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and therefore, as was otherwise proved by Gauss, this measure depends only* 
on the expression (X VII.) of the square of a linear element, in terms of two 
independent scalars (¢, ), and of their differentials (dt, dw). 

(6.) Hence follow also these two other theoremst of Gauss :— 

If a surface be considered as an infinitely thin solid, and supposed to be 
flexible but inextensible, then every deformation of it, as such, will leave 
unaltered, Ist, the Measure of Curvature at any Point, and IInd, the Tota/ 
Curvature of any Area; that is, the area of the corresponding portion of 
the unit sphere, determined as in (3.) by radii parallel to normals. 

(7.) Supposing now that ¢ and w are geodetic coordinates, whereof the 
former represents the /ength of a geodetic ap from a fixed point a of the 
surface, and the latter represents the angle nap which this variable geodetic 
makes at a with a fiwed geodetic aB, it is easy to see that the general 
expression XVII. takes the shorter form, 


AX Too ade + wide, im which XRAY 2.2.0 Tp = Ty; 
so that we have now the values, 
RAN ee 1 a0 gan a og en, og — en en, 


and the derivatives of e and fall vanish. And thus the general expression XII. 
for the measure of curvature reduces itself by (5.) to the very simple form, 


ON ha Ue eee | ees ee ea n Den : 


in which » is generally a function of both ¢ and w, although here twice 
derivated with respect to the former only. 


* The proof by quaternions, above given, of this exclusive dependence, is perhaps as simple as 
the subject will allow, and is somewhat shorter than the corresponding proof in the Lectures; in 
page 605 of which is given however the equation, 


4 (eg — f?)?Ri* Ra) = e(g? — 29,f' + 9@) +f (eg, — eg! — 26, — 29f' + 4fT) 

+ 9 (6? — 2¢f, + eg’) — 2leg —F?) (6, - 2F' +9") 
which may now be deduced at sight from XVI., by the substitutions XIX. XX. XXI., and differs 
only in notation from the equation of Gauss (Liouville’s Monge, page 523, or Salmon, page 309). 

t See page 524 of Liouville’s Monge. 

+ [If ¢ is a quaternion or versor function of the two scalars ¢ and uw, and if da = gdpq! is the 
differential of a vector function of ¢ and w, the squares of the linear elements d@ and dp are identical. 
The surfaces described by p and @ correspond point to point, and the measure of curvature at any 
point on one surface is equal to that at the corresponding point on the other. Under these circum- 
stances the surfaces are applicable. ‘To find the condition to be satisfied by g, we express that d2@ is 
a differential of a function of ¢ and u by equating DsDL.@= DuDiw. This gives in the notation of 
the text a partial differential equation for g 


geg)- gpggg = gp'g!—gp'g tag}, or V.Vq-19'.p, = V.Vqlg,-p'.] 
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(8.) The point P being denoted by the symbol (¢, «), and any other point 
P’ of the surface by (¢+ At, u + Au), we may consider the two connected 
points P,, P,, of which the corresponding symbols are (¢+ At, w) and 
(t, « + Aw) ; and then the quadrilateral pr,P’P., bounded by two portions 
PP, P,P’ of geodetic lines from a, and (as we may suppose) by two arcs 
PP. P,P’ of geodetic circles round the same fixed point, will have its area 
ultimately = nAtAu (by XXIII.), and therefore (by XXVI., comp. (3.), (6.)) 
its total curvature ultimately = —- n’”AtAu, or =— Am’. Au, when A¢ and Au 
diminish together, by an approach of Pp’ to Pp. 

(9.) Again, in the immediate neighbourhood of a, we have n = ¢, n’ = 1; 
changing then — An’ to — dyn’, and integrating with respect to ¢ from ¢ = 0, 
we obtain 1 — n’ as the coefficient of Aw in the result, and are thus conducted 
to the expression : 


XXVII... Total Curvature of Triangle arr’ = (1 — n’) Au, ultimately, 


if ap, av’ be any two geodetic lines, making with each other a small angle = Au, 
and if pp’ be any small are (geodetic or not) on the same surface. 

(10.) Conceive then that pa is a finite arc of any curve upon the surface, 
for which therefore ¢, and consequently n’, may be conceived to be a function 
of wu; we shall have this other expression of the same kind, 


XXVIII... Yotal Curvature of Area apa = { (1 -n’)du = Au -fn'du; 


the area here considered being bounded by the two geodetic lines AP, AQ, 
which make with each other the finite angle Av, and by the are pa of 
the arbitrary curve. 

(11.) If this curve be itself a geodetic, and if we treat its coordinates ¢, w, 
and its vector p, as functions of its arc, s, then the second differential of p, 
namely, 


pO. a B. Carer d’p = p'd?t + p,d?u + p di? + 2p/dtdu + p,du’, 


must be normal to the surface at p, and consequently perpendicular to 
p and p, Operating* therefore with S.p’, and attending to the relations 
XVIII. and XXYV., which give 


XXX... p%=-1, Sp’p, = Sp’p” = Sp’p/ = 0, Sp’p,, = - Sp,p/ = nn’, 


* To operate with S.p, would give a result not quite so simple, but reducible to the form XXXI., 
with the help of d*s = 0, . 
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we obtain the differential equation, 

XXXI... d’%t=nn'du?, or XXXIT...dv=- n'du, 
if we observe that we may write, 


XXXIII... dé¢=cos vds, ndu = sin eds, 
because 


XXXIV... dé + n’du? = ds’; 


v being here the variable angle, which the geodetic pa makes at p with ap 
prolonged. 

(12.) Substituting then for — n’du, in XXVIILI., its value dv given by 
XXXIT., the integration becomes possible, and the result is Aw + Av; where 
Aw is still the angle at a, and 7 + Av = (7 — v) + (v + Av) is the sum of the 
angles at P and q, in the geodetic triangle apa. 

(13.) Writing then B and c instead of Pp and qa, we thus arrive at another 
most remarkable Theorem* of Gauss, which may be expressed by the formula : 


XXXV... Total Curvature of a Geodetic Triangle apc =A+B+C-7, 


= what may be called the Spheroidal Excess; a, B, c, in the second member, 
being used to denote the three angles of the triangle: and the total surface of 
the unit sphere (=4:) being represented by 720°, when the part corresponding 
to the geodetic triangle is thus represented by the angular excess, A + B + c— 180°. 

(14.) And it is easy to perceive, on the one hand, how this theorem 
admits of being ewtended, as it was by Gauss, to all geodetic polygons: and on 
the other hand, how it may require to be modified, as it was by the same 
eminent geometer, so as to give what would on the same plan be called a 
spheroidal defect, when the measure of curvature is negative, as it is for surfaces 
(or parts of surfaces) of which the principal sections have their curvatures 
oppositely directed. 

414. The only sections of a surface, of which the curvatures have been 
above determined, are the two principal normal sections at any proposed point ; 
but the general expressions of III. iii. 6 may be applied to find the curvature 
of any plane section, normal or oblique, and therefore also of any curve on a 


* The enunciation of this theorem, respecting which its illustrious discoverer justly says, ‘‘ Hoc 
theorema, quod, ni fallimur, ad elegantissima in theoria superficierum curvarum referendum esse 
videtur,’’ . . . is given in page 533 of the Additions to Liouville’s Monge. A proof by quaternions 
was published in the Lectwres (pages 606-609, see also the few preceding pages), but the writer 
conceives that the one given above will be found to be not only shorter, but more clear. 
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given surface, when only its osculating plane is known. Denoting (as in 
389, &c.) by p and «x the vectors of the given point Pp, and of the centre k 
of the osculating circle at that point, and by s the arc of the curve, we have 
generally (by 389, XIT. and VI.), 


I. . . Vector of Curvature of Curve = KP = (0 -«)?=Dep =— V— ; 
p 


the independent variable in the last expression being arbitrary. And if we 
denote by o and & the vectors of the points s and x, in which the awis of the 
osculating circle meets respectively the normal and the tangent plane to the 
given surface, we shall have also, by the right-angled triangles, the general 
decomposition, Kp! = sp! + xp (as vectors), or 


Te tA ee eee eee 
where the two components admit of being transformed as follows : 


III. . . Normal Component of Vector of Curvature of Curve (or Section) 
= (p — «)' = v8 — = (p — o1)71 cos? 0 + (p — a2)! sin’? v 


= Vector of Normal Curvature of Surface for the direction 


of the given tangent ; 


01, o, being the vectors of the centres s,, s, (comp. 412) of the two principal 
curvatures, and v being the angle at which the curve (or its tangent dp) 
crosses the first line of curvature (or its tangent 7,), while o is the vector of 
the centre s of the sphere which is said to osculate to the surface, in the given 
direction (of dp); and 


IV... Tangential Component of Vector of Curvature 
= (p — &)! = v'dpSydp"'d’p 
= Vector of Geodetic Curvature of Curve (or Section) ; 


this latter vector being here so called, because in fact its tensor represents 
what is known by the name of the geodetic* curvature of a curve upon a 
surface: the independent variable being still arbitrary. 


* The name, ‘‘courbure géodésique,’’? was introduced by M. Liouville, and has been adopted by 
several other mathematical writers, Compare pages 568, 578, &c. of his Additions to Monge. 
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(1.) As regards the decomposition IT., if a, 6 be any two rectangular 
vectors oA, oB, and if y = oc = the perpendicular from o on as, then 
(comp. 316, L., and 408, XLI.), 


aap (pea p a sy -] —- 
Niecy Va Ven + (3 ‘ 
(2.) To prove the first transformation III., we have, by I. and IL, 
observing that dSvdp = 0, 


) d? — Syd? Sdvd dy 
i ieee oR PL rr gr de iene Bet 
‘ p-s ee : Boo ais dp’ dp? ae 


(3.) Hence, by 412, (7.), if we denote the vector II]. of normal curvature 
by kU», we have the general expressions (comp. 412, I. XXI.), 


NM ao ee een i re with oy tlle = 


for the case of a central quadric; D being generally the semidiameter of the 
indea surface (410, (9.), &c.), or for a quadric the semidiameter of that 
surface i¢se//, which has the direction of the tangent (or of do): and P being, 
for the latter surface, the perpendicular from the centre on the tangent plane, 
as in some earlier formule. 

(4.) ‘T’o deduce the second transformation III., which contains a theorem 


of Kuler, let 7, 7:, r, denote unit tangents to the section and the two lines of 
curvature, so that 


IX...r=7,cosv+7,sne, and r=7,?=7,,=—-1; 
we may then write generally (comp. 412, IV.), 


ms tee ih ane ~1 a. 
Rating ian anys ods Srgr = Sr¢r, 


and shall have the values (comp. 410, XI.), 


D4 wee Srigm = Teo iy, Stigr. = y com IY Srigte ae Srigri ve 0 ; 
whence 
All. RA = RS costo + fe sm 9, 


and the required transformation is accomplished. 
(5.) The theorem of Meusnier may be considered to be a result of the 
elimination (2.) of d*p from the expressions for the normal component III. of 
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what we may call the Vector D,’o of Oblique Curvature; and it may be 
expressed by the equation, 


aU se ene or RTE ee 


pc Kk ak 


VE Sh XII’... pxs = §, 
if it be now understood that the point s, of which o is the vector, is the 
centre of the circle which osculates to the normal section; or of the sphere 
which osculates in the same direction to the surface, as will be more clearly 
seen by what follows. 

(6.) In general, if p + Ap be the vector of any second point P’ of the given 
surface, the equation 


pg eee 5 — = iy with w for a variable vector, 


represents rigorously the sphere which fowches the surface at the given 

point p, and passes through the second point P’; conceiving then that the 

latter point approaches to the former, and observing that the development* 

by Taylor’s Series of the equation /p = const. gives (if d/p = 2Srdp, and 
= dp), 


XV...0 = Ap*A/p = 2B — Bs Hy Wari terms which vanish generally with Ap, 
Ap 


even if they be not always null, we are conducted in a new way, by the 
known conception of the Osculating Sphere for a given direction to a surface, 
to the same centre s, and radius 2, as before: the equation of this sphere 
being, 


SAR —. = (lim. 8 * =-lim. 8 #2 ~) - 85%. 
W — 0 Ap Ap 


* Compare Art. 374, and the second Note to page 20. The occasional use, there mentioned, of 
the differential symbol dp as signifying a finite and chordal vector, in the development of f(p + dp), 
has appeared obscure, in the Lectures, to some friends of the writer; and he has therefore aimed, for 
the sake of clearness, in at least the tert of these Elements, and especially in the geometrical appli- 
cations, to confine that symbol to its first signification (100, 369, 373, &c.), as denoting a tangential 
vector (finite or infinitely small, and to a curve or surface): p itself being generally regarded as a 
vector function, and not as an independent variable (comp. 362, (3.)). 
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(7.) Conversely, if we assume a radius R, sach that 2° is algebraically 
intermediate between R.* and R,", the tangent sphere, 


will cut the surface im feo directions of osculation, assigned by the formula 
XII. ; but if R* be outside those mits, there will be only contact, and not 
any real) infersection, at least in the vicinity of Pp. 

(8.) Lf P’ be again, as in (6.), any second point of the surface, and if 
we denote for a moment by ([]) and (=) the normal plane pre’ and the 
normal section corresponding, we may suppose that n is the point in which 
the normals to the plane curre (=) at P and P’ intersect; and if we then 
erect a perpendicular at ~ to the plane (I), it will be crossed by erery 
perpendicular at P’ to the tangent pr’ to the section, and therefore m 
particular by the normal at P’ to the surface, in a point which we may 
eall s’: so that the lme P’N is the projection, on the plane pr’N, of this 
second normal PN’ to the surface. Conceiving then the plane (II) to be 
jized, but the point P’ to approach indefinitely to Pp, we see that the centre 
s of currature of the normal section (=), which is also by (6.) the centre of 
the osculating sphere to the surface for the same direction, is the limiting 
position of the point yn, in which the gicen normal at P is intersected by the 
projection* of the near normal P's’, on the gicen normal plane. 

9.) The two components IIT. and IV are included in the binomsal 

XVIII... Vector of Oblique Curvature (or of Currature of Oblique Section) 

ae (p = rs Bi _ “*S$drdo* 4+ “*do“*Srdp“d’p, 
whieh is obtained by substituting in L the general equivalent 409, X XI. for 
d*p, and in which (as before) the independent variable is arbitrary; and the 
tangential component IV. may be otherwise found by observing that, by I. 
and IT, 
Xing op 
ee Ne 


— (wdp)*=pwidp", because Srdp = 0. 


= — Svdp“d’p, 


and that 


© The reader msy compare the calculations and constructions, in pages 600, 601 of the Lectures. 
In the lamguege of minitesimals, an infinitely meer mormal P's’ intersects the axis of the csculating 
ercie, to the given norms! section. 
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(10.) Another way of deducing the same component IV., is to resolve 
the following system of three scalar equations, which by the geometrical 
definition of the point x the vector — must satisfy: ~ 


XX...S8(E-pyy=0; S(E-p)dp =0; S(E - p)d’p = dp’; 
and which give, 


a . vdp* o vido 
».@.S Fae = p Svdod?p Svdp do” 


or ‘p — £)' = &c., as before. We have also the transformations, 


XXII... Vector of Geodetic Curcature = ‘p - 5 > 
= (vdp-* SivUdp.dUdp => vdo S 


d op d'p 


saa = &e. 


(11.) The definition of the point x shows also easily, that if 2 derelopable 
surface (D) be circumscribed to a given surface (Ss), along a giren curte (c), and 
if, in the unfolding of the former surface, the point x be carried with the tangent 
plane, originally drawn to the latter surface at P, i will Lecome the centre of 
curcature, at the new point (Pp), to the new or plane curre (c’) obtained by this 
development : so that the radius PX, of gecdetic currature is equal, as indeed 
it is known* to be, to the radius of plane currature of the dereloped curre. 

(12.) This plane curve ‘c) is therefore a circiet (or part of one) if the 
condition, 


AMEE ee kg — one. 


* Compare page 576 of the Additiens to Liouville’s Monge. 
t+ The ewrres on any given surface, which thus become careles by development, hzve siso the 
tsoperimeirical property expressed In quaternioms (comp. the Note to page 48 by the formula, 


AXAVI. ..f S(Up . dpdp} + cd f Tap = 0. 
which condacts to the differential equation, 
XXVIII. . . etdp = V.UrdUdp (comp. 380, IV. [page 297), 
and in which the scalar constant ¢ can be shown to have the value, 
XXVIIL . .¢= (& — p)U. vdp = = T(t — p) = Radius of Geedetic Currsture, 


= radius of developed circle; and each such curve imcindes, by XAVI., om the given surface. a 
marimum ares with 3 giren perimeter: on which account. and in allusion to a well-kmown classical 
story, the writer ventured to propose, in page 582 of the Lectures, the same “‘‘ Didomi: ” for a curve 
of this kind, while acknowledging that the curves themsvires had been discovered and discussed by 
M. Delaunay. 
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be satisfied; but it degenerates into a right line, if this radius of geodetic 
curvature be infinite, that is, if 


RXTE. Lip 6) 0 vor ke Svdpd’p = 0, 


or finally (by 380, II., comp. 409, XXYV.), if the original curve (c} be a 
geodetic line on the given surface (s), and therefore also on the developable (p) : 
which agrees with the fundamental property (3882, 383) of geodetics on a 
developable surface. 

(13.) Accordingly it may be here observed that the general formula IV., 
combined with the notations and calculations of 382, conducts to the 
sda + do 

dates. 
curve on a developable surface, whereof the element ds crosses a generating 
line at the variable angle 2, while zdzv is the angle between two such 
consecutive lines: a result easily confirmed by geometrical considerations, 
and agreeing with the differential equation s + 0’ = 0 (3882, IX.) of geodetics 
on a developable. 

415. We shall conclude the present Section with a few supplementary 
remarks, including a new and simplified proof of an important theorem (354), 
which we have had frequent occasion to employ for purposes of geometry, and 
which presents itself often in physical applications of quaternions also: 
namely, that if the linear and vector function be self-conjugate, then the 
Vector Quadratic, 


expression (s + 0) Tp, or 


for the geodetic curvature of any 


IP Veep 0, 354, I. 


represents generally a System of Three Real and Rectangular Directions; and 
that these (comp. 405, (1.), (2.), &c.) are the directions of the Aves of the 
Central Surfaces of the Second Order, which are represented by the scalar 
equation, 


II. . . Sogp = const. ; 
or more generally, 


IIT. . . Sopp = Cp? + C’, where C and C’ are any two scalar constants. 


(1.) It is an easy consequence of the theory (3850) of the symbole and 
cubic equation in ¢, that if ¢ be a root of the derived algebraical cubic M = 0 
(354), and if we write ® = @ + c (as in that Article), the new linear and vector 
function ®p must be reducible to the binomial form (351), 


i eae Pp = gp + cp = PSap + B'Sa’p, With. 2 1V 14% Vpa + Vp'a = 0, 
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as the condition (353, XXXVI.) of se/f-conjugation. With this condition we 
may then write, 


VI... 6 = da + Ba, 2’ = A’d’ + Ba; 


and it is easy to see that no essential generality is lost, by supposing that 
a and a are two rectangular vector units, which may be turned about in 
their own plane, if 8 and 3’ be suitably modified : so that we may assume, 


VII... a’=a"=-1, Saa’=0; whence VIII... @a=-f, a’ =- 8, 
and IX... V£’q’ = Baa’ =- VBa, Va’ = Aa’, VB’a=—- A’ad’. 
(2.) The equation I., under the form, 
X...Vp®p=0, is satisfied by XI...g0=0, or XII... Vaap=0; 
and it cannot be satisfied otherwise, unless we suppose, 


Xe: op =2a+e'a, and XIV... VeSb+e¢P) Gaia) =0; 
that is, by IX., | 
KN oe Ba a ea ee 


while conversely the expression XIII. will satisfy L., under this condition XV. 
But this quadratic in a : x, of which the coefficients B and A — A’ do not 
generally vanish, has necessarily two real roots, with a product =-— 1; hence 
there always exists, as asserted, a system of three real and rectangular directions, 
such as the following, 


XVI...2a+e#'a, wa-—2a, and ad (or Vad’), 
’ > , 


which satisfy the equation 1.; and this system is generally definite; which 
proves the first part of the Theorem. 

(3.) The lines a, a’ may be made by (1) to ¢urn in their own plane, 
till they coincide with the two first directions XVI.; which will give, 


KV 820. B= op A a, 
and therefore, 
Va op =—Cp + AaSap a A’a'Sa’p 
| a (e i A) aSap ae (c a2 A’) a’Sa’p 7 caa’Saa’p ; 


and thus the scalar equation IT. will take the form, 


XIX... Sopp = (¢ + A) (Sap)? + (¢ + A’) (Sa’p)’ + ¢ (Saa’p)’ = const., 
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which represents generally a central surface of the second order, with its three 
axes in the three directions a, a’, aa’ of p; and does not cease to represent such 
a surface, and with such axes, when for Spdp we substitute, as in ITI., this 
new expression : 


».@, Gree Spop = Cp’* = Spop +€ ((Sap)? = (Sa’p)? - (Saa‘p)’) = = Const: 


the second surface being in fact concyclic (or having the same cyclic planes) 
with the first, and the new term, - Cp, in gp, disappearing under the sign 
V.p: so that the second part of the Theorem is proved anew. 

(4.) It would be useless to dwell here on the cases, in which the surfaces 
XIX., XX. come to be of revolution, or even to be spheres, and when 
consequently the directions of their axes, or of p in I., become partially or 
even wholly indeterminate. But as an example of the reduction of an equation 
in quaternions to the form I., without its a¢ first presenting itself under that 
form, we may take the very simple equation, 


XXI.. . pip = ipxp, with « not ||, 
which may be reduced (comp. 354, (12.)) to 
XXII... V.pVipx = 0; 


and which is accordingly satisfied (comp. 3738, XXIX.) by the three rect- 
angular directions, 


XXIII... Uc -Ux, Vee, Urt+ Ux, 
of the axes (abc) of the ellipsoid, 
XXIV... T (tp + px) =%* - ’, 282, XIX. 
which is one of the surfaces of the concyclic system (comp. III.), 
D.O.€, Gree See = Cp’? + C, 


as appears from the transformations 336, XI., &e. 
(5.) In applying the theorem thus recently proved anew, we have on 
several occasions used the expression, 


MVE de oda. 410, IV. 


in which v is a vector normal to a surface whereof p is the variable vector, 
and the function ¢ is treated as se/f-conjugate (363). 
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(6.) It is, however, important to remark that, in order to justify the 
assertion of this last property, the following expression of integral form, 


MOVE onde. 


must admit of being equated to some scalar function of p, such as $fp + const., 
without its being assumed that p itse/fis a function, of any determinate form, 
of a scalar variable, ¢. The se/f-conjugation of the linear and vector function 
¢ in XXVL., is the condition of the existence of the integral XX VII., considered 
as representing such a scalar function (comp. again 363). 

(7.) There are indeed several investigations, in which it is sufficient to 
regard v as denoting some normal vector, of which only the direction is 
important, and which may therefore be multiplied by an arbitrary scalar 
coefficient, constant or variable, without any change in the results (comp. the 
calculations respecting geodetic lines, in the Section III. i. 5, and many 
others which have already occurred). 

(8.) And there have been other general investigations, such as those 
regarding the dines of curvature on an arbitrary surface, in which dv was 
treated as a self-conjugate function of dp, while yet (comp. 410, (17.)) the 
fundamental differential equation Svdvdp = 0 was not affected by any such 
multiplication of v by n. 

(9.) But there are questions in which a factor of this sort may be 
introduced, with advantage for some purposes, while yet it is inconsistent 
with the se//-conjugation above mentioned, unless the multiplier » be such as 
to render the new expression Snvdp (comp. XXVII.) an ewact differential of 
some scalar function of p. 

(10.) For example, in the theory of Reciprocal Surfaces (comp. 412, (21.)), 
it is convenient to employ the system of the three connected equations, 


AXVITI...S8ryp=1, Svdo=0, Spdv =0; 373, L. LI. 


but when the /ength of v is determined so as to satisfy the first of these 
equations, v! being then the vector perpendicular from the origin on the tangent 
plane to the given but arbitrary surface of which p is the vector, while p is 
the corresponding perpendicular for the reciprocal surface with v for vector, the 
differential dv loses generally its self-conjugate character, as a linear and vector 
function of do: although it retains that character if the scalar function fp be 
homogeneous, in the equation /p = const. of the original surface, as it is for the 
2N2 
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case of a central quadric,* for which v = gp, dv = ¢dp, &e., as in former 
Articles. 

(11.) In fact, the introduction of the first equation XX VIII. is equivalent 
to the multiplication of v by the factor n =(Svp)"'; and if we write (comp. 
410, (16.)), 


XXIX...dfp =28rdp, dv=¢dp, dn =Sedp, 
we shall have this new pair of conjugate linear and vector functions, 
XXX... d.nv = @Odp = ngdp + vSodp, XXXI... O'dp = nddp + oSrdp ; 


and these will not be equal generally, because we shall not in general have 
o||v. But this last parallelism exists in the case of homogeneity (10.), because 
we have then the relations, 


XXXII... 28vp = rfp, d.n' = dSup = r8ndp, 


if » be the number which represents the dimension of fp (supposed to 
be whole). 

(12.) On the other hand it may happen, that the differential equation 
Svdp = 0 represents a surface, or rather a set of surfaces, without the 
expression Svdp being an ewact differential, as in (6.) ; and then there necessarily 
exists a scalar factor, or multiplier, x, which renders it such a differential. 

(13.) For example the differential equation, 


MRL Sypdpe side S0,e with, REY oe = Viva, ody do odes 


represents an arbitrary plane (or a set of planes), drawn through a given line y ; 
but the expression Sypdp itse/fis not an exact differential, and the integral 
XXVII. represents no scalar function of p, with the present form of », of 
which the differential dy is accordingly a linear function ¢dp, which is not 
conjugate to itself, but to its opposite (comp. 349, (4.)), so that we have here 
gdp = — gdp. 

(14.) But if we multiply v by the factor, 


XXXV...n=v"=(Vyp)*, which gives XXXVI...dn=Sedp, o=2n*yVyp, 


* It was for this reason that the symbol Ty was not interpreted generally as denoting the 
reciprocal, ?-1, of the length of the perpendicular from the origin on the tangent plane, in the 
formule of 410, 412, 414: although, in several of those formule, as in an equation of 409, (3.), 
that symbol was so interpreted, for the case of a central surface of the second order. 
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and therefore Syo = 0, Spo = — 2n, then the new normal vector nv, or v™, 
is found to have the self-conjugate differential, 


XXXVII...d.nved.yt=- v1 Vydp.v! = @dp = P'dp ; 
and accordingly the new expression, 


AXXVIII. .. Snvdp = Sv"dp =8 To with y constant, 

is easily seen to be an exact differential, namely (if Ty = 1), that of the angle 
which the plane of y and p makes with a fied plane through y: so that, 
when vy is thus changed to ny, the tnteyral in XX VII. acquires a geometrical 
signification, which is often useful in physical applications, since it then 
represents the change of this angle, in passing from one position of p to 
another; or the angle through which the variable plane of yp has revolved. 

(15.) In fact, the general formula 335, XV. for the differential of the angle 
of a quaternion gives, if we write 


XXXIX. .. g= ale y =const., po=const., Ty =I, 


XL. Be rie saya XLII... fS=— =+ AZ (Vyp: Vypv) ; 


which contain the above-stated result, and can easily be otherwise established. 

(16.) In general, if the linear and vector function dv = gdp be not selt- 
conjugate, and if the function d.nv = @dp be formed from it as in (11.), it 
results from that sub-article, and from 349, (4.), that we may write, 


XLII... (6 - ¢’)dp = 2Vydp, (® - ®’)dp = 2Vydp, 


with the relation, 
6 Oi 8 eee 2y, = any + Vovoe } 


where y, y, are independent of dp, although they may depend on p itself. If 
then the new linear function @dp is to be self-conjugate, so that y, = 0, we 
must have 


XLIV... 2ny+Vvoe=0, and therefore XLYV...Syv=0; 


which latter very simple equation, not involving either n or a, is thus a form, 
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in quaternions, of the Condition of Integrability* of the differential equation 
Svdp = 0, if the vector y be deduced from v as above. 

(17.) The Bifocal Transformation of Sp¢p, in 360, (2.), has been sufficiently 
considered in the present Section (III. iii. 7); but it may be useful to remark 
here, that the Three Mixed Transformations of the same scalar function fp, 
in the same series of sub-articles, include virtually the whole known theory 
of the Modular and Umbilicar Generations of Surfaces of the Second Order.t 

(18.) Thus, in the formule of 860, (4), if we make e = 1, « is the vector 
of an Umbilicar Focus of the surface fp = 1, and Z is the vector of a point on 
the Umbilicar Directriv corresponding ; whence the wmbilicar focal conic and 
dirigent cylinder (real or imaginary) can be deduced, as the Joci of this point 
and /ine. 

(19.) Again, by making e, and e, each = 1, in the formule of 3860, (6.), 
we obtain Z’wo Modular Transformations of the equation of the same surface ; 
é, ¢; being vectors of Modular Foci, in two distinct planes, and Z,, 2; being 
vectors of points upon the Modular Directrices corresponding : whence the 
modular focal conics, and dirigent cylinders (real or imaginary), are found by 
easy eliminations. 

(20.) Thus, by assuming that either 


ALVEc ce SrA(p -Z,)=0, SA(e- Gs) = 4). 
26 hee Su(p - ¢:) = 0, Su(p ~ fs) =i); 


or 


* If the proposed equation be 
Sydp = pdx + qdy+rdz=0, sothat »v=—(ip+yjq +t kr), 
we easily find that 2y = iP+jQ+ 4R, where 
P=D.¢g—Dyr, Q= Der —D.p, R= Dyp — Deg: 
the condition of integrability XLV. becomes therefore here, 
pP+qQ+rk=0, which agrees with known results. 


[In terms of the operator vy, the condition is Syyv = 0. For if nSvdp = dp = — Sdpv . fp is true 
for all differentials dp, we must have vfp=— nv. Operating on this by vy and remembering that 


v’ is scalar, v2/p = — nyv — yn. gives, on operating by Sy, the condition as stated above. ] 
+ [The formula of the three mixed transformations are 
Sppp = g (p — €)? + 28a (p— CK) Sulp— 0) +e, 360, VII. 
Spop = gilp — a1)? + (Sar(p ~ &3))? + (Sunlp — G1)? + 4 XVI. 
Sppp = ga(p — €s) — (SAs(p — ¢))? — (Sua(p — (2)? + ¢s me 


with obvious conditions for homogeneity in p. See pages 545, 546, vol. i.] 
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the equations 360, XVI., XVII. may be brought to the forms, 
XLVIII...(o- a)? =m/?(p—- 61), XLIX... (p - &)?= m7 (p — G5), 


with the values, 
‘ : 
i core le «end UL te so 


C; C3 


in which ¢, ¢, ¢; are the three roots of a certain cubic (M = 0), or the inverse 
squares of the three scalar seméazes (real or imaginary) of the surface, arranged 
in algebraically ascending order (357, IX., XX.; 405, (6.), &.): and m,, ms 
are the two (real or imaginary) Moduli, or represent the modudar ratios, in the 
two modes of Modular Generation* corresponding. 

(21.) It is obvious that an equation of the form, 


LI. .. Tdp = C= const. 


represents a central quadric, if op be any lineart and vector function of p, of 
the kind considered in the Section III. ii. 6, whether self-conjugate or not ; 
but it requires a little more attention to perceive, that an equation of this 
other form, 


LI...6 Boo WGN ya)= Tia Vay Vee), 


represent such a surface, whatever the three vector constants a, [3, y may be. 
‘The discussion of this last form would present some circumstances of interest, 
and might be considered to supply a new mode of generation, on which 
however we cannot enter here. 


* MacCullagh’s rule of modular generation, which includes both those modes, was expressed in 
page 437 of the Lectures by an equation of the form, ; 


T (p — a) = TV. yVBp; 


in which the origin is on a directrix, 8 is the vector of another point of that right line, a is the vector 
of the corresponding focus, y is perpendicular to a directive (that is, generally, to a cyclic) plane, 
p is the vector of any point P of the surface, and + Sfy is the constant modular ratio, of the 
distance ap of p from the focus, to the distance of the same point p from the directrix on, measured 
parallel to the directive plane. The new forms (360), above referred to, are however much better 
adapted to the working out of the various consequences of the construction ; but it cannot be necessary, 
at this stage, to enter into any details of the quaternion transformations: still less need we here 
pause to give references on a subject so interesting, but by this time so well known to geometers, as 
that of the modular and umbilicar generations of surfaces of the second order. But it may just be 
noted, in order to facilitate the applications of the formule L. and LI., that if we write, as usual, 
for all the central quadrics, a? > 4? >c*, whether J? and ¢? be positive or negative, then the roots 
C1, ¢2, ¢3 coincide, for the ellipsoid, with a-*, b-*, c-*; for the single-sheeted hyperboloid, with 
c*, a*, b*; and for the dowble-sheeted hyperboloid with b-*, c?, a-*, (comp. page 206). 

¢ In page 226 the notation, 
dfp = 2Svdp = 2WSd¢pdp, 409, LY. 


was employed for an arbitrary surface ; but with the understanding that this function pp (comp. 363) 
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(22.) The surfaces of the second order, considered hitherto in the present 
Section, have all had the origin for centre. But if, retaining the significations 
of ¢, f, and F, we compare the two equations, 


LIV...f(p-—«)=C, and LV... fp- Be =C, 


we shall see (by 362, &c.) that the constants are connected by the two 
relations, 


LVI...e=ox, O =C-fe=C-Sa=CO- Ff; 
so that the equation, 
LVII. .. fp - ep =f (p — pe) — Fe, 
is an identity. 
(23.) If then we meet an equation of the form LV., in which (as has 
been usual) we have still 7p = Sogp = a scalar and homogeneous function of p, 


of the second dimension, we shall know that it represents generally a surface of 
that order, with the expression (comp. 347, IX., &c.), 


LVIII. .. «= qe = me = Vector of Centre. 
(24.) It may happen, however, that the two relations, 
EX an 0-0. 


exist together ; and then the centre may be said to be at an infinite distance, 
but in a definite direction: and the surface becomes a Paraboloid, elliptic or 
hyperbolic, according to conditions which are easy consequences from what 
has been already shown. 

(25.) On the other hand it may happen that the two equations, 


LA. ma 0, ve 0, 


are satisfied together; and then the vector « of the centre acquires, by 
LVIII., an indeterminate value, and the surface becomes a Cylinder, as has 
been already sufficiently exemplified. 


was generally non-linear. It may be better, however, as a general rule, to avoid writing v = 9p, 
except for central quadrics; and to confine ourselves to the notation dv = pdp, as in some recent and 
several earlier sub-articles, when we wish, for the sake of association with other investigations and 
results, to treat the function o as linear (or distributive) ; because we shall thus be at liberty to treat 
the surface as general, notwithstanding this property of g. As regards the methods of generating a 
quadric, it may be worth while to look back at the Note to page 204, respecting the Six Generations 
of the Ellipsoid, which were given by the writer in the Lectures, with suggestions of a few others, as 
interpretations of quaternion equations. 
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(26.) It would be tedious to dwell here on such details; but it may be 
worth while to observe, that the general equation of a Surface of the Third 
Degree may be thus written : 


Lob. geass S¢pq'pq’’p as Spop ce Syp Ar 


C and y being any scalar and vector constants; gp any linear, vector, and 
self-conjugate function; and q, q’, g” any three constant quaternions: while 
o is, as usual, the variable vector of the surface. 

(27.) In fact, besides the one scalar constant, C, three are included in the 
vector y, and six others in the function ¢ (comp. 358); and of the ¢en which 
remain to be introduced, for the expression of a scalar and homogeneous 
function of p, of the third degree, the three versors Ug, Uq’, Uq’ supply 
nine (comp. 312), and the tensor T. qq’q’ is the tenth. 

(28.) And for the same reason the monomial equation, 


1b. GB a S¢pq'pq’p =a Of 


with the same significations of g, ¢’, q’, represents the general Cone of 
the Third Degree, or Cubie Cone, which has its vertex at the origin of 
vectors. 

(29.) If then we combine this last equation with that of a secant 
plane, such as Seo + 1 = 0, we shall get a quaternion expression for a 
Plane Cubic, or plane curve of the third degree: and if we combine it with 
the equation p> + 1=0 of the uwnit-sphere, we shall obtain a corresponding 
expression for a Spherical Cubic,* or for a curve upon a spheric surface, 
which is cut by an arbitrary great circle in three pairs of opposite points, 
real or imaginary. 

(30.) Finally, as an example of sections of surfaces, represented by 
transcendental equations, let us consider the Screw Surface, or Helicoid,t of 
which the vector equation may be thus written (comp. the sub-arts. to 314) : 


LXIII...p=c(w+aja+yaty, with Ta-1, y=VaS, and y>0; 


* Compare the Note to page 38, vol. i.; see also the theorem in that page, which contains 


perhaps a new mode of generation of cubic curves in a given plane; or, by an easy modification, 
of the corresponding curves upon a sphere. 


it Already mentioned in pages 419, vol. i., 12, 28, 85. The condition y>0 answers to the 
supposition that, in the generation of the surface, the perpendiculars from a given helix on the axis 
of the cylinder are not prolonged beyond that axis. 


HAMILTON’s ELEMENTS OF QUATERNIONS, VoL. II. 


20 


282 ELEMENTS OF QUATERNIONS. [LL1.ar. §§ 7, 8. 


a being the unit axis, while B, y are two other constant vectors, a, c two 
scalar constants, and 2, y two variable scalars. 
(31.) Cutting this surface by the plane of Sy, or supposing that 


LXIV... 0 =SyPp = P*Sap - SaBSBp, and writing LXV... c¢ = af, 


we easily find that the scalar and vector equations of what we may call the 
Serew Section may be thus written : 


Le Val oe a as ar or RL oe iy a — i, ats 


(32.) Derivating these with respect to 2, and eliminating 6 and y’, we 
arrive at the equation, 


EV. oe (2 + a) p + 2Y; i daw Ny e. Oba = TY” ; 


but zy in LXVIII. is the vector of the point, say Gc, in which the 
tangent to the section at the point (x, y), or P, intersects the given line y, 
namely the line in the plane of that section which is perpendicular to the 
axis a: we see then, by LXIX., that this point of intersection depends only 
on the constant, b, and on the variable, y, being tudependent of the constant, a, 
and of the variable, x. 

(33.) To interpret this result of calculation, which might have been 
otherwise found with the help of the expression 372, XII. (with 6 changed 
to y) for the normal v to a screw-surface, we may observe, first, that the 
equation I,X VIT., which may be written as follows, 


LXX...p=yV.a™'P, and gives LXXI...TVap = yTy, 


would represent an ellipse, if the coefficient y were treated as constant; 
namely, the section of the right cylinder LXXI. by the plane LXIV. ; 
the vector semiares (major and minor) of this ellipse being yB and yy 
(comp. 314, (2.)). 

(34.) By assigning a new value to the constant a, we pass to a new 
screw surface (30.), which differs only in position from the former, and may 
be conceived to be formed from it by sliding along the axis a; while the 
value of x, corresponding to a given y, will cary by LXVLI., and thus we 
shall have a new screw section (31.), which will cross the ellipse (33.) in a 
new point a: but the tangent to the section at this point will intersect by 
(32.) the minor aris of the ellipse in the same point G as before, 
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(35.) We shall thus have a Migure* such as the following (fig. 85.) ; 
in which if F be a focus of the ellipse Bc, and Ge (as above) the point of 
convergence of the tangents to the screw sections 


C 
at the points P, a, &e., of that ellipse, it 1s easy = R 9 
to prove, by pursuing the same analysis a little ais 
farther, Ist, that the angle (g), subtended at wee . B 
this focus F by the minor semiaxis oc, which ye 
is also a radius (r) of the cylinder LXXL., is a i 
fig. 85. 


equal to the inclination of the axis (a) of that 
cylinder to the plane of the ellipse, as may indeed be inferred from 
elementary principles; and IInd, what is less obvious, that the other angle 
(A), subtended at the same focus (F) by the interval oc, or by what may 
be called (with reference to the present construction, in which it is supposed 
that 6 <0, or that the angles made by Dp and [3 with a are either both 
acute, or both obtuse) the Depression (s) of the Skew Centre (a), is equal to 
the inclination of the same axis (a) to the felix on the same cylinder, 
which is obtained (comp. 314, (10.)) by treating y as constant, in the 
equation LXIII. of the Screw Surface. 


SECTION 8. 


@n a few Specimens of Physical Application of Quaternions, 
with some Concluding Remarks. 


416. It remains to give, according to promise (368), before concluding 
this work, some examplest of physical applications of the present Calculus: 
and as a first specimen, we shall take the Statics of a Rigid Body. 

(1.) Let a, ..a, be » Vectors of Application, and let [31,.. BP,» be n 
corresponding Vectors of Force, in the sense that n forces are applied at 
the points Ai,..A, of a free but rigid system, and are represented as usual 
by so many right lines from those points, to which /ines the vectors Oi, . . OB, 
are equai, though drawn from a common origin ; and let y (= oc) be the vector 


* Those who are acquainted, even slightly, with the theory of Oblique Arches (or skew bridges), 
will at once see that this fig. 85 may be taken as representing rudely such an arch: and it will be 
found that the construction above deduced agrees with the celebrated Rule of the Focal Excentricity, 


discovered practically by the late Mr. Buck. This application of Quaternions was alluded to, in 
page 620 of the Lectures. 


+ The reader may compare the remurks on hydrostatic pressure, in pages 483, 484, vol. 1. 
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of an arbitrary point c of space. Then the Equation* of Equilibrium of the 
system or body, under the action of these n applied forces, may be thus 
written : 


[i 2Via-=y)6=0; —orthus, £... Vy=p = 2Vap. 


(2.) The supposed arbitrariness (1.) of y enables us to break up the 
formula I. or I’., into the ¢wo vector equations: 


Eevee Oe Il evo 0: 


of each of which it is easy to assign, as follows, the physical signification. 

(3.) The equation II. expresses that if the forces, which are applied at 
the points a, .. of the body, were all ¢ransported to the origin o, their 
statical resultant, or vector sum, would be zero. 

(4.) The equation III. expresses that the resultant of all the couples, 
produced in the usual way by such a transference of the applied forces to 
the assumed origin, is neil. 

(5.) And the equation I., which as above includes both II. and III., 
expresses that if all the given forces be transported to any common point c, 
the couples hence arising will balance each other: which is a sufficient 
condition of equilibrium of the system. 

(6.) When we have only the relation, 


LV... S(2655¥a6) 0. 


without 3 vanishing, the applied forces have then an Unique Resultant = =, 
acting along the line of which I. or I’. is the equation, with y for its variable 
vector. 

(7.) And the physical interpretation of this condition IY. is, that when 
the forces are transported to 0, as in (3.) and (4.) the resultant force is in 
the plane of the resultant couple. 

(8.) When the equation II., but not IIL., is satisfied, the applied forces 
compound themselves into One Couple, of which the Axis = SVaP, whatever 
may be the position of the origin. 

(9.) When neither II. nor III. is satisfied, we may still propose so to 
place the auviliary point c, that when the given forces are transferred to ¢¢, 


* We say here, ‘‘ equation ’’: because the single quaternion formula, I. or I’., contains virtually 
the sia usual scalar equations, or conditions, of the equilibrium at present considered. 
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as in (5.), the resultant force Z3 may have the direction of the awis ZV(a- y)B 
of the resu/tant couple, or else the opposite of that direction ; so that, in each 
case, the condition,* 


shall be satisfied by a suitable limitation of the auxiliary vector y. 

(10.) This last equation V. represents therefore the Central Awis of the 
given system of applied forces, with y for the variable vector of that nght 
line: or the avis of the screw-motion which those forces tend to produce, when 
they are not in balance, as in (1.), and neither tend to produce trans/ation 
alone, as in (6.), nor rotation alone, as in (8.).t 

(11.) In general, if g be an auwiliary quaternion, such that 


Mi gs G2 Vials, 


its vector part, Vq, is equal by (V.) to the Vector-Perpendiculur, let fall from 
the origin on the central axis; while its scalar part, Sq, is easily proved to be 
the quotient,t of what may be called the Central Moment, divided by the Total 
Force: so that Vg = 0 when the central axis passes through the origin, and 
S¢ = 0 when there exists an wnique resultant. 
(12.) When the total force 3/3 does not vanish, let Q be a new auxihary 
quaternion, such that 8 Saf 
xa SSa 
Vibes Ong! Sea 


NILE Cea BG Se, cand Ay ay 


with 


for its scalar and vector parts; then c3( represents, both in quantity and in 
direction, the Awis of the Central Couple (9.), and y 1s the vector of a point c 
which is on the central axis (10.), considered as a right line having situation in 
space: while the position of this point on this dine depends only on the given 
system of applied forces, and does not vary with the assumed origin o. 


* The equation V. may also be obtained from the condition, 
Vv’... TEV(a — 7)B =a minimum, 


when y is treated as the only variable vector; which answers to a known property of the Central 
Moment. 
+ [In the expressive language of Sir Robert S. Ball the forces constitute a wrench upon a screw. ] 
¢ [This scalar has been aptly termed by Sir Robert Stawell Ball the pitch of the screw.] 
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(13.) Under the same conditions, we have the transformations, 
. Saf = (¢ + y) 385 XI... T3a8 = (¢ - y*)*T 3B ; 
XII... 3Va3 = c3B + Vy3P; XII. . . (3 Va)? = (38)? + (Vy3G)? 


we 


whereof XII. contains the known /aw, according to which the avis of the 
couple (4.), obtained by transferring all the forces to an assumed point 0, 
varies generally in quantity and in direction with the position of that point : 
while XIII. expresses the known corollary from that law, in virtue of which 
the quantity alone, or the energy (TS Vaj3) of the couple here considered, is the 
same for all the points 0 of any one right cylinder, which has the central axis 
of the system for its axis of revolution. 

(14.) If we agree to call the quaternion product pa. aa’ the quaternion 
moment, or simply the Moment, of the applied force aa’ at a, with respect to the 
Point p, the quaternion sum Saf3 in X. may then be said to be the Total 
Moment of the given system of forces, with respect to the assumed origin 0; 
and the formula XI. expresses that the tensor of this sum, or what may be 
called the guantity of this total moment, is constant for all points o which are 
situated on any one spheric surface, with the point c determined in (12.) for its 
centre: being also a minimum when o is placed at that point c itself, and 
being then equal to what has been already called the central moment, or the 
energy of the central couple. 

(15.) For these and other reasons, it appears not improper to call generally 
the point c, above determined, the Central Point, or simply the Centre, of 
the given system of applied forces, when the total force does not vanish ; 
and accordingly in the particular but important case, when all those forces 
are parallel, without their swum being sero, so that we may write, 


AY, ee cy aoe b, 2, ee jer = Cy ‘3 > 0, 


the scalar c in (12.) vanishes, and the vector y becomes (comp. Art. 97 on 
bary-centres), 


bia, +. ++ Onan dba | 
Oa bee Pane 


so that the point c, thus determined, is independent of the common direction 


B, and coincides with what is usually called the Centre of Parallel 
Forces. | 
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(16.) The conditions of equilibrium (1.), which have been already 
expressed by the formula I., may also be included in this other quaternion 
equation, 

XVI... Yotal Moment = Saj3 = a scalar constant, 


of which the value is independent of the origin; and which, with its sign 
changed represents what may perhaps be called the Total Tension of the 
system.” 

(17.) Any infinitely small change, in the position of a rigid body, is 
equivalent to the alteration of each of its vectors a to another of the form, 


XVII...a+ éda=at+er Via, 


« and « being ¢wo arbitrary but infinitesimal vectors, which do not vary in 
the passage from one point a of the body to anothert: and thus the 
conditions of equilibrium (1.) may be expressed by this other formula, 


MVE ssssee0 — 0, 


which contains, for the case here considered, the Principle of Virtual Velocities, 
and admits of being extended easily to other cases of Statics. 
417. The general Equation of Dynamics may be thus written, 


I... 3mS(D?a - &)da = 0, 


with significations of the symbols which will soon be stated ; but as we only 
propose (416) to give here some specimens of physical application, we shall 
aim chiefly, in the following sub-articles, at the deduction of a few formulz 
and theorems, respecting Awes and Moments of Inertia, and subjects there- 
with connected. 

(1.) In the formula I., a is the vector of position, at the time ¢, of an 
element m of the system; da is any variation of that vector, geometrically 
compatible with the mutual connexions between the parts of that system ; 


* [This of course is what Clausius has since called the vivial.] 
t [Compare pages 83-85, and observe that the transformation 


e=er!..= (Ser! + Ver): = (pt ay, (yp = Ser}, @ = Ver) 


shows that the displacement of the body may be accomplished by a rotation round the axis whose 
equation is p= @+ a, accompanied by a pruportional translation along that axis. This screw 
translation is called a twist by Sir Robert Ball. In the same way a moving body is said to have a 
twist-velocity on an instantaneous screw. ] 
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the vector mf represents a moving force, or & an accelerating force, which 
acts on the element m of mass; D and 8S are marks, as usual, of derivating 
and taking the scalar; and the summation denoted by & extends to all the 
elements, and is generally equivalent to a triple integration, or to an addition 
of triple integrals in space. And the formula is obtained (comp. 416, (17.)), 
by a combination of D’Alembert’s principle with the principle of virtual 
velocities, which is analogous to that employed in the Mécanique Analytique 
by Lagrange. 

(2.) For the case of a free but rigid body, we may substitute for da the 
expression «+ Via, assigned by 416, XVII.; and then, on account of the 
arbitrariness of the two infinitesimal vectors « and v, the formula I. breaks up 
into the two following, 


Las Dya=- 8) = 0: III... 3mVa(D?a - &) = 0; 


which correspond to the two statical equations 416, II. and III., and contain 
respectively the law of motion of the centre of gravity, and the law of 
description of areas. 

(3.) If the body have a fixed point, which we may take for the origin 0, 
we eliminate the reaction at that point, by attending only to the equation 
III.; and may then express the connexions between the elements m by the 
formula, 


IV... Da= Via, whence VY... Dfa=:Via - VaDu; 


c being the Vector-Awis of instantaneous Rotation of the body, in the sense 
that its versor Ux represents the direction of the axis, and that its tensor Ty 
represents the angular velocity, of such rotation at the time ¢. 

(4.) By V., the equation III. becomes, 


VI... SmaVaDu = Sm(ViaSia — Vaé) ; 


and other easy combinations give the laws of areas and living force, under 
the forms, 
VII... SmaD,a - SmV f a&dt = y = a constant vector ; 


VIII. . . $3m(Dja)? — smS f{ ca€dt = ¢ = a constant scalar. 


(5.) When the applied forces vanish, or balance each other, or more 
generally when they compound themselves into a single force acting at 
the fixed point, so that in each case the condition 


IX... SmVak = 0 
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is satisfied, the equations (4.) are simplified ; and if we introduce a linear, 
vector, and self-conjugate function ¢, such that 


X... de = SmaVa = Sma? - smaSa, 
and write h? for - 2c, they take the forms, 
XI... @Du+ Vide =0; XII... get+y=0; RMIT... Sige =h'; 


y and / being two real constants, of the vector and scalar kinds, connected 
with each other’and with « by the relation, 


DG Dh eee Sey hilt = Os legs XV. Du = Vey. 


It may be added that y is now the vector sum of the doubled areal velocities 
of all the elements of the body, multiplied each by the mass m of that 
element, and each represented by a right line ala perpendicular to the plane 
of the area described round the fixed point o in the time d¢; and that h? is 
the living force, or vis viva of the body, namely the positive sum of all the 
products obtained by multiplying each element m by the square of its linear 
velocity, regarded as a scalar (TDya).* 


* [The following elegant method of dealing with a body rotating about a fixed point is due to 
Clifford (Dynamic, vol. ii., page 75). If p is the vector to any moving point, Dip its velocity, and 
dip its velocity relative to the body, it is geometrically evident that 


Dip = dip + Vip. 


This may be regarded as a formula of differentiation connecting D; and dz, as p may be any vector 
whatever. In particular, replacing p by 1, 


Du = du, 


or the rate of change of the angular velocity is the same whether referred to fixed axes or to axes 
moving in the body. (Compare Routh’s higid Dynamics, Part I., Arts. 249, 250.) 

Again, from fundamental principles the rate of change of angular momentum of the body about 
the fixed point is equal to the impressed couple about that point. If then 7 is the couple, and if 


— pt is the angular momentum (retaining Hamilton’s notation) we haye, on replacing p by — gu, the 
dynamical equation 


— 7 = Didi = digit Vidi. But digit = ody, 
because the function does not change relatively to the body, so Euler’s equations are contained in 
pdu + Vidi = — 9. 


As another example, on replacing p by Dip or by its equivalent dip + Vip, we deduce the formula of 
acceleration 


ll 


Dép = de(dep + Vip) + Vi(dep + Vip) 


dep + 2Vidip + Vdup + ViVup. 


ll 


If p is the vector to a point fixed in the body, this becomes D;*p = Vdup + ViVip, and on taking 


moments and summing for the various elements of the body, the dynamical equations may be easily 
derived anew. ] 
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(6.) When cis regarded as a variable vector, the equation XIII. represents 
an ellipsoid, which is fixed in the body, but moveable with it ; and the equation 
XIV. represents a tangent plane to this ellipsoid, which plane is fixed in space, 
but changes in general its position relatively to the body. And thus the 
motion of that body may generally be conceived, as was shown by Poinsot, 
to be performed by the rolling (without gliding) of an ellipsoid upon a plane ; 
the former carrying the body with it, while its centre o remains fived: and 
the semidiameter (1) of contact being the vector-axis (3.) of instantaneous 
rotation. 

(7.) The ellipsoid XIII. may be called, perhaps, the Eidipsoid of Living 
Force, on account of the signification (5.) of the constant /’ in its equation ; 
and the fixed plane XIV., on which it ro!ls, is parallel to what may be called 
the Plane of Areas (Svy = 0): no use whatever having hitherto been made, 
in this investigation, of any azes or moments of inertia. But if we here admit 
the usual definition of such a moment, we may say that the Moment of Inertia 
of the body, with respect to any axis « through the fixed point, is equal to the 
living force h? divided by the square* of the semidiameter Tr of the ellipsoid 
XIII. ; because this moment is, 


XVI... Sm(TVaUi)? = Sm (Via)? = - Serge = TC. 
(8.) The equations XII. and XIII. give, 
XVII. ..0=y'Sige -— (gt)? =Sa, if XVIII... v= y*he- h’o*; 


and this equation XVII. represents a cone of the second degree, fixed in the 
body (comp. (6.)), but moveable with it, of which the axis: is always a side, 
and to which the normal, at any point of that side, has the direction of the 
line v. But it follows from XI., or from XII. XV., and from the properties 
of the function ¢, that Dy is perpendicular to both g: and 9%, and therefore 
also by XVIII. to v; the cone XVII. is therefore touched, along the side 1, 
by that other cone, which is the locus in space of the instantaneous axis of 
rotation. We are then led by this simple quaternion analysis, to a second 


* Hence it may easily be inferred, with the help of the general construction of an ellipsoid (217, 
(6.)), illustrated by fig. 53 in page 234, vol. i., and page 184, that for any solid body, and any given 
point A thereof, there can always be found (indeed in more ways than one) two other points, B and ©, 
which are likewise jixed in the body, and are such that the square-root of the. moment of inertia, round 
any axis AD, is geometrically constructed by the line Bp, if the point p be determined on the axis, by 
the condition that a and p shall be equally distant from co. This theorem, with some others here 
reproduced, was given in the Abstract of a Paper read before the Royal Irish Academy on the 10th 
of January, 1848, and was published in the Proceedings of that date. 
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representation of the motion of the body, which also was proposed by Poinsot : 
namely, as the rolling of one cone on another. 

(9.) ‘To treat briefly by quaternions some of MacCullagh’s results on this 
subject, it may be noted that the dine y, though fixed-in space, describes in the 
body a cone of the second degree, of which the equation is, by what precedes, 


XIX... @Sygy + Wy? =0, if KXX...g=Ty, or XXI...y+9'=0; 


while, if we write y = oc, the point c is indeed fixed in space, but describes a 
sphero-conic in the body, which is part of the common intersection of the cone 
XIX., the sphere XXI., and the reciprocal ellipsoid (comp. XIIT.), 


XXII... Syplly = 2’. 


(10.) Also, the normal to the new cone (9.), at any point of the side y, has 
the direction of g’¢"y + hy, or of 1+ A?y* (comp. XIV.); and if a line in 
this direction be drawn through the fixed point 0, it will be the side of contact 
of the plane of areas (7.), with the cone of normals at o to the cone XIX. ; 
which /ast (or reciprocal) cone rolls on that plane of areas. 

(11.) As regards the Awes of Inertia, it may be sufficient here to observe 
that if the body revolve round a permanent axis, and with a constant velocity, 
the vector avis cis constant ; and must therefore satisfy the equation, 


XXIII... Vidi = 0, because XXIV... De =0; 


it has therefore in general (comp. 415) one or other of Three Real and 
Rectangular Directions, determined by the condition XXIII.: namely, 
those of the <Awes of Figure of either of the two Reciprocal Eliipsoids, 
Pal 1 a ip : 

(12.) And the Three Principal Moments, say A, B, C, corresponding to 
those three principal axes, are by XVI. the three scalar values of — «pi 3 80 
that the symbolical cubic (850) in may be thus written, 


XXV...(¢+ A) (6+ B) (9+ C) = 0. 


(13.) Forming then this symbolical cubic by the general method of the 
Section III. ii. 6, we find that the three moments A, B, C, are the three roots 
(always rea/, by this analysis) of the algebraic and cubie equation, 


XXXVI... A? — 2n?A? + (nt +n”) A — (nn? - nn’) = 0; 
2P2 
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in which, n’, »”, n” are three positive scalars, namely, 


XXVIT... 2? =— Zma’®?; n? =—- Smm'(Vaa)’?; 0” = mmm" (Saa'a’)’ ; 


(di 


and the combination n’n” - n” is another positive scalar, of which the value 


may be thus expressed, 


XXVIII... ABC = nn” — n’? = Sm?m’a?(Vad’)’ 


+ 2amm'm’(Taa' Tada’ Ta’’a + Saa’Sa’a’’8a"’a), 


if a, a’, a’, &e. be the vectors of the mass-elements m, m’, m’’, &c. 
(14.) And because the equation XXYV. gives this other symbolical result, 


XXIX...- ABCg? = ¢? + (4+ B+ C)o+ BC+ CA + AB, 
it follows that KOO sy = 0 


and therefore, by XV., &c., that if a body, with a fixed point, &c., begin to 
revolve round one of its three principal axes of inertia, it will continue to 
revolve round that axis, with an unchanged velocity of rotation. 

(15.) It has hitherto been supposed, that all the moments of inertia are 
referred to axes passing through one point o of the body; but it is easy to 
remove this restriction. For example, if we denote the moment XVI., 
by Jo, and if J, be the corresponding moment for an axis parallel to 1, but 
drawn through a new point Q, of which the vector is w, then 


XXX... L, = dm (Vila - w))? = LD, + 2m. 8 (wr Vex) + p? Bm, 
if 
XXX... kSm= Sma, and XXXITI...9= TVoUi, 
so that « is the vector of the centre of inertia (or of gravity) of the body, and 
p is the distance between the two parallel axes. 
(16.) If then we suppose that the condition 


XXXIV... VK«=0 


is satisfied, that is, if the axis. pass through the centre of inertia, we shall 
have the very simple relation, 


XXXV...2,=1,+ pdm; 


which agrees with known results.* 


* [In like manner, if 
b,' = sm(a— w) V(a — w/t, 
we find 
Pot = Pot — V(KVar + wVir)zm + wVorzm. 
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418. As a third specimen of physical applications of quaternions, we propose 
to consider briefly the motions of a System of Bodies, m, m’, m”,... regarded 
as free material points, of which the variable vectors are a, a’, a’,... and 
which are supposed to attract each other according to the law of the inverse 
square: the fundamental formula employed being the following, 


T. s SmsDrata + or =O, 1. Ih. PSs Ses ; 
T'(a - a’) 
P thus denoting the Potential (or force-function) of the system, and the 
variations da, oa’, .. . being infinitesimal, but otherwise arbitrary. 

(1.) To deduce the formula I., with the signification II. of P, from the 
general equation 417, I. of dynamics, we have first, for the case of two 
bodies, the following expressions for the accelerating forces, 


ed Ge TN ECT Gee (I 
er, E a’ =ayr’ i Ta rib a 
whence follows the transformation,* 
Ara east emis (Cy sa ; 
=a 


a result easily extended, as above. If the /aw of attraction were supposed 
different, there would be no difficulty in modifying the expression for the 
potential accordingly. 

(2.) In general, when a scalar, f (as here P), is a function of one or 
more vectors, a, a’,.. . its variation (or differential) can be expressed as a 
linear and scalar function of their variations (or differentials), of the form 
SPda + SB’Sa’ +. . (or SSBda); in which B, PB’... are certain new and 
Jimte vectors, and are themselves generally functions of a, a’, .. ., derived 


When the point o is at the centre of inertia, so that « is zero, this takes the simple form 
Pot = Pot + MoV = (bo — MoS): + Mw, 


M being the mass of the body. It is evident that the linear functions ¢,, and $) — MwSw have the 
same principal directions, and comparing XXI., page 199, and the Note to page 224, it appears that 
these directions are the normals to the three confocals 


Sw (M90 + h)w = 1 
which pass through the point © (Binet’s theorem). The distribution of the assemblage of these 
principal axes has virtually been considered in the Note to page 245.] 


* It may not be useless here to compare the expression in page 461, vol. i., for the differential of 
a@ proximity. 
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from the given scalar function 7. And we shall find it convenient to extend 
the Notation* of Derivatives, so as to denote these derived vectors 3, [3’, &e., 
by the symbols, D.f, D.'f, &c. In this manner we shall be able to write, 


V...d8P = 38(D.P. 8a) ; 


and the differential equations of motion of the bodies m, m’, m’, . . will take 
by I. the forms: 


VI...mDfa+D,P=0, m’D?a’ + D,’P = 0, &e. ; 


or more fully, 


li {qé 


mm m 


(a-a’) T(a-@) i (a-a’) T(a-a’ 


VE a= seh are OLOs 


(3.) The laws of the centre of gravity, of areas, and of living force, result 
immediately from these equations, under the forms, 


VILE. =. Si DaH Gb. Ik Sn Vala = 7 


and 
Xe SS aes ee 


in which (3, y are constant vectors, H is a constant scalar, and 27' is the 
living force of the system (comp. 417, (8.)). 

(4.) One mode (comp. 417, (2.)) of deducing the three equations, of 
which these are the first integrals, is the following. To obtain VIII, 
change every variation 6a in I. to one common but arbitrary infinitesimal 
vector, «. For IX., change 8a to Via, da’ to Via’, &e.; « being another 
arbitrary and infinitesimal vector. Finally, to arrive at X., change variations 
to differentials (da to da, &c.), and integrate once, as for the two former 
equations, with respect to the time ¢. 

(5.) The formula I. admits of being integrated by parts, without any 
restriction on the variations 6a, by means of the general transformation, 


XI... S(D?a. 8a) = DS (Dia. 8a) — $8. (Dia), 


combined with the introduction of the following definite integral (comp. X.), 


t 
diy F-| (P + Tae. 


* In this extended notation, such a formula as dfp = 2Svdp would give, 
v = Dofp. 


Art, 418. | INTERMEDIATE AND FINAL INTEGRALS. 295 


(6.) In fact, if we denote by ao, a’, . . the initial values of the vectors 
a,a’,..or their values when ¢= 0, and by Dia, Dia’, . . the corresponding 
values of Dia, Dia’, .., we shall thus have, as a first integral of the equation 
I., the formula, 


XIII... SmS(Dia. da - Dia. dao) +oF=0; 


in which no variation o¢ is assigned to ¢, and which conducts to important 
consequences. 

(7.) To draw from it some of these, we may observe that if the masses 
m, m’,.. be treated as constant and known, the complete integrals of the 
equations VI. or VII. must be conceived to give what may be called the 
jinal vectors of position a, a’,.. and of velocity Dia, Dia’, .. in terms of the 
initial vectors dy, a’o,.+- Da, D,a’,.. and of the time, ¢: whence, conversely, we 
may conceive the initial vectors of velocity to be expressible as functions of 
the initial and final vectors of position, and of the time. In this way, then, 
we are led to consider P, 7’, and £' as being scalar functions (whether we are 
or are not prepared to express them as such), of a, a’,.. a, ao,.. and ¢; and 
thus, by (2.), the recent formula XIII. breaks up into the two following 
systems of equations: 


XIV...mDa+D,F=0, m’Da’ + DeF = 0, &e. ; 
and 
XV...-mDa+D,,F=90, —m' Dia’ + Dy, F = 0, &e. ; 


whereof the former may be said to be intermediate integrals, and the latter to 
be final integrals, of the differential equations of motion of the system, which 
are included in the formula I. 

(8.) In fact, the equations XIV. do not involve the final vectors of 
acceleration Da, ..as the differential equations VI. or VII. had done; and 
the equations XV. express, at least theoretically, the dependence of the final 
vectors of position a,..on the time, t, and on the initial vectors of position 
a, .. and of velocity D a, . . as by (7.) the complete integrals ought to do. 
And on account of these and other important properties, the function 
here denoted by F’ may be called the Principal* Function of Motion of the 
System. 


* This function was in fact so called, in two Essays by the present writer, ‘‘ On a General 
Method in Dynamics,’’ published in the Philosophical Transactions (London), for the years 1834 and 
1835 ; although of course coordinates, and not quaternions, were then employed, the latter not having 
been discovered until 1843: and the notation S, since adopted for scalar, was then used instead of £. 
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(9.) If the initial vectors a,, .. and Da, . . be given, that is, if we 
consider the actual progress in space of the mutually attracting system of 
masses ,.. from one set of positions to another, then the function /’ depends 
upon the éime alone; and by its definition XII., its rate or velocity of increase, 
or its total derivative with respect to ¢, is thus expressed, 


XV Gas DF =P + vip 


(10.) But we may inquire what is the partial derivative, say (D,F), of the 
same definite integral /, when regarded (7.) as a function of the final and 
initial vectors of position a,..a,,.. which involves also the time explicitly, 
and is now to be derivated with respect only to that variable ¢, as if the final 
vectors a, . . were constant: whereas in fact those vectors alter with the time, 
in the course of any actual motions of the system. 

(11.) For this purpose, it is sufficient to observe that the part of the total 
derivative D,F, which arises from the last-mentioned changes of a, . . is (by 


XIV. and X.), 
RVI SS es a) or 


and therefore (by XVI. and X.), that the remaining part must be, 
AVE. (De) =P 2S 


(12.) The complete variation of the function F is therefore (comp. XIII.), 
when ¢ as well asa,..anda,,.. is treated as varying, 


XIX... dF = - Hét - SmSDjada + SmSDoada. 


(13.) And hence, with the help of the equations X. XIV. XV., it is easy 
to infer that the principal function F must satisfy the two following Partial 
Differential Equations in Quaternions : 


XX... (DF) - $3m7(D FY =P; 
AALS. (DF). — $5), Fs By; 


in which P, denotes the initial value of the potential P. 
(14.) If we write 


é 
».@.4 i a y-| 2Tdt, 


so that V represents what is called the Action, or the accumulated living 
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force, of the system during the time ¢, then by X. and XII. the two definite 
integrals /’ and V are connected by the very simple relation, 


XN oy Ses ee 


whence by XIX. the complete variation of V, considered as a function of the 
final and initial vectors of position, and of the constant H of living force, 
which does not explicitly involve the time, may be thus expressed, 


XXIV... dV = t0H - SmSDiada + SmSD,a8a,. 


(15.) The partial derivatives of this new function V, which is for some 
purposes more useful than F, and may be called, by way of distinction from 
it, the Characteristic* Function of the motion of the system, are therefore, 


XXV...D,V=- mDa«a, &e. ; 
XXVI...D,,V =+ mD,a, &e. ; 


and 


RXV EE oe 


(16.) The intermediate integrals (7.) of the differential equations of motion, 
which were before expressed by the formule XIV., may now, somewhat less 
simply, be regarded as the result of the elimination of H between the formule 
XXV. XXVII.; and the final integrals of those equations VI. or VII., which 
were expressed by XV., are now to be obtained by eliminating the same 
constant HT between the recent equations XX VI. XX VII. 

(17.) The Characteristic Function, V, is obliged (comp. (13.)) to satisfy 
the two following partial differential equations, 


XXVITI...$3m7(D.V)? + P+ H=0; 
XXIX... $3m7(D.,V)? + Pi, + H =0; 


it vanishes, like F, when ¢ = 0, at which epoch a=a,, a =a), &c.; each of 
these two functions, / and V, depends symmetrically on the initial and final 
vectors of position: and each does so, only by depending on the mutual 
configuration of all those initial and final posztions. 


* The Action, V, was in fact so called, in the two Essays mentioned in the preceding Note. The 
properties of this Characteristic Function had been perceived by the writer, before those of that which 
he came afterwards to call the Principal Function, as above. 


Hamitton’s ELEMENTS OF QuaterRnions, VoL. II. 2Q 
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(18.) It follows (comp. (4.), see also 416, (17.), and 417, (2.)), that the 
function F must satisfy the two conditions, 


XXX. 3(D. FD.) 0. XXX) SVU a 0. 


which accordingly are forms, by XIV. XV., of the equations VIII. and IX., 
and therefore are expressions for the law of motion of the centre of gravity, 
and the law of description of areas. And, in like manner, the function V is 
obliged to satisfy these two analogous conditions, 


Re 6 5 Dei 0 RI SVG) D0. 


which accordingly, by XXV. XXVLI., are new forms of the same equations 
VIIT. IX., and consequently are new expressions of the same two laws. 


(19.) All the foregoing conditions are satisfied when ¢ is smaill, that is, 
when the time of motion of the system is short, by the following approximate 
expressions for the functions # and V, with the respectively derived and 
mutually connected expressions for H and ¢: 


XXXIV... F= 


BAAN. VS oP Poe es 

2 

RXV] ye ree 53 ; 
MR RVL 3 De eh a Pe ns: 

in which s denotes a real and positive scalar, such that 


NRKVIU. .. A= — Sala a) or eR RIN ne 7 Sma ae 


419. Asa fourth specimen, we shall take the case of a free point or particle, 
attracted to a fixed centre* o, from which its variable vector is a, with an 
accelerating force = Mi, if + = Ta = the distance of the point from the 


* When two free masses, m and m, with variable vectors a and a’, attract each other according to 
the law of the inverse square, the differential equation of the relative motion of m about m’ is, by 
418, VIL.; 


Yl’... De(a-a)=(m+m) (a-a@)r, if r=T(a-a@) ; 


and this equation I’. reduces itself to I., when we write a for a — a’, and M for m+ m’. 
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centre, while WM is the attracting mass: the differential equation of the 
motion being, 


i. Dia = Ma 


if D (abridged from D,) be the sign of derivation, with respect to the 
time ¢. 

(1.) Operating on I. with V.a, and integrating, we obtain immediately 
the equation (comp. 338, (5.)), 


II... VaDa = 6 = const. ; 


which expresses at once that the orbit is plane, and also that the area 
described in it is proportional to the time; UB being the fixed unit-normal 
to the plane, round which the point, in its angular motion, revolves post- 
tively ; and T/3 representing in quantity the double areal velocity, which 
is often denoted by ec. 

(2.) And it is important to remark, that these conclusions (1.) would have 
been obtained by the same analysis, if »! in I. had been replaced by any 
other scalar function, f(r), of the distance; that is, for any other law of central 
force, instead of the law of the inverse square. 

(3.) In general, we have the transformation, 


III... a "Ta? = dUa: Vada, 
because, by 334, XV., &c., we have, 
TV...dUa= Vide.a’) Ua =a°Ua.Vada wa Fa. Vaaa; 
the equation I. may therefore by II. be transformed as follows, 
Vo Dia yas ty ie ee 
and thus it gives, by an immediate integration, 
VII...Da=y(Ua-«), or VII’... Da=(e- Ua)y, 


e being a new constant vector, but one situated in the plane of the orbit, to 
which plane $3 and y are perpendicular. 

(4.) But a, Da, D’a are here (comp. 100, (5.) (6.) (7.)) the vectors of 
position, velocity, and acceleration of the moving point; and it has been 
defined (100, (5.)) that if, for any motion of a point, the vectors of velocity 

2Q2 
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be set off from any common origin, the curve on which they terminate is the 
Hodograph* of that motion. 

(5.) Hence a and Da, if the latter like the former be drawn from the 
fixed point 0, are the vectors of corresponding points of orbit and hodogragh ; 
and because the formula VII. gives, 


VITI...SyDa=0, and IX... (Da+ ye) =y’, 


it follows that the hodograph is, in the present question, a Circle, in the 
plane of the orbit, with — ye (or + ey) for the vector of its centre, and with 
Ty = UT" for its radius, which radius we shall also denote by h. 

(6.) The Law of the Circulart Hodograph is therefore a mathematical 
consequence of the Law of the Inverse Square; and conversely it will soon 
be proved, that xo other law of central force would allow generally the 
hodograph to be a circle. | 

(7.) For the law of nature, the Radius (h) of the Hodograph is equal, 
by (1.) and (5.), to the quotient of the attracting mass (MM), divided by the 
double areal velocity (‘T|3 or c) in the orbit; and if we write 


D. pe ead WP 


this positive scalar e may be called the Excentricity of the hodograph, regarded 
as a circle excentrically situated, with respect to the fixed centre of force, 0. 

(8.) Thus, if e <1, the fixed point o is interior to the hodograph circle ; 
if e = 1, the point 0 is on the circumference ; and if e > 1, the centre o of force 
is then exterior to the hodograph, being however, in a// these cases, situated 
in its plane. 


(9.) The equation VII. gives, 
AXI...e-Ua=-y"Da=Da.y'; 
operating then on this with S.a, and writing for abridgment, 


XII... p= By? = MTC’ =CM", and XIII... S8Uase = cos 2, 


* Compare fig. 32, p. 97, vol. i. [and p. 302]; see also pages 99, vol. i., 29, 112, from the two 
latter of which it may be perceived, that the conception of the hodograph admits of some purely 
geometrical applications. 

+ This daw of the circular hodograph was deduced geometrically, in a paper read before the Royal 
Irish Academy, by the present author, on the 14th of December, 1846; but it was virtually contained 
in a guaternion formula, equivalent to the recent equation VII., which had formed part of an earlier 


communication, in July, 1845. (See the Proceedings for those dates; and especially pages 345, 347, 
and xxxix, xlix, of vol. iii.) 
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so that p is a constant and positive scalar, while v is the inclination of a to -«, 
we find, 


BOY (att Bat = 95 OF UNV. t= P 


1l+ecosv’ 


the orbit is therefore a plane conic, with the centre of force o for a focus, 
having e for its excentricity, and p for its semiparameter. 

(10.) And we see, by XII., that if this semiparameter p be multiplied by 
the attracting mass IZ, the product is the square of the double areal velocity c ; 
so that this constant c may be denoted by (J/p)?, which agrees with known 
results. 

(11.) If, on the other hand, we divide the mass (J/) by the semiparameter 
(p), the quotient is by XII. the square of the radius (A[T" or h) of the 
hodograph. 

(12.) And if we multiply the same semiparameter p by this radius J/T37 
of the hodograph, the product is then, by the same formula XII., the constant 
TP or ¢ of double areal velocity in the orbit, so that h = Mc" = cp”. 

(13.) If we had operated with V.a on VII’., we should have found, 


XVI...8=V.a(e-Ua)y = (Sae+r)y; 


which would have conducted to the same equations XIV. XV. as before. 
(14.) If we operate on VII. with S.a, we find this other equation, 


XVII... -7Dr = 8aDa = yVae; 
but 
Vi - (by VI. and XIL., comp. (11.)), 
and 
XIX... - (Vac)? = ey - (p—r)? =p(2r-p- ra), 
if we write 


XX Pp gee ae 


Lee" 


hence squaring XVII., and dividing by 7°, we obtain the equation, 


die 2 aap 
5-0-6 bet (a) Mm (=~ ==) 
(15.) It is obvious that this last equation, XXI., connects the distance, r, 
with the time, t, as the formula XV. connects the same distance r with the 
true anomaly, v; that is, with the angular elongation in the orbit, from the 
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position of least distance. But it would be improper here to delay on any 
of the elementary consequences of these two known equations: although it 
seemed useful to show, as above, how the equations themselves might easily 
be deduced by guaternions, and be connected with the theory of the hodograph. 

(16.) The equation II. may be interpreted as expressing, that the 
parallelogram (comp. fig. 32, p. 97, vol. i.) under 


the vectors a and Da of position and velocity, - Q 7 
or under any two corresponding vectors (5.) of 
the orbit and hodograph, has a constant plane R 
and area, represented by the constant vector #3, sale 
which is perpendicular (1.) to that plane. But 6 a 4 . 
it is to be observed that, by (2.), these constancies, 

Fig. 32, bis. 


and this representation, are not peculiar to the 
law of the inverse square, but exist for all other laws of central force. 

(17.) In general, if any scalar function R (instead of Mr’) represent 
the accelerating force of attraction, at the distance r from the fixed centre o, 
the differential equation of motion will be (instead of I.), 


XXII... D’a = Rra = - RUa; 
and if we still write VaDa = , as in IL., the formula IV. will give, 


XX Des hs Ua kr eUa ands EL. es =r; 


in which B=cUp, if c= Tp, as before. 


(18.) Applying then the general formula 414, I., we have, for any law* 
of force, the expressions, 


3 
XXV... Vector of Curvature of Hodograph = ae V Be 


Da’ Da Re UP: 


XXXVI... Radius (h) of Curvature of Hodograph = Rr*c* 
_ Force x Square of Distance | 
~ Double Areal Velocity in Orbit ’ 


of which the last not only conducts, in a new way, for the Jaw of nature, to 
the constant value (7.), 2 = Mc, but also proves, as stated in (6.), that for 


* The general vaiue XXVI., of the radius of curvature of the hodograph, was geometrically 
deduced in the Paper of 1846, referred to in a recent Note. 
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any other law of central force the hodograph cannot be a circle, unless indeed 
the orbit happens to be such, and to have moreover the centre of force at 
its centre. 

(19.) Confining ourselves however at present to the law of the inverse 
square, and writing for abridgment (comp. (5.)), 


XXVII...« = 0H = ey = Vector of Centre u of Hodograph, 
which gives, by (5.) and (7.), 
RXV IL Ce Sen, 


the origin o of vectors being still the centre of force, we see by the properties 
of the circle, that the product of any two opposite velocities in the orbit is 
constant; and that this constant product* may be expressed as follows, 


XXIX... (e- 1L)AUn. (e+ DAU = (1 - &) = Mor, 


by XVIII. and XX. 

(20.) The expression X XIX. may be otherwise written as «° - y’; and 
if v be the vector of any point vu external to the circle, but in its plane, and 
u the length of a tangent ur from that point, we have the analogous formula, 


XXX... w= y? - (u-xK)? = T(u - x)? — A’. 


(21.) Let r and 7’ be the vectors ot, or of the two points of contact of 
tangents thus drawn to the hodograph, from an external point v in its plane; 
then each must satisfy the system of the ¢hree following scalar equations, 


XXXI...Syr=0; 
XXXII... (r-x)?=y'; 
XXXITIT...8(7-«) (v-x) =¥'; 


* In strictness, it is only for a closed orbit, that is, for the case (8.) of the centre of force being 
interior to the hodograph (e <1), that two velocities can be opposite ; their vectors having then, by the 
fundamental rules of quaternions, a scalar and positive product, which is here found to be = Ma", by 
XXIX., in consistency with the known theory of elliptic motion. The result however admits of an 
interpretation, in other cases also. It is obvious that when the centre o of force is exterior to the 
hodograph, the polar of that point divides the circle into two parts, whereof one is concave, and the 
other convex, towards o ; and there is no difficulty in seeing, that the former part corresponds to the 
branch of an hyperbolic orbit, which can be described under the influence of an attracting force: while 
the datter part answers to that other branch of the same complete hyperbola, whereof the description 
would require the force to be repulsive. 
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whereof the first a/one represents the plane; the two first jointly represent 
(comp. (5.)) the*eirele; and the third expresses the condition of conjugation 
of the points r and vu, and may be regarded as the scalar equation of the polar 
of the latter point. It is understood that Syv = 0, as well as Syx = 0, &e., 
because y is perpendicular (3.) to the plane. 

(22.) Solving this system of equations (21.), we find the two expressions, 


XXXIV... r= K+ y(y +) (U-K)7; 
XXAITYV’.. e T=Kt+y(y-4) (vu —«)7; 


in which the scalar w has the same value as in (20.). As a verification, these 
expressions give, by what precedes, 


KXKV...S8(r-x)G—u)=0; XXAV...S(r —k) (r - uv) = 0; 
a ROMO VE ey a a 
In fact it is found that 
XXXVIT...r-v=u(ut+y) (u-x)75 
XXXVIII...T(wt+y) =Tv-k); 
XXXIX... (7-0) (r¥- kk) = Uy; 


and 


u + vy being here a quaternion. 

(23.) If v’ be the vector ov’ of any point v’, on the polar of the point 
u with respect to the circle, then changing 7 to v’, and u to z, in XXXIV., 
we find this vector form (comp. (21.)) of the equation of that polar, 


XL... uv =Kt+ y(y +28) (v-«)", 
or, by an easy transformation, 
XUI... (h? + w)u’ = h?u + we + sy (k - v), 


in which gz is an arbitrary scalar. 

(24.) If then we suppose that vu’ is the intersection of the chord rr’ with 
the right line ou, the condition 
wVev . 


v? —Sxv’ 


XLIV. .. Viv. (k — v) = KS (ku — v?) + vS (ku — k’) 5 


XLIJ...Voe'uv=0 willgive XLIII...sy= 
but 
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the coefficient then of «, in the expanded expression for v’, disappears as it 
ought to do: and we find, after a few reductions, 


v° = Sku 


XLV... =u(14 = ) ya K+ Rev 


v—vu Sku ’ 


a result which might have been otherwise obtained, by eliminating a new 
scalar y between the two equations, 


XLVI...v=yv, S(yu-«) (u-«)=y’. 
(25.) Introducing then two auxiliary vectors, A, u, such that 
XDUVIT...A =v Bev, or Scv = vA =AdAz, 
and therefore 


XV Nee TV ee te A 


and 


/ é 2 2\h 
KLVUL ..=2(1+(1+75*)), whence pllA, (u—«)? = 7’, 


we have the very simple relation, 
XLIX. .. (v—X) (v’-A) = (u-A)*, or L... Lu. Lv’ = i, 


if A=o1, and ~4=om. Accordingly, the point t is the foot of the perpen- 
dicular let fall from the centre H on the right line ov, while m is one of the two 
points M, m’ of intersection of that line with the circle ; so that the equation L. 
expresses, that the points vu, vu’ are harmonically conjugate, with respect to the 
chord mm’, of which 1 is the middle point, as is otherwise evident from 
geometry. 

(26.) The vector a of the orbit (or of position), which corresponds to the 
vector r(= Da) of the hodograph (or of velocity), and of which the length is 
Ta =r = the distance, may be deduced from 7 by the equations, 


LI...a=r(k-7)y7, and LII...Vra=-B=Hy"; 
whence follow the expressions, 


LIII. . . Potential = Mr = (say) P = Sr(x — 7) = Su(« —7) ; 
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the second expression for P being deduced from the first, by means of the 
relation XXXV. 

(27.) The first expression LIII. for P shows that the potential is equal, 
Ist, to the rectangle under the radius of the hodograph, and the perpendicular 
from the centre o of force, on the tangent at T to that circle; and IInd, to 
the square of the tangent from the same point Tt of the hodograph, to what 
may be called the Circle of Excentricity, namely to that new circle which has 
on for a diameter. And the first of these values of the potential may be 
otherwise deduced from the equality (7.) of the mass I, to the product he of 
the radius of the hodograph, multiplied by the constant ¢ of double areal 
velocity, or by the constant parallelogram (16.) under any two corresponding 
vectors. 

(28.) The second expression LIII. for the potential P, corresponding 
to the point Tt of the hodograph, may (by XXXIV., &c.) be thus 
transformed, with the help of a few reductions of the same kind as those 
recently employed : 


OO LR rae a a if LY...g=vu(k—-v), 


_M h8aqtuyV¢q 
ee ee ae ee 


q being thus an auxiliary quaternion ; and in like manner, for the other 
point 1’ lately considered, we have the analogous value, 


Li ene 


eT eed 
whence 
Evo pp 
hr+u’ 
and therefore, 
ene yn 
Vili. Wi = P= Spaue? 
Ce Or ye 
dil, ® UU Ara Deg = S_? + urv? ? 
and finally, 
DH Ea N od rah uv? ; ; 
1. pep SHO =v(A-v) =OU.UL. 


(29.) In fact, the same second expression LITT. shows, that if v and v’ be 
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the feet of perpendiculars from r and 1 on HL, then the potentials are, 
Lilet OU eTV, Ona. 2 = Or hve: 


and it is easy to prove, geometrically, that the segment v’L is the harmonte 
mean between what may be called the ordinates, rv, t’v’, to the hodographic 
avis AL. 

(30.) If we suppose the point vu to take any new but near position v, in 
the plane, the polar chord rr’, and (in general) the length w of the tangent ur, 
will change ; and we shall have the differential relations : 


LXII...dr = (7 -v)"S(r —- x) du; 
LXIV’... dr’ = (7 - v)"S(r’ - x) du; 


and 


LXIII... du =u S(« - v) dv. 


(31.) Conceiving next that u moves along the line ou, or Lv, so that we 
may write, 


LXIV...v=(e-¢) (u—A), if Hee ae ee ee 


LM. bv LM 


we shall have, 
LXV... du=(u—A\de=a(@ —e) dz, < with 22>] 2, 


if u be on Lm prolonged, and if o be on the concave side of the are Tmt’; and 
thus, by LITI., the differential expressions (30.) become, 


LXVI...dr=(v-—7)'P(e-¢) de; dr’ = (v-7’) P(e - e’)"'dz; 


and 
LXVII... du = u'8q. (vw -e’)"'de, with Sg=u(A-v); 
so that 
TENOVAT Leet ee py ee 
u(a — e’) u(e—eé) 


Such then are the lengths of the two elementary arcs rr, and v’r/ of the 
hodograph, intercepted between two near secants nri and nv,r/ drawn 
from the pole n of the chord mm’, and having v and u, for their own poles ; 
and we see that these arcs are proportional to the potentials, P and P’, or by 
LXI. to the ordinates, rv, r’v’, or finally to the lines nr, Nr’: and accordingly 


2K2 
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we have the inverse similarity (comp. 118), of the two small triangles with n 
for vertex, 


EXLX (ANT Oconee. 


as appears on inspection of the annexed figure 86. 


Fig. 86. 


(32.) For any motion of a point, however complex, the element dt of 
time which corresponds to a given element dDa of the hodograph, is found 
by dividing the latter element by the vecfor D’a of accelerating force; if 
then we denote by dé and dé’ the times corresponding to the elements dr 
and dr’ (31.), we have the expressions, 


pe ae 
Pu(e-é) ula—ey 


EA de Pd 


Max = rd 
Pu(e—e) u(a-é) 


XX dy a Pos = 


because, for the motion here considered, the measure or quantity of the force 


1S Dy ©. ond trie, 
EXXis... TDs] ii =] a 


(33.) The ¢imes of hodographically describing the two small circular ares, 
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tr and t’r/, are therefore inversely proportional to the potentials, or directly 
proportional to the distances in the orbit ; and their sw is, 


pat MAN eae eee yg, 
LEXIL..dt+ar-(5+5) S3-C'e, 
that is, by LX. and LXIV., 
OCIS Yt ee Ee och men ua: 
u(e—e')’9 
(34.) We have also the relations, 
TXXV eo 1h a Ee = Woy. 


so that the sum of the two small times may be thus expressed, 


LXXVIL.. dt+ ar = 7th ey ewido 


ne " a(at— 1a? 
or finally, 
om (eae dw 
LXXVIIL. . . dé + dé =2 (a) = 
if 


LXXIX...x%=secw, or w=Z™Miw in fig. 86, 


in which figure v’w is an ordinate of a semicircle, with the chord mm’ of the 
hodograph for its diameter. 

(35.) The two near secants (31.), from the pole n of that chord, have been 
here supposed to cut the half chord um ¢tse/f, as in the cited figure 86; but if 
they were to cut the other half chord Lm’, it is easy to prove that the formule 
LXXVIII. LXXIX. would still hold good, the only difference being that 
the angle w, or MLW, would be now obtuse, and its secant # < — 1. 

(36.) A circle, with u for centre, and wu for radius, cuts the hodograph 
orthogonally in the points t and 1’; and in like manner a near circle, with v, 
for centre, and w+ dw for radius, is another orthogonal, cutting the same 
hodograph in the near points rt, and r/ (31.).. And by conceiving a series of 
such orthogonals, and observing that the differential expression LX XVIII. 
depends only on the four scalars, WM" a’, e’, w, and dw, which are all known 
when the mass if and the five points 0, L, M, U, U, are given, so that they do 
not change when we retain that mass and those points, but alter the radius / 
of the hodograph, or the perpendicular 1 let fall from its centre u on the 
fixed chord mm’, we sce that the swm of the times (comp. (33.)), of hodographically 
describing any two circular arcs, such as '1;v and v’r/, even if they be not small, 
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but intercepted between any two secants from the pole n of the fixed chord, is 
independent of the radius (h), or of the height ux of the centre u of the hodograph. 

(37.) If then two circular hodographs, such as the two in fig. 86, having a 
common chord mm’, which passes through, or tends towards, a common centre 
of force 0, with a common mass M there situated, be cut by any two common 
orthogonals, the sum of the two times of hodographically describing (33.) the two 
intercepted arcs (small or large) will be the same for those two hodographs. 

(388.) And as a case of this general result, we have the following Theorem* 
of Hodographic Isochronism (or Synchronism) : 

“ Tf two circular hodographs, having a common chord, which passes through, 
or tends towards, a common centre of force, be cut perpendicularly by a third 
circle, the times of hodographically describing the intercepted arcs will be equal.” 

For example, in fig. 86, we have the equation, 


LXXX. .. Time of rut’ = time of wmw’. 


(39.) The time of thus describing the arc tar’ (fig. 86), if this are be 
throughout concavet towards o (so that 2 > 1 > e’, as in LXYV.), is expressed 
(comp. LX XVIII.) by the definite integral, 


; ee eee dw 
LXXXI... Time of rmr’ = 2 (=a ) I (Le cos wt? 
and the time of describing the remainder of the hodographic circle, if this 
remaining are 1’m’r be throughout concave towards the centre o of force, 1s 
expressed by this other integral, | 


a 3/1 — p/2\3\4 (mr 
LXXXIp. . . Time of v'm't = 2 ) | ste 


a | w (L-e' cos w}? 


(40.) Hence, for the case of a closed orbit (e <1, e<1, a>0), if n denote 
the mean angular velocity, we have the formula, 


| eae Qa as ™ dw ae 
LXXXIII. . . Periodic =—=2/—) (l-e”)s = ar) 3 
ertodic Time 5 2 ( ‘i (1 - ”) i aaa 2a ( a 


or LXXXTV... M = an’, as usual. 


* This Theorem, in which it is understood that the common centre of force (0) is occupied by a 
common mass (M), was communicated to the Royal Irish Academy on the 16th of March, 1847. (See 
the Proceedings of that date, vol. iii., page 417.) It has since been treated as a subject of investigation 
by several able writers, to whom the author cannot hope to do justice on this subject, within the very 
short space which now remains at his disposal. 


+ Compare the Note to page 303. 
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The same result, for the same case of elliptic motion, may be more rapidly 
obtained, by conceiving the chord mm’ through o to be perpendicular to ox ; 
for, in this position of that chord, its middle point 1 coincides with o, and 
ee 0 Dy NV: 

(41.) In general, by LXXVL,, we are at liberty to make the substitution, 


3(] — 0/2\3\4 
LXXXY... (— = = = with g = half chord of the hodograph ; 
2 


supposing then that e’ = — 1, or placing o at the extremity m’ of the chord, 
we have by LXXXI., 


LXXXVI. .. Parabolic time of rut’ = =|. a : 
g Je (1 +cos w)’ 

for, when the centre of force is thus situated on the circumference of the 
hodographic circle, we have by (8.) the excentricity e=1, and the orbit 
becomes by XV. a parabola. For hyperbolic motion (&? >1, e>1, a< 0), 
the formula LX XXTI. (with or without the substitution LXXXY.) is to be 
employed if e’ <-1, that is, if o be on tm’ prolonged; and the formula 
LXXXIL,, if e’ > 1, e < sec w, that is, if o be situated between m and v. 

(42.) For any law of central force, if p, P’ be the points of the orbit which 
correspond to the points 1, 1’ of the hodograph, and if @ be the point of 
meeting of the tangents to the orbit at p, p’, as in the annexed figure 87, 
while the tangents to the hodograph at 1, 1’ meet as before in vu, we shall 
have the parallelisms, 


Fig. 87. 


LXXXVII... opr || vt, ov’ || tu, Pellor, ep’ || or; 
writing then, 


UXXXVIII. .. op= a, 0) oe i. Or= Da T, or = Da’ = 7, OU =v, 0Q=4H, 
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most of which notations have occurred before, we have the equations, 


LXXXIX...0= Va(r _ v) = Va'(v es 7’) a Vr(w mat a) = Vr’ (a’ iS w) ; 
thus 
XC... Vav = Var = B = Var’ = Va'v, a’ —all-v, PP’ || ov, 


and 
XCI... Vrw = Vra = - B = Vr’ = Vrw’, 7-7 |lw, TT || 0a. 


Geometrically, the constant parallelogram (16.) under op, o1, or under oP’, oT’, 
is equal, by LXXXVII., to each of the four following parallelograms : 
I. under op, ov; II. under or’, ov; III. under oa, or; and IV. under 
0a, or; whence PP’ || ov, and T’T || 0a, as before. 
(43.) The parallelism XC. may be otherwise deduced for the law of the 
inverse square, with recent notations, from the quaternion formule, 
u v- 


XO. —; = es an wich: Xeon 


A-v u r+r 


rrr 


V2 > 


and which may be obtained in various ways; whence it may also be inferred, 
that if s denote the /ength T(a’ — a) of the chord pr’ of the orbit, then (comp. 
fig. 86.), 


s U 


per TA) Uti UE = Se = Bin 7; 


KOT. 


w being the same auxiliary angle as in (84.), &e. 
(44.) It is easy to prove that 


KOIV...A-r=(1+") = a-va(1-£)2, 


whence ae i) ets 


KOV... TIS =F 2, and KOVI... P(r'-Av=K.Pr-d)v3; 


the lines tt, L1’ are therefore in length proportional to the potentials, P, P’; 
and their directions are equal/y inclined to that of ov, but at opposite sides of it, 
so that the line Lu bisects the angle tiv’. Accordingly (see fig. 86), the three 
points T, L, TY are on the circle (not. drawn in the figure) which has uv for 
diameter ; so that the angles uxt’, TLU are equal to each other, as being 
respectively equal to the angles uri’, Tr’u, which the chord rr’ of the hodo- 
graph makes with the tangents at its extremities: the triangles TLV, TLV’ 
are therefore similar, and tr is to Lr’ as Tv to Tv, that is, by LXI., as 
FP to Ff, or ar to 1, 
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(45.) Again, calculation with quaternions gives, 


(v-r)(A-7r) (v-7)(A-7) 


MGV Li ; foe ee vee Wy aa! 
ene Ox at 
whence 
PCO NTE ee en = cra 


AX-T A-7 A-v 


such then is the common ratio, of the segments ru’, u’t’ of the hase rr’ of the 
triangle ri’, to the adjacent sides LT, LI’, which are to each other as r’ tor 
(44.) ; and because this ratio is also that of s to r + 7’, by (48.), we have the 
proportion, 


i Z 


XCIX... op:oP: PP =rinis=LY Lr: tT, 
and the formula of inverse similarity (118), 
O45 A Uro o DP: 


Accordingly (comp. the two last figures), the base angles opp’, op’p of the 
second triangle are respectively equal, by the parallelisms (42.), to the angles 
TUL, T’UL, and therefore, by the circle (44.), to the base angles rr’L, T’rn, of 
the first triangle: but the two rotations, round o from P to Pp’, and round 1 
from v’ to T, are oppositely directed. 

(46.) The investigations of the three last sub-articles have not assumed 
any knowledge of the form of the orbit (as elliptic, &e.), but only the daw of 
attraction according to the dnverse square, or by (6.) the Law of the Circular 
Hodograph. And the same general principles give not only the expression 
LXXVI. for the constant Ma, but also (by LX. LXTV. LXXTV. LXXIX.} 
this other expression, 

2M r+r 1 -e” 


= — / a 6; er a = 
heeror (1 -e’ cos w)g’?; whence CII SE ee EE Oe 


CE: 


which last may be considered as a quadratic in e’, assigning two values (real 

or imaginary) for that scalar, when the first member of CII. and the angle w 

are given; the sine of this latter angle being already expressed by XCIII. 
(47.) Abstracting, then, from any ambiguity* of solution, we see, by the 


* That there ought to be some such ambiguity is evident from the consideration, that when a 
focus 0, and two points P, v' of an elliptic orbit are given, it is still permitted to conceive the motion 
to be performed along either of the two elliptic ares, pr’, P'P, which together make up the whole 
periphery. But into details of this kind we cannot enter here. 
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definite integrals in (39.), that the time of describing an are Pr’ of an orbit, 
with the law of the inverse square, is a function (comp. (36.)) of the three ratios, 


“ae r+r § 


CII. ..=, oe rer 


which is a form of Lambert’s Theorem, but presents itself here as deduced 
from the recently stated Theorem of Hodographic Isochronism (38.), without 
the employment of any property of conte sections. 

(48.) The differential equation I. of the present relative motion may be 
thus written (comp. 418, I., and generally the preceding Series 418) : 


CLY...8. Dada + 8P=0, whence CY...7=P+ dH, 


as in 418, X., if we now write, 


OVI... T=-4Da =- 47’, and OVII... ==; 
in fact (by LIII., comp. (20.) (21.)), 
OVIII...-2H=2(P - T) -2P ¢raKt- y=. 


(49.) Integrating CLV. by parts, &c., and writing (as in 418, XII. XXIT.), 


t 
cine F| 


0 0 


t 
(T+ P)dt, and Ox... 7=| 2 Tat, 


so that # may again be called the Principal Function and V the Characteristic 
Function of the motion, we have the variations, 


CXI... dF =Sréa — Sr’da’ - Hot; CXII... 8V =Sréa — Sr'da' + 16H; 


in which a, a’ (instead of a), a) denote now what may be called the initial and 
final vectors (op, op’) of the orbit ; whence follow the partial derivatives, 


OXI, Del= Bis GCMs Deh ieee 
OXY. 4.0) = Hee anh ONY ce Dy ye 


F being here a scalar function of a, a’, ¢t, while V is a scalar function 
of a, a’, H, if WM be treated as given. 
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(50.) The two vectors a, a’ can enter into these two scalar functions, only 
through their dependent scalars 7, 7’, s (comp. 418, (17.)) ; but 


CXVI...édr=-7r°Sada, dr’ =-7 Ba'ba’, ds = - s8(a’ - a) (6a’ — 6a) ; 


confining ourselves then, for the moment, to the function V, and observing 
that we have by CXII. the formula, 


CXVII. .. S(réa - r’8a’) = D,V. or + D,'V. dr’ + DV. 8s, 
in which the variations da, éa’ are arbitrary, we find the expressions, 
CXVIIT. ..7r=—ar'"D,V + (a — a)e"*D,V; 
OXVITT’... 7° =+ar"D,;V + (a’ - a)s*D,V; 
which give these others, 
OXIX...D,V =rVia@ -—a)r: Vaa; 
CXTX ). DeVar Via—a)r : Yaa; 
and 
OX AG. 2 ey ao oe, 


because 


Var ae ar’ oa a: 
(51.) But, by XCIT’,, 


OXXI...rrt rr’ =(r+7)v’ [lull a’ —a, 


the chord rr’ of the hodograph, in figs. 86, 87, being divided at v’ into 
segments Tu’, U1’, which are inversely as the distances 7, >”, or as the lines 
op, op’ in the orbit; we have therefore the partial differential equation, 


CXXIT...D,V=D,V, and similarly, CXXIII...D,F= D,F; 


so that eacr of the two functions, / and V, depends on the distances r, r’, only 
by depending on their swm, r+ 1’, 

(52.) Hence, if for greater generality we now treat J/ as variable, 
the Principal Function F, and therefore by OXIV. its partial derivative 
H =~ (DIF), are functions of the four scalars, 


OMSXTV Or eo a. a 
282 
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(58.) And in like manner, the Characteristic Function (or Action-Function) 
V, and its partial derivative (by CXV.) the Time, t= D,V, may be considered 
as functions of this other system of four scalars (comp. (47.)), 


COXXV...r+97, 8 H, and I; 


no knowledge whatever being here assumed, of the form or properties of the 
orbit, but only of the daw of attraction. 

(54.) But this dependence of the time, t, on the four scalars CXXY., is a 
new form of Lambert’s Theorem (47.) ; which celebrated theorem is thus 
obtained in a new way, by the foregoing quaternion analysis. 

(55.) Squaring the equations CXVIII. CXVIII’., attending to the 
relation CXXII., and changing signs, we get these new partial differential 
equations, 


OXKVI. .. 2P + 2H = (D,V)' + (D.P)? + —— ull 9M gu Ode 


Pp? 9 os 


COXXVE. 3 2P +2 YY a, 


Day AD e 
because 


CXXVIL..o@==Pr, at=-7%, ( —a)=—#. 


Hence, by merely algebraical combinations (because P = Afr’, and P’ = IL mee 
we find: 


M M 


+ . 
r+r+se rtr—-s’ 


CXXVII. ..4((D,V)? + (D,V)) = H+ 


M M 


wie a ee ep ea 


CXXMIXo DV Dy = 


/ 
CK DD) - #(— -5)3 


rt+rs+s r+r+s a 


Oe D7 0 on - u(— -*): 
ages fh tee | fads wal Pa C5 a 
(56.) But, by CXL. OXVII. CXXIL, we have the variation, 


CXXXI...8V -t#8H =4(D,V+D,V) 8 (r+r +8) 
+4(D,V - DV) 6 (r+7 - 8); 
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and the function V vanishes with ¢, and therefore with s, at least at the 
commencement of the motion; whence it is easy to infer the expressions,* 


8 4 $ 3 
OMe x yo eee as=| (5 -k) ase 
\r+r+s 2 s\r+tr+s 4a 


S 4 8 -4 
OXXK HE 1 (+5 ee (5-3) ie 
r+r+8 2 s\ftrt+s a 


-8 
As a verification,t when ¢ and s are small, and therefore 7’ nearly = 7, we 
have thus the approximate values, 


OXXXIV...V = (2P + 2H)*s = (27)'s = 2Tt; 
OXXXV...¢ = (2P + 2H)*s = (27)*s; 


in which s may be considered to be a smad/ are of the orbit, and (27')? the 
velocity with which that are is described. 

(57.) Some not inelegant constructions, deduced from the theory of the 
hodograph, might be assigned for the case of a closed orbit, to represent the 
excentric and mean anomalies ; but whether the orbit be closed or not, the are 
tr of the hodographic circle, in fig. 86, represents the are of true anomaly 
described: for it subtends at the hodographic centre H an angle THY’, which 
is equal to the angular motion Por’ in the orbit. 

(58.) We may add that, whatever the special form of the orbit may be, the 
equations CX VIII. CX VIII’. give, by CXXIL., 


CAXXVI... 7° -7 = (Ua + Ua) D,V; 


- from which it follows that the chord tr’ of the hodograph is parallel to the 
bisector of the angle por’ in the orbit: and therefore, by XCL., that this angle 
is bisected by oa in fig. 87, so that the segments pr, RP’, in that figure, of the 
chord pv’ of the orbit, are inversely proportional to the segments Tv’, u’t’ of the 
chord tv’ of the hodograph. 


* Expressions by definite integrals equivalent to these, for the action and time in the relative 
motion of a binary system, were deduced by the present writer, but by an entirely different analysis, 
in the First Essay, &c., already cited, and will be found in the Phil. Trans. for 1834, Part ii., pages 
285, 286. It is supposed that the radical in CX XXIII. does not become infinite within the extent of 
the integration ; if it did so become, transformations would be required, on which we cannot enter here. 
Tt An analogous verification may be applied to the definite integral LXXXI.; in which however 
it is to be observed that both r +7 and s vary, along with the variable w: whereas, in the recent 
integrals CX XXII. CXXXIII., + + 7’ is treated as constant. 
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(59.) We arrive then thus, in a new way, and as a new verification, at 
this known theorem: that 7f two tangents (ap, ap’) to a conic section be drawn 
rom any common point (Q), they subtend equal angles at a focus (0), whatever 
the special form of the conic may be. 

(60.) And although, in several of the preceding sub-articles, geometrical 
constructions have been used only to dlustrate (and so to confirm, if confirmation 
were needed) results derived through calculation with quaternions; yet the 
eminently suggestive nature of the present Calculus enables us, in this as in 
many other questions, to dispense with its own processes, when once they have 
indicated a definite train of geometrical investigation, to serve as their substitute. 

(61.) Thus, after having in any manner been led to perceive that, for the 
motion above considered, the hodograph is a circle* (5.), of which the radius 
HT is equal (7.) to the attracting mass W/, divided by the constant parallelo- 
gram (16.) under the vectors op, or of position and velocity, in the recent 
figures 86 and 87, which parallelogram is equal to the rectangle under the 
distance op in the orbit, and the perpendicular oz let fall from the centre o 
of force on the tangent ur to the hodograph, we see geometrically that the 
potential P, or the mass divided by the distance, for the point P of the orbit 
corresponding to the point T of the hodograph, is equal (as in (27.)) to the 
rectangle under ut and oz, and therefore, by the similar triangles HTv, voz, 
to the rectangle under ov and tv (as in (29.)). 

(62.) In like manner, the three potentials corresponding to the second 
point 1’ of the first hodograph, and to the points w and w’ of the second 
hodograph, in fig. 86, are respectively equal to the rectangles under the same 
line ov, and the three other perpendiculars v’v’, wx, w’x’, on what we have 
called (29.) the hodographic axis, HL; so that, for these two pairs of points, in 
which the two circular hodographs, with a common chord mm’, are cut by a 
common orthogonal with v for centre, the four potentials are directly proportional 
to the four hodographic ordinates (29.). 

(63.) And because the force (Mfr*) is equal to the square of the potential 
(Mi), divided by the mass (I), the four forces are directly as the squares of 
the four ordinates corresponding ; each force, when divided by the square of 


* This follows, among other ways, from the general value XXVI. for the radius of curvature of 
the hodograph, with any law of central force; which value was geometrically deduced, as stated in the 
Note to page 302, compare the Note to page 300, by the present writer, in a Paper read before the _ 
Royal Irish Academy in 1846, and published in their Proceedings. In fact, that general expression 
for the radius of hodographic curvature may be obtained with great facility, by dividing the element 
fat of the hodograph (in which f denotes the force), by the corresponding element cy~*d¢ of angular 
motion in the orbit. — 
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the corresponding hodographic ordinate, giving the constant or common 
quotient, 


CX NOON 2 Obes 


(64.) It has been already seen (31.) to be a geometrical consequence of 
the two pairs of similar triangles, nrT, Nr/1’, and nrv, nr’v’, that the two 
small ares of the first hodograph, near v and 1’, intercepted between two near 
secants from the pole n of the fixed chord mm’, or between two near orthogonal 
circles, with u and u, for centres, are proportional to the ¢wo ordinates, rv, T’v’. 

(65.) Accordingly, if we draw, as in fig. 86, the near radius (represented 
by a dotted line from uw) of the first hodograph, and also the small perpen- 
dicular uy, erected at the centre u of the first orthogonal to the tangent ut, 
and terminated in y by the tangent from the near centre vu,, the two new 
pairs of similar triangles, rHT,, ry, and THV, UU,Y, give the proportion, 


CXXXVIII... rr: tv = vv,: ur; 
which not merely confirms what has just been stated (64.), for the case of the 
first hodograph, but proves that the four small ares, of the two circular hodo- 
graphs in fig. 86, intercepted between the two near orthogonals, are directly 
proportional to the four ordinates already mentioned. 
(66.) But the time of describing any small hodographic arc is the quotient 
(32.) of that ae divided by the force; and therefore, by (63.), (65.), the four 
small times are inversely proportional to the four ordinates. And the harmonic 
mean U't between the ¢wo ordinates rv, v’v’ of the first hodograph, does not 
vary when we pass to the second, or to any other hodograph, with the same 
fixed chord Mm’, and the same orthogonal circles ; it follows then, geometrically, 
that the swm (83.) of the two small times is the same, in any one hodograph as 
_ in any other, under the conditions above supposed : and that this sum is equal 
to the expression, 
SSC ee ee 
OU U8, 20 our Lae or 

which agrees with the formula LX XIII. 
(67.) On the whole, then, it is found that the Theorem of Hodographic 


Isochronism (38.) admits of being geometrically* proved, although by processes 


ae, 


* It appears from an unprinted memorandum, to have been nearly thus that the author orally 
deduced the theorem, in his communication of March, 1847, to the Royal Irish Academy ; although, 
as usually happens in cases of invention, his own previous processes of investigation had involved 
principles and methods, of a much less simple character. 


320 ELEMENTS OF QUATERNIONS. (III. m. § 8. 


suggested (60.) by quaternions: and sufficient hints have been already given, 
in connexion with fig. 87, as regards the geometrical passage from that theorem 
to the well-known Theorem of Lambert, without necessarily employing any 
property of conic sections. 

420. As a fifth specimen, we shall deduce by quaternions an equation, 
which is adapted to assist in the determination of the distance of a comet, or 
new planet, from the earth. 

(1.) Let I be the mass of the sun, or {somewhat more exactly) the sum 
of the masses of sun and earth; and let a and w be the heliocentric vectors of 
earth and comet. Write also, 


l.wila=r,;. Tw =o; Tle - a) =3,  Ule— a) =p, 


so that r and w are the distances of earth and comet from the sun, while s is 
their distance from each other, and p is the unit-vector, directed from earth 
to comet. Then (comp. 419, L.), 


II... Da=- Mr*a, D*w =- Mw, 
and 
III... D’?. 9 = D’(w — a) = M(r* - w*)a — Mew, 
with 
IV...w=- (a+ go)? =7r' + 2 — 22Sap. 


(2.) The vector a, with its tensor 7, and the mass J, are given by the 
theory of the earth (or sun); and p, Dp, D’p are deduced from three {or more) 
near observations of the comet ; operating then on III. with 8. pDp, we 
arrive at the formula, 

V... rege =! (S-S): 
SpDpUa 3s \r w/’ 


which becomes by IV., when cleared of fractions and radicals, and divided 
by z, an algebraical equation of the seventh degree, whereof one root is the 
sought distance* z, of the comet, (or planet) from the earth. 

421. As a sixth specimen, we shall indicate a method, suggested by 
quaternions, of developing and geometrically decomposing the disturbing 
force of the sun on the moon, or of a relatively superior on a relatively 
inferior planet. 


* Compare the equation in the Mécanique Céleste (Tom. I., p. 241, new edition, Paris, 1843). 
Laplace’s rule for determining, by inspection of a globe, which of the two bodies is the nearer to the 
sur, results at once from the formula V. 
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(1.) Let a, o be the geocentric vectors of moon and sun; 7, s their 
geocentric distances (7 = Ta, s = 'T'co); MW the sum of the masses of earth and 
moon; and S the mass of the sun; then the differential equation of motion 
of the moon about the earth may be thus written (comp. 418, 419), 


I... D’a= U.ga+ S.(d0 - o(c - a)), 
if D be still the mark of derivation relatively to the time, and 
tl. $a =Gle)— a la; 


so that ga is here a vector-function of a, but not a linear one. 

(2.) If we confine ourselves to the term Mga, in the second member of I., 
we fall back on the equation 419, I., and so are conducted anew to the laws 
of undisturbed relative elliptic motion. 

(3.) If we denote the remainder of that second member by yn, then n may 
be called the Vector of Disturbing Force ; and we propose now to develope this 
vector, according to descending powers of T(o:a), or according to ascending 
powers of the quotient 7: s, of the distances of moon and sun from the earth. 

(4.) The expression for that vector may be thus transformed :* | 


Ili. .. Vector of Disturbing Force = n = D’a — Moa 
= Sstot{1 - (1 - ao") T(1 - ao")7} 
= Sstot{1 -—(1— ao) (1 - oa) *| 


3 3.5 1.3 

= Ss ¢7 1 - (1 + 5) ao! + 2.4 (ao™')? cae ) e 28 go a = oe (oa)? 7 I 4 
that is, 
r IV. ..n=m + m+ 73 + &., 
1 

V...m=— Ssto (doa + $a0") = = (a + 8oao") = m1 + m,23 
3Sr? | 
A ee oe (aca! + 26 + Doaca'o™') = Noy i + M22 + M333 Ke. 


the general termt of this development being easily assigned. 


* [Observe that (o — a)" = {(1 — ao) o}-? = o "(1 — ao)-1.] 

+ Such a general term was in fact assigned and interpreted in a communication of June 14, 1847, 
to the Royal Irish Academy (Proceedings, vol. iii., p. 514); and in the Lectures, page 616. The 
development may also be obtained, although less easily, by Zaylor’s Series adapted to quaternions. 
Compare pages 473, 475, 477, 478, vol. i. of the present work ; and see page 358, vol. i., &c., for 
the interpretation of such symbols as oao™', aca™!. 
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(5.) We have thus a first group of two component and disturbing forces, 


which are of the same order as = ; a second group of three such forces, of the 


Sr? 
same order as —-; a third group of four forces, and so on. 
8 


(6.) The first component of the first group has the following tensor and 
versor, 


Vile ee 


a Oe 


Um,1 = Ua; 


it is therefore a purely ablatitious force 
MN, acting along the moon’s geocentric 
vector EM prolonged, as in the annexed 
figure 88. 

(7.) The second component mn‘, of the same first group, has an exactly 


between these two forces of the first group, is bisected by a line ms’ from the 
moon, which is parallel to the sun’s geocentric vector Es. 

(8.) If then we conceive a line Em’ from the earth, having the same 
direction as the last force mn’, this new line will meet the heavens in what 
may be called for the moment a fictitious moon },, such that the are )); of 
a great circle, connecting it with the true moon ) in the heavens, shall be 
bisected by the sun ©, as represented in fig. 88. 

(9.) Proceeding to the second group (5.), we have by VI. for the firsé 
component of this group, 
3Sr? pe = Wee aUo ; 


Sst? a 


WeLEL aiice iat = 


a line from the earth, parallel to this new force, meets therefore the heavens 
in what may be called a first fictitious sun, ©,, such that the arc of a great, 
circle, ©@,, connecting it with the true sun, is bisected by the moon ), as in 
the same fig. 88. 

(10.) The second component force, of the same second group, has an 
intensity exactly double that of the first (Tn... = 2Tm,1) ; and in direction 
it is parallel to the sun’s geocentric vector Es, so that a line drawn in its 
direction from the earth would meet the heavens in the place of the sun ©. 

(11.) The third component of the present group has an intensity which 
is precisely five-fold that of the first component (Tm, 3 = 5''n, 1); and a line 
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drawn in its direction from the earth meets the heavens in a second fictitious 
sun @z, such that the arc ©, ©., connecting these two fictitious suns, is 
bisected by the true sun ©. 

(12.) There is no difficulty in extending this analysis, and this interpre- 
tation, to subsequent groups of component disturbing forces, which forces 
increase in number, and diminish im intensity, in passing from any one group 
to the next; their intensities, for each separate group, bearing numerical ratios 
to each other, and their directions being connected by simple angular relations. 

(13.) For example, the third group consists (5.) of four small forces, 


3) 1+ + Ny 4, Of Which the intensities are represented by a multiplied 


respectively by the four whole numbers, 5, 9, 15, and 35; and which have 
directions respectively parallel to lines drawn from the earth, towards a second 
fictitious moon ),, the true moon, the first fictitious moon ), (8.), and a third 
fictitious moon );; these three fictitious moons, like the two fictitious suns 
lately considered, being all situated in the momentary plane of the three 
bodies E, M, S: and the ¢hree celestial arcs, }2), )),, 313s, being each equal to 
double the are )© of apparent e/ongation of sun from moon in the heavens, 
as indicated in the above cited fig. 88. 

(14.) An exactly similar method may be employed to develop or 
decompose tiie disturbing force of one planet on another, which is nearer 
than it to the sun; and it is important to observe that no supposition is 
here made, respecting any smadiness of excentricities or inclinations. 

422. As a seventh specimen of the physical application of quaternions, 
we shall investigate briefly the construction and some of the properties of 
Hresnel’s Wave Surface, as deductions from his principles or hypotheses* 
respecting light. 

(1.) Let p be a Vector of Ray-Velocity, and u the corresponding Vector of 
Wave-Stowness (or Index- Vector), for propagation of light from an origin o, 
within a biaxal crystal ; so that 


Sis yireeae areca! & Berar Sudp =0; andtheretore III... Spdu = 0, 


* The present writer desires to be understood ag not expressing any opinion of his own, respecting 
these or any rival hypotheses. In the next Series (423), as an eighth specimen of application, he 
proposes to deduce, from a quite different set of physical principles respecting light, expressed however 
still in the language of the present Calculus, Mac Cullagh’s Theorem of the Polar Plane ; intending 
then, as a ninth and sinal specimen, to give briefly a quaternion transformation of a celebrated equation 


in partial differential coefficients, of the first order and second degree, which occurs in the theory of 
heat, and in that of the attraction of spheroids. 


2T 2 
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if §o and du be any infinitesimal variations of the vectors p and p, consistent 
with the scalar equations (supposed to be as yet unknown), of the Wave- 
Surface and its Reciprocal (with respect to the unit-sphere round 0), namely 
the Surface of Wave-Slowness, or (as it has been otherwise called) the Indea*- 
Surface: the velocity of light in a vacuum being here represented by unity. 

(2.) The variation dp being next conceived to represent a small displace- 
ment, tangential to the wave, of a particle of ether in the crystal, it was 
supposed by Fresnel that such a displacement ép gave rise to an elastic force, 
say 6s, not generally in a direction exactly opposite to that displacement, but 
still a function thereof, which function is of the kind called by us (in the 
Sections ITT. ii. 6, and IIT. iii. 7) “near, vector, and self-conjugate; and which 
there will be a convenience (on account of its connexion with certain optical 
constants, a, 6, c) in denoting here by “6p (instead of gdp): so that we shall 
have the two converse formula, 


IV...dp = ode; Vi... de = gdp. 


(3.) The ether being treated as ‘ncompressible, in the theory here considered, 
so that the normal component w'Spude of the elastic force may be neglected, or 
rather suppressed, there remains only the tangential component, 


VI... wt Vude = de - pw Suds, 


as regulating the motion, tangential to the wave, of a disturbed and vibrating 
particle, 

(4.) If then it be admitted that, for the propagation of a rectilinear 
vibration, tangential to a wave of which the velocity is Tw", the tangential 
force (3.) must be exactly opposite in direction to the displacement dp, and equal 
in quantity to that displacement multiplied by the square (Tu) of the wave- 
velocity, we have, by V. and VL., the equation, 


VII... @ 8p — w Bude = udp, 
or AAG ieee ép = (go? a wy tw Syde 5 


* This brief and expressive name was proposed by the late Prof. MacCullagh (Zransactions 
R. I. A., vol. xviii., part i., page 38), for that reciprocal of the wave-surface which the present 
writer had previously called the Surface of Components of Wave-Slowness, and had employed for 
various purposes: for instance, to pass from the conical cusps to the circular ridges of the Wave, and 
so to establish a geometrical connexion between the theories of the two conical refractions, internal 
and external, to which his own methods had conducted him (Z'ransactions R. 1. A., vol. xvil., part i., 
pages 125-144). He afterwards found that the same Surface had been otherwise employed by 
M. Cauchy (Evzercises de Mathématiques, 1830, page 36), who did not seem however to have perceived 
its reciprocal relation to the Wave. 
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combining which with II., we obtain at once this Symbolical Form of the 
scalar equation of the Index Surface, 


1B. Goel 


Supt = we?) we; 
or by an easy transformation, 


XK... 1 = Sup tpt - we"); 


or finally, 
XT. d= Sun? — $) 74; 


while the direction of the vibration dp, for any given tangent plane to the 
wave, 1s determined generally by the formula VIII. 

(5.) That formula for the displacement, combined with the expression V. 
for the elastic force resulting, gives 


4G bie op =— puSucs, and XIII... d=- uSpos, 
if 
XIV... (¢-p)u=np, OP ORV a ot = on 


v being thus an auxiliary vector ; and because the equation XI. of the index 
surface gives, 


XVI...Suv=-1, while XVII... Vuée = 0, by wt. 


it follows that the vector v, if drawn like p and pw from o, terminates on the 
tangent plane to the wave, and is parallel to the direction of the elastic force. 


(6.) The equations XIV. XVI. give, 


Ay Eee yu — Sugu = le 
whence 


XIX. . . vSudu = Sudu = - Sudu, 


because dSuv = 0, by XVI., and dSugu = 28 (gu. bv), by the seli-conjugate 
property of @; comparing then XIX. with III., we see that + (as being 
1 every ou) has the direction of « + v", and therefore, by I. and XVI., that 
we may write, 


ON OH = = fea 0.6 Bae ri ee Dex as Souen0 < 


? 


which last equation shows, by (5.), that the ray is perpendicular (on Fresnel’s 
principles) fo the elastic force de, produced by the displacement 8p. 
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(7.) The equations XX. and XXI. show by XIV. that 
XXIII... (eo? -¢)v=p", whence XXIV...u=(p?-¢)"p7; 


we have therefore, by XXII., the following Symbolical Form (comp. (4.)) of 
the Equation of the Wave Surface, 


RXV. C= Spo =e) ps: 
or, by transformations analogous to X. and XI., 
ARVs te Sp po) ps AI Pale op: 


and we see that we can return from each equation of the wave, to the corre- 
sponding equation of the index surface, by merely changing p to u, and ¢ to g?: 
but this result will soon be seen to be included in one more general, which 
may be called the Rule of the Interchanges.* 

(8.) The equation XXYV. may also be thus written, 


9: @. GANG Res oy (6 -p’)p = 0; 


* [Tait finds the envelope of the plane Sup = — 1 subject to the condition XI., 1 = Su(u? — o)"u, 
and thus obtains the cquation of the wave surface. If we differentiate XI. and introduce the 
auxiliary vector v of equation XIV., the result becomes Sdu(uv-! + du) = 0. Also Spdu = 0, and as du 
is otherwise arbitrary 

xp=ultu. 
Squaring this relation we find 2p? =u? — v, and operating by Su we have «=p? —v?= xp? 
Thus 2 = p* and we recover XX., whence the result follows as in the text. 

The equation of the electro-magnetic wave surface has been obtained by Tait on the following 
lines. (Proceedings R. S. E. April 2, 1894, or Scientific Papers, vol. ii., pages 390-1.) 

A system of plane waves running with normal velocity va = — uw}, (Ta = 1) is defined by 

61 =ef(vt+ Sap), 02 =f (vt + Sap). (i) 
These equations satisfy 
191 = Vvé2z, 282 =— Vv, (ii) 
the quaternion equivalents of Clerk Maxwell’s electro-magnetic equations provided 
oie = Vun, gan = — Vue. (iii) 
Assuming the linear functions $1 and 2 to be both self-conjugate, we find on elimination of 7, 
pie = — Vudo! Vue = — mo! VuVooudre, | 
if mz is the third invariant of ¢2. An easy step shows that 


mapie + Supe. pre = pouSugre, 
so that 


e = (mop1 + Sudan . p2)-!pouSugre. (iv) 


Operating on (iv) by S24, we have the equation of the index surface 


1 = Supe2(megr + Sudeu « p2) pom. (v) 
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but under this last form it coincides with the equation 412, XLI.; hence, by 
412, (19.) the Wave Surface may be derived from the auxiliary or Generating 
Eltipsoid, 

DO. DG Spd¢p =.1, 


by the following Construction, which was in fact assigned by Fresnel* himself, 
but as the result of far more complex calculations :—Cut the ellipsoid (abe) by 
an arbitrary plane through its centre, and at that centre erect perpendiculars to 
that plane, which shall have the lengths of the semiawes of the section ; the locus of 
the extremities of the perpendiculars so erected will be the sought wave surface. 

(9.) And we see, by IX., that the Index Surface may be derived, by an 
exactly similar construction, from that Reciprocal Hillipsoid, of which the 
equation is, on the same plan, 


».@.@. cae Se¢™'p =], 


(10.) If the scalar equations, XXVIT. and XI., of the wave and index 
surface, be denoted by the abridged forms, 


KNX eta ead eR ee 


Comparing this equation with XI., we are led to assume yp’ = 22m, and substitution in (v) affords 
the equation 


5 Su’ (mops 2oige® +p”). (vi) 
The equation of the tangent plane to the wave surface is 
Sup=—1, or Sy'ge2p=-1, or Sy’p' =-1, (vii) 
i o oa ep. Comparing these results with I. and XI., we see that p’, uw’, and — mp2 ios? 
correspond respectively to Hamilton’s p, u, and ¢, and we deduce the equation 
1 = Sp'(p? + ma 'p2%gr-'2®)-1p" (viii) 


analogous to XXVII. It only remains to replace p’ in terms of p by a transformation the converse of 
that from (v) to (vi), and we obtain the equation of the wave surface 


1 = Spp2l(Sppe2-'p . pot + ma 'gr™!)tp271p, (ix) 
or by a transformation like that from XXVII. to XXVIII. 


Sp(p2 + maSpp2-'p . pi)-'p = 0. (x) 


It will be noticed that the electro-magnetic wave-surface (ix) is produced from the Fresnel surface 
(viii) by the transformation or pure strain p = 23’, so that many of the theorems of these sub-articles 
can be extended to this more general case. ] 


* See Sir John F. W. Herschel’s Treatise on Light, in the Encyclopedia Metropolitana, page 545, 
Art. 1017. 
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then the relations I. IJ. III. enable us to infer the expressions (comp. the 
notation in 418, (2.) [page 294]), 
ae? pee 
Fe BoDofp? Pes Dna 
in which (comp. 412, (86.), and the Note that sub-article [page 259]), 
XXXYV. .. 3D, fp = (p’ - ¢*)"p — pSp(p’ - 6") "*p = - w — wp, 


XXXII. . DB. . Bae 


and 


DDD. Ge Wieie 3D, Fu = (nu? — d)"u - psu (u? — >) "nw=—-v—v'n; 


v being the same auxiliary vector XV. as before, and w being a new auxiliary 


vector, such that (by XXIV. XX VII. and IX. XV.), 


XXXVIT...w=(¢"-p*?)p=¢v; XXXVITI...Spw=-1; 
DAE sone a. 


whence also w || do by XII., so that (comp. (5.) ) if @ be drawn (like p, yu, and v) 
from the point o, this new vector terminates on the tangent plane to the index 
surface, and is parallel to the displacement on the wave; also ép : de =@: v. 

(11.) Hence, by XXXIIT. XXXV. XXXVIII., 


Or PW +p - 


6b ee tr ane Ye er nee 


ae ee ae a w? — p* 
and similarly, by XXXIV. XXXVI. and XVL., 


2 ‘ 
xhie = ert ah - (v'+y)", or —pt=m+v7, asin XX.; 
so that, with the help of the expressions XV. and XXXVII. for v and w, 
the ray-vector p and the indew-vector w are expressed as functions of each other : 
which functions are generally definite, although we shall soon see cases, in 
which one or other becomes partially indeterminate. 

(12.) It is easy now to enunciate the rule of the interchanges, alluded to in 
(7.), as follows:—In any formula involving the vectors, p, mu, v, w, and the 
functional symbol , or some of them, it is permitted to exchange p with wm, 
v with w, and o with ¢; provided that we at the same time interchange 
dp with ce (but not* generally with du), when either dp or de occurs. 


* It is true that, in passing from II. to III. (instead of passing to XLIII.), we may be said to 
have exchanged not only p with uw, but also 5p and du. But usually, in the present investigation, 
dp represents a small displacement (2.), which is conceived to have a definite direction, tangential to 
the wave ; whereas du continues, as in (1.) to represent any infinitesimal tangent to the index surface, 
while de still denotes the elastic force (2.), resulting from the displacement dp. 
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For example, we pass thus from XX. to XLI., and conversely from the 
latter to the former; from II. we pass by the same rule, to the formula, 


XLII... Spce = 0, which agrees by XVII. with XXIL. ; 
and, as other verifications, the following equations may be noticed, 
XIV... d0=pVuse;° XLV... d¢=pVpdp; XLVI... Sude = Spdp. 


(13.) The relations between the vectors may be illustrated by the annexed 
figure 89; in which, 


oO Ww 
RAV il 2. 0P =p, 00— 2,.0U— 1, OW — oO, wv 
and , 
Z / U Q Sass P 
XLVIII...or’=—p", od =-p", 
ov =-v', ow =-w"; ie 
. e . e . . Q 
in fact it is evident on inspection, that 
Fig. 89. 


XLIX... op. op’=0Q.00’=0U.0U’=0W.ow ; 


and the common value of these four scalar products is here taken as negative 
unity. 

(14.) As examples of such illustration, the equation XX. becomes 
Po=aqu’; XLI. becomes 00’ = wr; XXIII. may be written as w +p! =pv, 
or as Pw:o0u=P0:0P; &. And because the lines PoQ’u and ap’w are 
sections of the tangent planes, to the wave at the extremity p of the ray, and 
to the index surface at the extremity @ of the index vector, made by the plane 
of those two vectors p and p, while dp and é< (as being parallel to w and v) 
have the directions of pq’ and ap’; we see that the displacement (or vibration) 
has generally, in Fresnel’s theory, the direction of the projection of the ray on 
the tangent plane to the wave; and that the elastic force resulting has the 
direction of the projection of the index vector on the tangent plane to the index 
surface: results which might however have been otherwise deduced, from the 
formulee alone. 

(15.) It may be added, as regards the reciprocal deduction of the two 
vectors and p from each other, that (by XLI. XXXVIII., and XX. XVI.) 


we have the expressions, 
L...- ph = w'Vwp, and LI...-p'= v7 Vou; 


which answer in fig. 89 to the relations, that oa’ is the part (or component) 


of op, perpendicular to ow; and that or’ is, in like manner, the part of 
og L ov. 
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(16.) We have also the expressions, | 
TAL 8 Sot Vow, and LIT e.— pe a Vio, 
which may be similarly interpreted ; and which conduct to the relations, 
LIV... - (Vuw)? = v’p? = wy”? = Suw. 


Hence, the Locus of each of the two Auailiary Points v and w, in fig. 89, ts a 
Surface of the Fourth Degree; the scalar equations of these two loci being, 


LV... (Vugv)? + Sugv = 0, and LVI... (Vw "w)? + Sw tw = 0; 


from which it would be easy to deduce constructions for those surfaces, with 
the help of the two reciprocal ellipsoids, XXIX. and XXX. 

(17.) The equations XIT. XXII., combined with the self-conjugate 
property of ¢, give 


VEL 20 = S(o40- cp), vor. caVEE 620 = ope } 
hence (between suitable limits of the constant), every ellipsoid of the form, 
June ed pi ft —COneL., 


which is thus concentric and coaral with the reciprocal ellipsoid XXX., being 
also similar to it, and similarly placed, contains upon its surface what may be 
called a Line of Vibration* on the Wave; the intersection of this new ellipsoid 
LIX. with the wave surface being generally such, that the tangent at each 
point of that line (or curve) has the direction of Fresnel’s vibration. 

(18.) The fundamental connexion (2.) of the function @ with the optical 
constants, a, 6, c, of the crystal, is expressed by the symbolical cubic (comp. 
360, I., and 417, XXV.), 


LX... (9 + @) (9 + 0°) (¢ +e’) =0; 


from which it is easy to infer, by methods already explained, that if e be any 
scalar, and if we write, 


LXI... E=(e- a’) (e- 6”) (e-c”), 


* Such lines of vibration were discussed by the present writer, but by means of a quite different 
analysis, in his Memoir of 1832 (Third Supplement on Systems of Rays), which was published in the 
following year, in the Transactions of the Royal Irish Academy. See reference in the Note to p. 324. 
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we se then this formula of inversion, 
LXII... H(g+elt=e —e(pt+ a? t+ 6% + 6%) - a b7%e7g". 
(19.) Changing then e to —p~’, the equation XX VIII. of the wave becomes, 
LXTII. .. 0=p?+ a7 + 6% + 6° +8p'¢p — a*b*c"*Spg'p: 


the Wave is therefore (as is otherwise known) a Surface of the Fourth Degree: 
and (as is likewise well known), the Index Surface is of the same degree, its 
equation (found by changing p, ¢, a, 0, ¢ to uw, ', a', b°, ¢*) being, on the 
same plan, 


LXIV...0=p°+@4+604+024+ Sug tp - CR Sudu. 


(20.) These equations may be variously transformed, with the help of the 
cubic LX. in ¢, which gives the analogous cubic in ¢", 


LXV... (g7 + a) (7 + BY) (gp? +e) = 0; 
for instance, another form of the equation of the wave is, 
OP. G8 oa Se¢’p 23 (p° OE ees oe ge = op Spg'p — 7c; 


in which it may be remarked that Sp¢“p = (¢"p)? < 0, whereas Sopp > 0. 
(21.) Substituting then, for Sog 7p in LXVL., its value h trom (17.), we 
find that this second variable ellipsoid, with h for an arbitrary constant or 


parameter, 
LXVII. .. 0 = (@"'p)? + At(p? + a? + B+ 6) - @ OC’, 


contains upon its surface the same line of vibration as the first variable ellipsoid 
LIX., which involves the same arbitrary constant 4; and therefore that the 
line in question is a quartic curve, or Curve of the Fourth Degree, as being the 
intersection of these two variable but connected e/lipsoids: and that the wave 
itself is the Jocus of all such quartic curves. 

(22.) The Generating Ellipsoid (Sepp = 1) has a, 6, ¢ for its semiaxes 
(a>b>c>0); and for any vector p, in the plane of be, we have the symbolical 
quadratic (comp. 353, (9.)), 


LXVIII. .. (¢ + 5”) (o + 6%) =0, 
or 


LX Hb et =o oe; 


making then this last substitution for ¢ + 6? + c* in LXIII., we find, for the 
2U2 
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section of the wave by this principal plane of the ellipsoid XXIX., an equation 
which breaks up into the two factors, 


XX. oe = 0 and “ia XT ooh b°e"Spe tp =U; 


whereof the jirst represents (the plane being understood) a circle, with 
radius = a, which we may call briefly the circle (a); while the second 
represents (with the same understanding) an edlipse, which may by analogy 
be called here the ellipse (a): its two semiaxes having the /engths of c and 3}, 
but in the directions of b and ¢, for which directions ¢ + 6? = 0 and ¢+c¢* = 0, 
respectively, so that ¢his ellipse (a) is merely the edliptic section (bc) of the 
ellipsoid (abc), turned through a right angle in its own plane, as by the 
construction (8.) it evidently ought to be. And an exactly similar analysis 
shows, what indeed is otherwise known, that the plane of ca cuts the wave 
in the system of a circle (b), and an ellipse (6); and that the plane of ab 
cuts the same wave surface, in a circle (c), and an ellipse (c). 

(23.) The circle (a) is entirely exterior to the ellipse (a) ; and the circle 
(c) is wholly interior to the ellipse (c) ; but the circle (4) cuts the ellipse (6), 
in four real points, which are therefore (in a sense to be soon more fully 
examined) cusps (or nodal points) on the wave surface, or briefly Wave-Cusps ; 
and the vectors p, say + p, and +p., which are drawn from the centre o to 
these four cusps, may be called Lines of Single Ray- Velocity, or briefly Cusp-Rays. 

(24.) It is clear, from the construction (8.), that these lines or rays must 
have the directions of the cyclic normals of the ellipsoid (abc) ; which suggests 
our using here the cyclic forms, 


POG oe 


iD. G 8 G eae Spode = gp” SApA’p a 


for the function ¢, and the generating ellipsoid (8.) ; X’ being written, to avoid 
confusion, instead of the u of 3857, &., to represent the second cyclic normal. 

(25.) Changing then pu to X’, v to p, and g to g — p”, in the expression 
361, XXVII.* for Fy or Svyg vy; equating the result to zero, and resolving 
the equation so obtained, as a quadratic in g; we find this new form of the 
Equation XXVIII. of the Wave, 


LXXIV. .. gp? = 1+ SApSA’p +t TVAPTV’p 5 
the upper sign belonging to one sheet, and the lower sign to the other sheet, 


and 


* [This equation which occurs on page 549, vol. i., is 
mFv = (g? — A*u*) v? + A® (Suv)? + pw? (Sva)? — 2gSavSuv.] 
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of that wave surface. The new equation may also be thus written, as an 
expression for the inverse square of the ray-velocity Tp, or of the radius-vector, 
say r, of the wave, 


LXXY...7?% = Tp? = + . COs (. < eo £ 


because, by 405, (2.), (6.), &e., 
XN ea = 9 — XX, 0S — 9 BAA oe = + AX 
and we have the verification, for a cusp-ray (23.), that 
TX OV 0 On rl i or 
(26.) If we write (comp. XXXI.), 
LXXVIILI. .. fp = — p?*(1 + Sopp) + @b°e Spd", 
the equation LXIII. of the wave takes the form, 
LXXIX. .. fo = a + 6? + ¢* = const. ; 
and we have the partial derivative (comp. XXXYV.), 


LXXX. . . $Defp = p* (1+ Spdp) - p?dp + a*b*c* go 
= p°(1- Vegp) + a7*b°e*g 1p ; 
which gives by XXXIII. the expression, 


PRX 2 Cote ae ieee 
p?+ abc Spo 'p 


’ 


and therefore a generally definite value (comp. (11.)) for the index vector p, 
when the ray p is given. 
(27.) If the ray be in the plane of ac, then (comp. LXIX.), 


LXXXIT. .. pp + (a* + €*) p + a*c*g"'p = 0, 
whence 


| LXXXIITI. .. Vodp = - a*c* Vpg"'p = ac? (Spd — pd"p) ; 
and therefore by LXXXTI., 


_ p° Seg 7p — a%c’) — (0% + 5") gp | 
LXXXIV... = b (Spe p — ae?) + (p? + b*) ae ’ 
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an expression which gives, definitely, 


EX XVes = — pt ty LOO pt OO 
but not 
LXXXVII. . . So¢"p = ae’, 


that is (comp. (22.)), if the ray terminate on the cire/e (6), at any point which 
is not also on the ellipse (6) ; and with equal definiteness, 


LXXXVIII...=-a7e°¢"p, if LKXXVII. but not LXXXVI. hold good, 


that is, if the ray terminate on the ellipse (b), at any point which is not also on 
the circle. 

(28.) The normal then to the wave, in each of the two cases last mentioned, 
coincides with the normal to the section, made by the plane of ac; and if we 
abstract for a moment from the cusps (23.), we see that the wave is touched, 
along the circle (b), by the concentric sphere LXXXVI. with radius = 8, 
which we may call the sphere (b) ; and along the ellipse (b) by the con- 
centric ellipsoid LXXXVII. which may on the same plan be called the 
ellipsoid (6). 

(29.) An exactly similar analysis shows that the wave is touched along 
the circles (a) and (c), by two other concentric spheres, with radii a and ¢, 
which may be briefly called the spheres (a) and (c); and along the ellipses 
(2) and (c) by two other concentric and similar ellipsoids, which may by 
analogy be called the ellipsoids (a) and (c). And by comparing the equation 
LXXXVII. of the ellipsoid (6) with the form LIX., we see that the ¢hree 
elliptic sections (a) (b) (c) of the wave, made by the three principal planes of the 
generating ellipsoid (adc), are lines of vibration (17.); the constant /* receiving 
the three values, °c’, ca’, ab’, for these three ellipses respectively. 


(30.) But at a cusp the two equations LXXXVI. and LXXXVILI. coewist, 
Dam 
and the expression LX XXIV. for pu takes the indeterminate form pi im fact, 


there is in this case no reason for preferring either to the other of the two 
values, within the plane of ae, 


[XE pO ee NOL a = ape a 


in which p, is the cusp-ray (28.), and the first value of « corresponds to the 
circle, but the second to the ellipse (b). 
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(81.) The indetermination of p, at a wave-cusp, is however even greater 
than this. For, if we observe that the equations LX XIX. and LXXX. 
give, for this case, by LX XXIII]. LXXXVI. LXXXVIL., 


KOI. foo @?+ 07° +7, -and XCIT...D, fo=0, for p= py, 


we shall see that if p be changed to p, + p’ in the expression LXXVITI. for 
fo, and only terms which are of the second dimension in p’ retained, the result 
equated to zero will represent a cone of tangents p’, or a Tangent Cone to the 
Wave at the Cusp: which cone is of the second degree, and every normal wu to 
which, if limited by the condition I., is here to be considered as one value of 
the vector , corresponding to the value py of p. 

(32.) And it is evident, by the law (12.) of transition from the wave to 
the index surface, that if +»,, + be the Lines of Single Normal Slowness, 
or the four values of uw which are analogous* to the four cusp-rays + poy + pi (23.), 
then, at the end of each such new line, there must be a Conical Cusp on the 
Index Surface, analogous to the Conical Cusp (31.) on the Wave, which is in 
like manner one of four such cusps. 

(33.) In forming and applying the equation above indicated (31.), of the 
tangent cone to the wave at a cusp, the following transformations are useful : 


XCIV...-(9 +p )*=—- p7(1+ p'p)* (1+ peppy 
=— p?+ 2p*Sp’p? + p“p?— 4p (Spp’)’ + &e. 
the terms not written being of the third and higher dimensions in p’, and p, p’ 
being any two vectors such that Tp’ < Tp (comp. 421, (4.)); also, without 
neglecting any terms the self-conjugate property of % gives (comp. 362), 
SN ae S(p +p’) ¢(p t+ p ) = Sp¢p + 28p’op + Spe’ ¢p’, 


with an analogous transformation for the corresponding expression in 7; 
while the cubic LX. in ¢, or LXY. in ¢", gives for an arbitrary p, 


XOVI. .. (6+ a") (p+ €*)p =—- 0? (6 + a) (P + C*)p, 
XOVII... g'(¢+ a4") (p+ e*)p=-B(p+a") (P+ec*)p; 


and therefore, among other transformations of the same kind, 


XCVIIT... (9 + a*) (p + €*)p = (a? — b*) (€* — 6°) (p + a") (gh + O*)p. 


* This word ‘‘ analogous’’ is here more proper than ‘‘ corresponding ’”’ ; in fact, the cusps on each 
of the two surfaces will soon be seen to correspond to circles on the other, in virtue of the law of 
reciprocity. 
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We have also for a cusp, the values, 
POLS. . PPo = My - (a + a) Pos ROL. oie Spohpo = (a? + e*) b*, 
C. . . p? = €*C Spd po = abe" — (a* + 6”). 


(34.) In this way the equation of the tangent cone is easily found to take 
the form, 
CI... 0 = b'Sp'(h + a) (6 + €”) p’ — 48p’p,Sp'n, 


and to give, by operating with D, (comp. (10.) (26.) (31.)), 
Cll 3 ta bb 127) (p + e) p a 2p Sp [Mo = 21 Sp Pos 


the scalar coefficient x being determined, for each direction of the tangent p’ 
to the wave at the cusp, by the condition I., which here becomes (31.)), 


CIIT. . . Sup, = Spo = — 1; 
also, by CII., &c., we have, after some slight reductions, 
OLIV. .. tSupo = 2 (B°Sp’ po + Sp’po) ; 
CV... aSupy = 2 (Sp’uo — me’Sp’po) ; 


OVI... au? = 4 (0?n.? +1) Sp’pSp’uy + 4 (eoSp’Ho + MSP’ po)” 
= — 40° (Sp’uo)? + 4 (O%uc? — 1) Sp’poSp’mo + Spo” (Sp’po)” 5 


but this last expression is equal, by CIV. CV., to - zSupSum,; the equation 
of the cone of perpendiculars, let fall from the wave-centre o on the tangent 
planes at the cusp, takes then this very simple form, 


OVITS:. Th AG Sup Sumo = 0; 


so that this cone of the second degree has the two vectors p, and p, at once 
for sides and cyclic normals (comp. 406, (7.)) ; and it is cut, by the plane CIIL., 
in a circle, of which the diameter is, | 


OVIIL. . . T (1p + py) = (Tyg? - 8°)! = 8 (6? — a") (e? - 0) 


and therefore subtends, at the centre o, and in the plane of ac, the angle, 


CIX. 2. 2H = tan. 0° (b? — a) (o? — 0)4. 


Po 
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(35.) And by combining the equations CIII. CVII., we see that this 
circle (34.) is a small circle of the sphere, 


CXS ie eile, TOR Ok ae OE te 


which passes through the wave-centre, and has the vector u, for a diameter, 
passing also through the extremity of the vector — p,7. 

(36.) This circle is, by ILL., a curve of contact of the plane CIII. with the 
surface of which pu is the vector, because every vector u of the curve corresponds, 
by (81.), to the one vector p, of the wave; it is therefore one of Four Circular 
Ridges on the Index Surface, the three others having equal diameters, and 
- corresponding to the three remaining cusp-rays, — poy pi, — pi (23.); and there 
are, in like manner, Four Circular Ridges on the Wave, along which it is 
touched by the four planes, | 


(OP. @ ingee Spy, = up Sev, =-+ A Sev: =— de Sev: =+ iL 


+ vy), +», being the four lines introduced in (82.); also the common length of 
the diameters, of these four circles on the wave, is (comp. CVIIL.), 


CREE (cy ae we) = (To,” af b?)? ee Fe (a ~ b?)3 (2? - ey, 
where 


CXITE.... o,=—a'e'or,, “CXILV... Tru = 0", and CXY. _.'Si.0, == 1: 


finally, -v,? and o, are the two values* of p, in the plane of ac, for the first 
of the four new circles: and the angle between these two vectors, or the 
angle which the diameter of the circle, in the same plane, subtends at the 
wave-centre, is (comp. CIX.), 
CXVi.s. Ti = tan. 6? (a? — b*)2 (8 - c), 
0 
(37.) In the recent calculations (33.) (34.), the czrcle of contact (36.) on 
the index surface was deduced from the tangent cone at a wave-cusp, as a 
section of a certain cone of normals CVII. to that tangent cone CI., made by 
the plane CIII.; but the following is a simpler, and perhaps more elegant, 
method of deducing and representing the same circle by means of its vector 
equation (comp. 892, IX. &c.), and without assuming any previous knowledge of 
the’ character, or even the eaistence, of that conical wave-cusp. 


* Tt is not difficult to show that these are the vectors of two points, in which the circle and ellipse 
(6), wherein the wave is cut by the plane of ac, are touched by a common tangent. 
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(38.) In general, by eliminating the auxiliary vector v between XX. and 
XXIII, we arrive at the following equation, 


OXVil i oe oo = ee 


which holds good for every pair of corresponding vectors p and pu, of the wave 
and index surface. And, in general, this relation is sufficient, to determine 
the index-vector », when the ray-vector p is given: because (@ + e)"0 is 
generally = 0. 

(39.) But when e¢ is a root of the equation # = 0, with the signification 
LXI. of EZ, then, by the formula of inversion LXII., the symbol (g + e)'0 


takes the indeterminate form 2 and therefore, for every point of each of the 


thiee circles (a) (b) (c) of the wave, the formula CXVII. fails to determine p: 
although it is only at a cusp (28.), that the value of » becomes in fact indeter- 
minate (comp. (27.) (28.) (29.) (80.) (31.)). 

(40.) At such a cusp (p = p,), the equation CXVII. takes the symbolical 


form, 


OXVIIT. . . (u + pot)? = (6 + 8?) 7007 = (ty + pot + (p + 710 


retaining its recent signification XCI., and the symbol (@ + 0-*)"0 denoting 
any vector of the form y3, if B be the mean vector semiawis of the generating 
ellipsoid XXIX., so that, 


CXIX...SPeB=1, (6 +o°)P=0, TB =o. 
(41.) Writing then for abridgment (comp. XX.), 
(0). ©. Ga li (Ho = pends 


the Vector Equation of the Index Ridge (36.) is obtained under the sufficiently 
simple form, 


CXXI... VB (u + pot)" + VBu, = 0; 


and this equation does in fact represent a Circle (comp. 296, (7.)), which is 
easily proved to be the same as the circular section (34.), of the cone CVII. by 
the plane CIII.; its diameter CVIII. being thus found anew under the form, 


OXXIL. .. Tug? = STVAN = b (b% — a*)8 (0? — oY}, 
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with the significations (24.) (25.) of A, X’; in fact we have now the expressions, 
OXXIITT...p.=bUA, vu=p.? (VAX), 
with the verification, that 
CXXIV... (¢ + 5%) vu = ASA’v, + A’BAv, = OVA = - pt. 


(42.) And by a precisely similar analysis, we have first the new general 
relation (comp. CX-VII.), for any two corresponding vectors, p and p, 


ORXN 2 (Ger) a tee 
and then in particular (comp. CXVIII.), for u = v,, 
CXXVI. .. (9 + v1) = (gp? + 8)? = (oy + vy)? + (gp? + 5*)720; 
so that finally, if we write for abridgment (comp. XLI. CXX.), 
CXXVIT. . . w& =— (+ 1)", 
the Vector Equation of a Wave- Ridge is found (comp. CXXI.) to be, 
OCXXVITI. .. V8(p + »,")' + VB, = 0, 


2 being still (as in CXIX.) the mean vector semiaxis of the generating ellipsoid 
(Sopp = 1): and the diameter CXIL., of this circle of contact of the wave with 
the first plane CXI., is thus found anew (comp. CX XII.) without any reference 
to cusps (37.), as the value of Tw,7. 

(43.) Several of the foregoing results may be iilustrated, by a new use of 
the last diagram (13.). Thus if we suppose, in that fig. 89, that we have 
the values, 


CXXIX. .. oP =p,, 0@ =m, OU=v,, Whence OXXX... or’=—p,", &., 


then the index-ridge (36.), corresponding to the wave-cusp Pp (23.), will be the 
circle which has p’a@ for diameter, in a plane perpendicular to the plane of the 
figure, which is here the plane of ac; the cone of normals p (84.), to the 
tangent cone to the wave at Pp, has the wave-centre o for its vertex, and rests on 
the last-mentioned circle, having also for a subcontrary section that second 
circle which has PQ’ for diameter, and has its plane in like manner at right 
angles to the plane of pog; also, if R and s be any two points on the second 
7S Gy 


340 ELEMENTS OF QUATERNIONS. (III. mr. § 8. 


and first circles, such that ors is a right line, namely, a side w of the cone 
here considered, then the chord pr of the second circle is perpendicular to this 
last line, and has the direction of the vibration dp, which answers here to the 
two vectors p(= p,) and mu: because (comp. (14.)) this chord is perpendicular 
to uw, but complanar with p and p. 

(44.) Again, to illustrate the theory of the wave-ridge (36.), which corre- 
sponds to a cusp (32.) on the index-surface, we may suppose that this cusp is at 


the point @ in fig. 89, writing now (instead of CKXIX. CXXX..), 
OXXXT...0a=», OP=0, OW=,, 0Q =—»v,', &.; 


for then the ridge (or circle of contact) on the wave will coincide with the 
second circle (48.), and the cone of rays p from o, which rests upon this circle, 
will have the jist circle (43.) for a sub-contrary section : also the vibration, at 
any point r of the wave-ridge, will have the direction of the chord ra’, for 
reasons of the same kind as before. 

(45.) Let x and x’ denote the bisecting points of the lines Pa’ and er’, 
in the same fig. 89; then x’ is the centre of the index-ridge, in the case (48.) ; 
while, in the case (44.), K is the centre of the wave-ridge. 

(46.) In the first of these two cases, the point K is not the centre of any 
ridge, on either wave or index-surface; but it 7s the centre of a certain sub- 
contrary and circular section (43.), of the cone with o for vertex which rests 
upon an index-ridge; and each of its chords PR has the direction (43.), of a 
vibration Sp,, at the wave-cusp P corresponding: so that this cusp-vibration 
revolves, in the plane of the circle last mentioned, with exactly half the angular 
velocity of the revolving radius KR. 

(47.) And every one of those cusp-vibrations 8p,, which (as we have seen) 
are all situated in one plane, namely, in the tangent plane at the cusp P to the 
ellipsoid (b) of (28.), has (as by (14.) it ought to have) the direction of the 
projection of the cusp-ray p,, on some tangent plane to the tangent cone to the 
wave, at that point P: to the determination of which last cone, by some new 
methods, we purpose shortly to return. 

(48.) In the second of the two cases (45.), namely, in the case (44.), Pa’ is 
a diameter of a wave-ridge, with x for the centre of that circle, and with a 
plane (perpendicular to that of the figure) which touches the wave at every 
point of the same circular ridge; and the vibration, at any such point R, has 
been seen to have the direction of the chord ra’, which is in fact the projection 
(14.) of the ray ox upon the tangent plane at x to the wave. 
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(49.) And we see that, in passing from one point to another of this wave- 
ridge, the vibration ra revolves (comp. (46.)) round the fixed point Q’ of that 
circle, namely, round the foot of the perpendicular from o on the ridge-plane, 
with (again) half the angular velocity of the revolving radius KR. 

(50.) These daws of the two sets of vibrations, at a cusp and at a ridge upon 
the wave, are intimately connected with the two conical polarizations, which 
accompany the ¢wo conical refractions,* external and. internal, in a biaxal crystal ; 
because, on the one hand, the theoretical deduction of those two refractions is 
associated with, and was in fact accomplished by, the consideration of those 
cusps and ridges: while, on the other hand, in the theory of Fresnel, the 
vibration is always perpendicular to the plane of polarization. But into the 
details of such investigations, we cannot enter here. 

(51.) It is not difficult to show, by decomposing p’ into two other vectors, 
p 1 and p’2, perpendicular and parallel to the plane of ac, that we have the 
general transformation, for any vector p’, 


CXXXII. . . Sp’ (p + a) (@ + 6%) p’ = (Su.pop’)? 


the equation OI. of the tangent cone at a wave-cusp may therefore be thus 
more briefly written, 


CXXXIII. . . (Su.p.p’)? = 48p,p’Spop’ ; 


and under this form, the cone in question is easily proved to be the /ocus of 
the normals from the cusp, to that other cone-CVII., which has p for a side, 
and the wave-centre o for its vertex: while the same cone CVII. is now seen, 
more easily than in (84.), to be reciprocally the locus of the perpendiculars 
from o on the tangent planes to the wave at the cusp, in virtue of the new 
equation CXXXIII., of the tangent cone at that point. 

(52.) Another form of the equation of the cusp-cone may be obtained as 
follows. The equation LXXIV. of the wave:may be thus modified (comp. 


* The writer’s anticipation, from theory, of the two Conical Refractions, was announced at a 
general meeting of the Royal Irish Academy, on the 22nd of October, 1832, in the course of a final 
reading of that Third Supplement on Systems of Rays, which has been cited in a former Note (p. 324). 
The very elegant experiments, by which his friend, the Rev. Humphrey Lloyd, succeeded shortly 
afterwards in exhibiting the expected results, are detailed in a Paper On the Phenomena presented by 
Light, in its passage along the Axes of Biaxal Crystals, which was read before the same Academy on 
the 28th of January, 1833, and is published in the same first part of vol. xvii. of their Z’ransactions. 
Dr. Lloyd has also given an account of the same phenomena, in a separate work since published, 
under the title of an Elementary Treatise on the Wave Theory of Light (London, Longmans and Co., 
1857, Chapter XI.). 
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LXXVI.), by the introduction of the two non-opposite cusp-rays, p, = DUA 
(CXXIIT.), and p, = 6UN’: 


OXXXITV. . . 2a7b’c? + (a + c°) bp? + (a — &*) Sp.p . Spip 
= + (a — c) UV pp: EV ip; 
where it will be found that the first member vanishes, as well as the second, 
at the cusp for which p = py. 
(53.) Changing then p to p, + p’, and retaining only terms of first 


dimension in p (comp. (31.)), we find an equation of unifocal form (comp. 
309, &e.), 


CXXXYV. = S00 =4 0 Vap5;0r CRRXKYV 2. Vao) +86 p)i=0; 
with the two constant vectors, 
CXXXVL. . . a, = (07 — a)? (c* - B*\¥o,; CXXXVI’...B,=m- p73 


and this equation CXXXV. or CXXXYV’. represents the tangent cone, with p’ 
for side, 83,p’ being positive for one sheet, but negative for the other. 

(54.) As regards the calculations which conduct to the recent expressions 
for a,, 2), it may be sufficient here to observe that those expressions are 
found to give the equations, 


CXXXVII. .. 2a°b’c’a, = (@ - ¢*) po UV p.p13 
CXXXVIT’. . . 2a°?c?B, = 2 (a? + c*) Bp, + (@ — &) (pSpopi — Fp) ; 
and that, in deducing these, we employ the values, 


BSN’ BT VAN | 


CXXXVITI. ws Sp,p1 = TQ? TV p,0: a SIP 9 


together with the formula XCIX., and the following, 
OX XK EX y (py a (1) = ge (po a (1) > © (Po By p1) = 6. (Po + pi): 


(55.) It is not difficult to show that the equation CXXXY. or CXXXYV%., 
of the tangent cone at a cusp, can be transformed into the equation 
OXXXIII.; but it may be more interesting to assign here a geometrical 
interpretation, or construction, of the unifocal form last found (53.). 
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(56.) Retaining then, for a moment, the use made in (43.) of fig. 89, as 
serving to illustrate the case of a wave-cusp at P, with the signification (45.) 
of the new point x’ as bisecting the line P’a, or as being the centre of the 
index-ridge; and conceiving a parallel cone, with o instead of P for vertex, 
and with a variable side or = p’; then the cusp-ray oP (= p, || a,) is a focal line 
of the new cone, and the line ox’ {= 3 (wu, — p,') = $3,) is the directive normal, 
or the normal to the director plane corresponding ; and the formula CX XXY. 
is found to conduct to the following, 


CXL. . . cos KOT = sin POK’ sin POT, 


which may be called a Geometrical Equation of the Cusp-Cone: or (more 
immediately) of that Parallel Cone, which has (as above) its vertex removed 
to the wave-centre o. 

(57.) Verifications of CXL. may be obtained, by supposing the side or to 
be one of the two right lines, p’1, p’2, in which the cone is cut by the plane of 
the figure (or of ac); that is, by assuming either 


CAGE J0T = py = nyc ay Ou, cor ON or = g2— 6, se ow 


and it is easy to show, not only that these two sides, ov, ow, make (as in 
fig. 89) an obtuse angle with each other, but also that they belong to one 
common sheet, of the cone here considered, because each makes an acute angle 
with the directive normal ox’. 

(58.) Another way of arriving at this result, is to observe that the 
equation CXXXIII. takes easily the rectangular form, 


CXLIL. . . (8p (Up, + Upy))? = (Sp’ (Um, — Upy))? + Lup, (Sp U popo)? 5 


the internal axis of the cusp-cone has therefore the direction of Up, + Up,, that 
is, of the internal bisector of the angle Poa, while the external bisector of the 
same angle is one of the two external aves, and the third axis is perpendicular 
to the plane of py, uo; but Se’ (Un, + Up,) < 0, whether p’ = p1, or = p2: and 
therefore these two sides, p’; and p’2, belong (as above) to one sheet, because 
each is inclined at an acute angle to the internal axis Un, + Upp. 

(59.) It is easy to see that the second focal line of the parallel cone (56.) is 
My Or 0Q; and that the second directive normal corresponding is the line ox 
(45.), in the same fig. 89; whence may be derived ale CXL.) this 
second geometrical equation of ihe cone at 0, 


CXLITI. .. coskor = sinkoe singor; with Kog = PoK’. 
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(60.) And finally, as a bifocal but still geometrical form of the equation of 
the cusp-cone, with its vertex thus transferred to 0, we may write, 


CXLIV...ZPpotTr+ ZqQot = const. = Z wov. 


(61.) Any legitimate form of any one of the four functions dp, op, Spdp, 
Sp¢“p, when treated by rules of the present Calculus which have been already 
stated and exemplified, not only conducts to the connected forms of the 
three other functions of the group, but also gives the corresponding forms of 
equation, of the Wave and the Index-Surface. 

(62.) For instance, with the significations (82.) of », and », the scalar 
function Sp¢ p, which is =1 in the equation XXX. of the Reciprocal 
Ellipsoid (9.), may be expressed by the following cycle form, with w, v, 
for the cyclic normals of that ellipsoid, 


CXLV. .. Spd tp = — Bp? + (@ -— &)PSrpSrp ; 


reciprocating which (comp. 361), we are led to a bifocal form of the function 
Se¢p, which function was made = 1 in the equation XXIX. of the Generating 
Eilipsoid (8.), and is now expressed by this other equation (comp. 360, 407), 


4a°c* oU+e 
Ce (Sppp + %p*) = (Svop)’ + (Suip)? - 2 


CXEVE:,. SypSvip 3 


a 


Vos vi being here the two (real) focal lines of the same ellipsoid (8.), or of its 
(imaginary) asymptotic cone. 

(63.) Substituting then these forms (62.), of Spgp and Spd "p, in the 
equation LXIII., we find (after a few reductions) this new form of the 
Equation of the Wave: 


CXLVIL. . . (2p?-(a-©)Sv,pSvp+a@+e) = (a-c?)? {1-(Sv,p)*} {1 - (Svip)"}; 


whence it follows at once, that each of the four planes CXI. touches the wave, 
along the circle in which it cuts the quadric, with v,, v; for cyclic normals, which is 
found by equating to zero the expression squared in the first member of 
OXLVII. For example, the first plane CXI. touches the wave along that 
circle, or wave-ridge, of which on this plan the equations are, 


62. G Bp AB ae Sy, + i=); 2p" aa (a? = c’)Syip = (a + c*) Sy =; 
and because 


CXL Xes-, (vy +m) =—- a*(y + 1), o(v, —) =- c* (Vp on v1), 
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and therefore, with the value CXIITI. of a,, 
CL. ..06,=-@eov, =3((2 + &)y, — (@ - c)r), 
the second equation CX LVIILI. ste (comp. CX.) the diacentrie sphere, 
Ohl pop, or <Oll «280,57 = Ef, 


which passes through the wave-centre 0, and of which the ridge here considered 
is a section. The diameter of that ridge may thus be shown again to have 
the value CXII.; and it may be observed that the circle is a section also of 
the cone, 


CLIT. .. 8v,0Se,0 =- p’, or CLIT’... Sv pSe,07 = —- 1. 


(64.) It was shown in (17.) that the vibration dp, at any point of the 
wave-surface, or at the end of any ray p, is perpendicular to g“p, as well 
as to u by II.; and is therefore tangential to the variable edipsoid LIX , as 
well as to the wave itself. Hence it is easy to infer, that this vibration must 
have generally the direction of the auxiliary vector w, because not only 
Suw = 0, by XXXIX., but also Swe 'p = Spp'tw = Spv = 0, by XXIT. and 
XXXVII. Indeed, this parallelism of dp to w results at once by XX XVII. 
from XII. 

(65.) If then we denote by 6’p an infinitesimal vector, such as nde, which 
is tangential to the wave, but perpendicular to the vibration ép, the parallelism 
dp || @ will give, 


CLITI. .. %p =pdp || wo Lp, because CLIT’... Spuw = 0; 
whence 
CEL. Spop=0,. ole =O. “or ClLY. -. to 7— const, 


for this new direction op of motion upon the wave. 

(66.) And thus (or otherwise) it may be shown, that the Orthogonal 
Trajectories to the Lines of Vibration (17.) are the curves in which the Wave 
is cut by Concentric Spheres, such as CLY.; that is by the spheres p* + 7° = 0, 
in which the radius r is constant for any one, but varies in passing from one 
to another. 

(67.) The spherical curves (7), which are thus orthogonal to what we have 
called the Zines (h) of vibration, are sphero-conics on the wave ; either because 
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each such curve (7) is, by XXVIII., situated on a concentric and quadric 


cone, namely, 


OLVit.s. 0 =Sp(o4 +27) 
or because, by XX VIL, it is on this other concentric quadric, 
CLVILI. ..-1=Sp(o"' + 7’). 


(68.) It is easy to prove (comp. LXXV.) that, for any real point of the 
wave, 7” cannot be less than c’, nor greater than a’; and that the squares of 
the scalar semiaxes of the new quadric CLVILI. are, in algebraically ascending 
order, 7? — a’, 7? — b?, 7? — cc’; so that this surface is generally an hyperboloid, 
with one sheet or with two, according as 7 > or < 0. 

(69.) And we see, at the same time, that the conjugate hyperboloid, 


OLVIII. ..+1=Sp(¢71 + 7*)", 


which has two sheets or one, in the same two cases, * > 6, 7 < 6, and has (in 
descending order) the values, 


CLLR a 9 a Ot err, 


for the squares of its scalar semiaxes, is confocal with the generating ellipsoid 
XXIX.; so that the quadric CLVIL. itself is the conjugate of such a confocal. 

(70.) To form a distinct conception (comp. (67.)) of the course of a curve 
(7) upon the wave, it may be convenient to distinguish the five following cases : 


COUR (ay. a (Oe ey) a et — 
CP pee a Ge eee 


(71.) In each of the three cases (a) (y) (e), the conte (r) becomes a circle, 
in one or other of the three principal planes: namely the circle (a), for the 
case (a); (b) for (y); and (c) for (e). 

(72.) In the case (3), the curve (7) is one of double curvature, and consists 
of two closed ovals, opposite to each other on the wave, and separated by the 
plane a), which plane is not (really, met, in any potut, by the complete sphero- 
conic (r) ; and each separate oval crosses the plane (b) perpendicularly, in two 
(real) points of the ellipse (b), which are external to the circle (b): while the 


same oval crosses also the plane (c) at right angles, in some two real points of 
the ellipse (ce). 
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(73.) Finally, in the remaining case (8), the ovals are separated by the 
plane (c), and each crosses the plane (0) at right angles, in fwo points of the 
ellipse (b), which are interior to the circle (b) ; crossing also perpendicularly 
the plane (a), in two points of the ellipse (a). 

(74.) Analogous remarks apply to the dines of vibration (h); which are 
either the edlipses (a) (b) (ce), or else orthogonals to the circles (a) (b) (c), and 
generally to the sphero-conics (r), as appears easily from foregoing results. 

(75.) It may be here observed, that when we only know the direction (Up), 
but not the Jength (Tu), of an index-vector p, so that we have two parallel 
tangent planes to the wave, at one common side of the centre, the directions 
of the vibrations 8p differ generally for these two planes, according to a law 
which it is easy to assign as follows. 

(76.) The second values of u and dp being denoted by mu, and 8p,, we have, 
by the equation IX. of the index-surface, these two other equations : 


CLXI...0=Su(¢?-p*)"u; CLXI’...0=Su(¢? - n7)"n; 
of which the difference gives, suppressing the factor u,;* — pu, 


CLAII....0= Su (¢? — 477)7 (67 = w*) tn; 
or 


CLXIT’...0=S8 (gp? - 7") u(¢" - 47)", 


because (p' — w;*)"', as a functional operator, is se//conjugate, so that u may 
be transferred from one side of it to the other; just as, if vy = gp be such a 
self-conjugate function of p, then v? = Sv¢p = Spdv = Sp¢’p, &e. 

(77.) But, by VIII., we have the parallelisms, 


CERT doll (Os — yet) CLXIIT’. .. dp, || (@? - 477) "pn; 
hence, by CLXII’., we have the very simple relation, 
CLXIV. ..S8dpdp,=0; 


that is, the two vibrations, in the two parallel planes, are mutually rectangular. 

(78.) ‘Che following quite different method has however the advantage of 
not only proving anew this known relation of rectangularity, but also of 
assigning guaternion expressions for the two directions separately: and, at the 
same time, that of leading easily to what appears to be a new and elegant 
Geometrical Construction, simpler in some respects than the known one, which 
can indeed be deduced from it. 

$2 
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(79.) By the first principles of Fresnel’s theory (comp. (38.)), the vibration 
(sp), on any one tangent plane to the wave, is situated in the normal plane 
(through js), which contains the direction (é) of the elastic force; that is 
to say, we have the Equation of Complanarity, 


CLXYV. . . Sudpde = 0. 
(80.) We have then, by II. and V., the system of the two equations, 
CLXVI...Syudp = 0, Sudpd sp = 0; 
comparing which with the equations of the same form, _ 
Svr = 0, Syrgz = 0, 410, V. VI. 


we derive at once the following Construction, which may also be expressed as a 
Theorem :— 

“¢ At either of the two points a of the Reciprocal Ellipsoid XXX., the tangent 
plane at which is parallel to that at the given point p of the Wave, the tangents to 
the Lines of Curvature on the Ellipsoid are parallel to the tangents to the Lines 
of Vibration on the Wave”’; namely, to one at that given point P itse/f, and to 
another at the other point P’, on the same side of the centre, at which the 
tangent plane is parallel to each of the two others above mentioned. 

(81.) Thus, for each of the two points p, P’ the line of vibration is parallel 
to one of the lines of curvature at a; and it is evident, from what precedes, 
that the other of these last lines has the direction of the corresponding 
Orthogonal (66.) at P or Pp’: nor is there any danger of confusion. 

(82.) As regards quaternion expressions, for the two vibrations on a given 
wave-front, the sub-article, 410, (8.), with notations suitably modified, shows 
by its formule XIX. XXII. that we have here the equations, 


CLXVIT. .. 0 = Sudpv,dpr. = Sudpy,Svidp + Sudpvi8v,dp, 
and CXVIIT. . . dp || UVur, t UVun, 


if v,, v, be, as in earlier formule of the present Series 422, the cycle normals 
of the reciprocal ellipsoid, which are often called the Optic Axes of the Crystal. 

(83.) And hence may be deduced the known construction, namely, that 
“for any given direction of wave-front, the two planes of polarization, perpen- 
dicular respectively to the two vibrations in Fresnel’s theory, bisect the two 
supplementary and diedral angles, which the two optic axes subtend at the normal 
to the front”: or that these planes of polarization bisect, internally and 
externally, the angle between the two planes, uv, and pr. 


Art. 422. | FRESNEL’S THEORY. 5349 


(84.) It may not be irrelevant here to remark, that if uw and w, be any two 
index-vectors, which have (as in (76.)) the same direction, but not the same 
length, the equation LXTYV. enables us to establish the two converse relations: 


OLXIX. . . aboTu, = (Sugu)?;  OLXIX’... aboTn = (Suopn,)*. 


(85.) Hither by changing a, b, ¢, ¢, u to a*, b*, ¢”, ¢", p, or by treating 
the form LXIII., in (19.), of the Hguation of the Wave, as we have just 
treated the form LXIV., of the equation of Index-Suiface, in the same 
sub-article (19.), we see that if p and p, be any two condirectional rays 
(Up, = Up), then, 


CLXX. . . (abe)"Tp, = (Sp¢p)*, or, abcT p= = (Spg"p)*; 
and 
OLXX’.. . (abe)"Tp = 8 (p,¢",)%, or, abcTp™ = (Sop %,)*. 


(86.) A somewhat interesting geometrical consequence may be deduced 
from these last formule, when combined with the equation LIX. of that 
variable ellipsoid, Spo p = h*, which cuts the wave in a line of vibration (h). 
For if we introduce this symbol /‘ for Sp¢“p, and write ”, instead of Tp, to 
denote the /ength of the second ray p,, the first equation CLXX. will take this 
simple form, 


OLXXI. ..r, = abch", 


which shows at once that 7, and / are together constant, or together variable ; 
and therefore, that ‘ a Line of Vibration on one Sheet of the Wave is projected 
into an Orthogonal Trajectory to ali such Lines on the other Sheet, and conversely 
the latter into the former, by the Vectors p of the Wave”: so that one of these 
two curves would appear to be superposed upon the other, to an eye placed at 
the Wave- Centre o. 

(87.) The visual cone, here conceived, is represented by the equation CLVI., 
with some constant value of 7; and as being a surface of the second degree, it 
ought to cut the wave, which is one of the fourth, in some curve of the eighth 
degree; or in some system of curves, which have the product of their dimen- 
sions equal to eigit. Accordingly we now see that the complete intersection, 
of the cone CLYI. with the wave, consists of two curves, each of the fourth 
degree; one of these being, as in (67.), a complete sphero-conic (r), and the 
other a complete dine of vibration (h): a new geometrical connexion being 
thus established between these ¢wo quartic curves. 
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(88.) As additional verifications, we may regard the three principal planes, 
as limits of the cutting cones; for then, in the plane (a) for instance, the circle 
(a) and the ed/ipse (a), which are (in a sense) projections of each other, and 
of which the /atter has been seen to be a dine of vibration, are represented 
respectively by the two equations, 


CLOEXTiAe 7 =o, and +x be A 


in agreement with CLXXI.; and similarly for the two other planes. 

(89.) It was an early result of the quaternions, that an ellipsoid with its 
ceutre at the origin might be adequately represented by the equation (comp. 
281, XXIX., or 282, XIX.), 


GER Gs 2 ae 


or, without any restriction on the two vector constants, «, k, » by this other 
equation,* 


CLXXIINT’. .. T (ep + px)? = (x? - )*. 


(90.) Comparing this with Spgp = 1, as the equation XXIX. of the 
Generating EKilpsoid, we see that we are to satisfy, independently of p, or as 
an identity, the relation (comp. 336) : 


CLXXIV. .. (x? - 7)?Spdp = (1p + px) (oe + Kp) = ( + &’) p® + 2upxp 5 
which is done by assuming (comp. again 336) this cyclic form for 4, 
CLXXYV. .. (° -0)*hp = (8+ «)p + 2V«pe = (e—K)’'p + WwWSp + %WSuo ; 
or as in (24.) comp. 389, III. IV., 


bp go & WApN Gobo oe Siph e DX XE KK 


* This equation, CLX XIII’. or CLXXII., which had been assigned by the author as a form of 
the equation of an ellipsoid, has been selected by his friend Professor Peter Guthrie Tait, now of 
Edinburgh, as the basis of an admirable Paper, entitled: ‘‘ Quaternion Investigations connected with 
Fresnel’s Wave-Surface,’’ which appeared in the May number for 1865, of the Quarterly Journal of 
Pure and Applied Mathematics ; and which the present writer can strongly recommend to the careful 
perusal of all quaternion students. Indeed, Professor Tait, who has already published tracts on 
other applications of Quaternions, mathematical and physical, including sume on Electro- Dynamics, 
appears to the writer eminently fitted to carry on, happily and usefully, this new branch of mathe- 
matical science: and likely to become in it, if the expression may be allowed, one of the chief 
successors to its inventor. 
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with expressions for the constants g, A, A’, which give, by LXXVI., the 
following values for the scalar semiaxes,* 


our 
CLXXVI...¢=Ti+ Tk; aa c=Ti- Te; 
whence conversely, 
CLXXVIL...T. =; Te = SS; Te) ==; &e. 


(91.) Knowing thus the form CLXXV. of the function ¢, which answers 
in the present case to the given equation CLXXIII. of the generating 
ellipsoid, there would be no difficulty in carrying on the calculations, so as 
to reproduce, in connexion with the ¢wo constants 1, x, all the preceding 
theorems and formule of the present Series, respecting the Wave and the 
Index-Surface. But it may be more useful to show briefly, before we 
conclude the Series, how we can pass from Quafernions to Cartesian Co- 
ordinates, in any question or formula, of the kind lately considered. 

(92.) The three italic letters, ijk, conceived to be connected by the four 
Jundamental relations, 


Papa =yk=-1, (A), 183, 


were originally the only peculiar symbols of the present Calculus; and although 
they are not now so much used, as in the early practice of quaternions, because 
certain general signs of operation, such as 8S, V, T, U, K, have since been 
introduced, yet they (the symbols 7k) may be supposed to be sti/7 familiar 
to a student, as links between quaternions and coordinates. 

(93.) We shall therefore merely write down here some leading expressions, 
of which the meaning and utility seem likely to be at once perceived, especially 
after the Calculations above performed in this Series. 


* The reader, at this stage, might perhaps usefully turn back to that Construction of the Kllipsoid, 
illustrated by fig. 53 (page 234, vol. i., and page 184), with the Remarks thereon, which were given 
in the few last Series of the Section II. i. 13, pages 230, 242, vol. i. It will be seen there that the 
three vectors, 1, x, « - x, of which the lengths are expressed by CLXXVII., are the three sides 
CB, CA, AB, of what may be called the Generating Triangle anc in the figure; and that the deduction 
CLXXVI., of the three semiawes, abc, from the two vector constants, 1, x, With many connected results, 
can be very simply exhibited by Geometry. The whole subject, of the equation T(1p + px) = «?— 0? of 
the ellipsoid, was very fully treated in the Lectures ; and the calculations may be made more general, 
by the transformations assigned in the long but important Section ILI. ii. 6 of the present Elements, 
so that it seems unnecessary to dwell more on it in this place. 


iy ee ELEMENTS OF QUATERNIONS. (III. ur. § 8. 


(94.) The vector semiaxes of the generating ellipsoid being called a, 3, y 
(comp. (40.) (42.)), we may write, 


CIO VLE Sd 4B abe hes 
CLXXIX. .. dp = a'Sa'p + B'SB"p + ySy"p = Sa'Salp = - Bia*e; 
CLXXX. .. Spgp = S(Sa'p)? = Sa%a?; CLXXXI. .. Spd" = Sa*e’; 
CLXXXIT. .. (¢ + e)p = Sa(a? + e)Sarp ; 
CLXXXIII. .. (¢ + e)"p = 3a (a? + €)* Sap; 
CIX RIN aire =i Se then yea 


2 i 2ns2 2 ap 
CLXXXV. .. for Wave, 0 = Spy = 3 = hic + oy one 


a 
or 


CLXXXVI...1l=- Spw =— Sou =— Suge 


and the Index-Surface may be treated similarly, or obtained from the Wave 
by changing ade to their reciprocals. 

423. As an eighth specimen of physical application we shall investigate, 
by quaternions, Mac Cullagh’s Theorem of the Polar Plane,* and some things 
therewith connected, for an important case of incidence of polarized light on 
a biaxal crystal: namely, for what was called by him the case of uniradial 
vibrations. ? 

(1.) Let homogeneous light in air (or in a vacuum), with a velocityt 
taken for unity, fall on a plane face of a doubly refracting crystal, with such 
a polarization that only one refracted ray shall result ; let p, p’, p” denote the 
vectors of ray-velocity of the incident, refracted, and reflected lights respectively, 
p having the direction of the incident ray, prolonged within the crystal, but p” 


* See pages 39, 40 of the Paper by that great mathematical and physical philosopher, ‘‘ On the 
Laws of Crystalline Reflexion and Refraction,’ already referred to in the Note to page 324 (Zvrans- 
actions R. I. A., vol. xviii., part i.), 

+ Of course, by a suitable choice of the units of time and space, the velocities and slownesses, here 
spoken of, may be represented by Jines as short as may be thought convenient. 
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that of the reflected ray outside; and let pw’ be the vector of wave-slowness, or 
the index-vector (comp. 422, (1.)), for the refracted light: these four vectors 
being all drawn from a given point of incidence o, and yp’, like p’, being 
within the crystal. 

(2.) Then, by al/* wave theories of light, translated into the present 
notation, we have the equations, 


I... p*=By'p' =p" =-1; 
tl op = py yy Wine AL Pn oO, 


where pv is a normal to the face; whence also, 
U4 
oe 
Til! op = as 
nee 


LV. 3p" + p= 21 NV Vee Vip = yo Ves 


and 
V...p’-p=— 2vSpv! = - 2v Bor ; 


so that the three vectors, p, uw’, p’, terminate on one right line, which is perpen- 
dicular to the face of the crystal: and the bisector of the angle hetween the 
jirst and third of them, or between the incident and reflected rays, is the 
intersection 1 of the plane of incidence with the same plane face. 

(3.) Let 7, 7’, 7” be the vectors of vibration for the three rays p, p’, p”, 
conceived to be drawn from their respective extremities ; then, by a//+ theories 
of tangential vibration, we have the equations, 


Wie Spe s0e 1 VEL Se ee Oe 


to which Mac Cullagh adds the supposition (a), that the vibration in the 
crystal is perpendicular to the refracted ray: or, with the present symbols, 


that 
IX. ..Sp’r’=0; whence X...7'|| Vu'p, 


the direction of the refracted vibration 7’ being thus in general determined, 
when those of the vectors p’ and p’ are given. 


* These equations may be deduced, for example, from the principles of Huyghens, as stated in 
his Tractatus de Lumine (Opera reliqua, Amst., 1728). 

+ The equations VI. VII. VIII. hold good, for instance, on Fresnel’s principles ; but Fresnel’s 
tangential vibration in the crystal has a direction perpendicular to that adopted by Mac Cullagh. 
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(4.) To deduce from 7’ the ¢wo other vibrations, r and 7’, Mac Cullagh 
assumes, (5), the Principle of Equivalent Vibrations, expressed here by the 


formula, 
DG tie .T-tt+r =0, 


in virtue of which the three vibrations are parallel to one common plane, and 
the refracted vibration is the vector sum (or resultant) of the other two; 
(c), the Principle of the Vis Viva, by which the reflected and refracted lights are 
together equal to the incident light, which is conceived to have caused them ; 
and (d), the Principle of Constant Density of the Ether, whereby the masses of 
ether, disturbed by the three lights, are simply proportional to their volumes : 
the ¢wo dast hypotheses* being here jointly expressed by the equation, 


XII... Sv (p7? - p’r? + pr’) = 0. 


(5.) Eliminating p” and 7” from XII. by V. and XI., 7? goes off; and 
we find, with the help of I. and IT’., the following linear equation in 7, 


Sen oe pene a RLIG = le: 
T 


a second such equation is obtained by eliminating p” and 7” by III. and XI. 
from VIII., and attending to I. VI. VII., namely, 


be hs 2Spv8y'r = (p” a a) Spr’ as Su’v'Spr’ ; 


and a third linear equation in r is given immediately by VI. 
(6.) Solving then for 7, by the rules of the present Calculus, this system 
of the three linear and scalar equations VI. XIII. XIV., we find for the 


incident vibration the following vector expression,t 


‘és Vopr 
- 28pv ’ 


MV cs eat Danes 27Spv = 7’ Spv’ < vSpr’; 


* In the concluding Note (page 74) to this Paper, Professor MacCullagh refers to an elaborate 
Memoir by Professor Neumann, published in 1837 (in the Berlin Transactions for 1835), as containing 
precisely the same system of hypothetical principles respecting Light. But there was evidently a 
complete mutual independence, in the researches of those two eminent men. Some remarks on this 
subject will be found in the Proceedings of the R. I. A., vol. i., pages 232, 374, and vol. ii., page 96. 

t The expressions XV. XVI. enable us to determine, not only the directions Ur, Ur” of the 
incident and reflected vibrations, but also their amplitudes I'r, Tr", or the intensities Tr?, Tr’ of the 
incident and reflected lights, for any given or assumed amplitude Tv’ of the refracted vibration, or 
intensity Tr? of the refracted light, after having determined the direction Ur’ of the refracted 
vibration by means of the formula X. 
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and accordingly it may be verified by mere inspection, with the help of VIT. 
and IX., that this vector value of 7 satisfies the three scalar equations (5.). 
And when the incident vibration has been thus deduced from the refracted 
vibration 7’, the reflected vibration 7” is at once given by the formula XI, or 
by the expression, 


DEA Ee eee Ee 
7.) The relation XV’. gives at once the equation of complanarity, 
meV Ty er Cor tne sormula. AV LLio ei 6 ree 


if then a plane be anywhere so drawn, as to be parallel (4.) to the three 
vibrations 7, 7’, r’’, it will be parallel also to the line p’ - p’, which connects two 
corresponding points, on the wave and index-surface in the crystal: but this is 
one form of enunciation of Professor Mac Cullagh’s Theorem of the Polar 
Plane, which theorem is thus deduced with great simplicity by quaternions, 
from the principles above supposed. 

(8.) For example, if we suppose that op and 0g, in fig. 89, represent the 
refracted ray p’, and the index vector p’ corresponding, and if we draw through 
the line pq a plane perpendicular to the plane of the figure, then the plane so 
drawn will contain (on the principles here considered) the refracted vibration 7’, 
and will be parallel to both the incident vibration r and the re, lected vibration 7”; 
whence the directions of the two latter vibrations may be in general deter- 
mined, as being also perpendicular respectively to the incident and reflected 
rays, p and p’: and then the relative intensities (Tr?, Tr”, Tr”) of the three 
lights may be deduced from the relative amplitudes (Tr, Tr’, Tr”) of the three 
vibrations, which may themselves be found from the three complanar directions, 
by a simple resolution of one line r’ into two others, of which it is the vector 
sum, as if the vibrations were forces. 

(9.) The equations IT’. IV’. V. and XIII’. enable us to express the four 
vectors, u’(= p+ v), «(=p —»8rp), p”(= p'- 2v8vp), and p’(=p +7 -’), 
in terms of the three vectors p, v, v’, which are connected with each other by 
the relation, 


XIX. ..c(=p-v Srp), p” (=p -2vS8vp), and p’(=p+v-v), 
XIX... »° + 2p = 8v’(o + v), because XIX’... Sup’ =S(v’ - v)p, 


as in XITII., or because pw” — p? = Sy’v’ by I. and XIII’.; and with which 7’ 
is connected (VII. and IX.), by the two equations, 


pO S(p + v)r = 0, and XXI...Sy'r = 0; 
222 
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while r and 7” are connected with the same three vectors, and with 7’, by the 
relations VI. VIII. XI. XIII., which conduct, by elimination of 7”, to the 
following system (comp. (5.)) of three linear and scalar equations in 7, 


XXII... Spr =0; 2SvpSvr = Sv’(o + v) Sr’; WrpSr Ir = Sy’p ; 
and therefore to the vector expression, 
27Svp = Vpv’r’, as in XV. 


(10.) By these or other transformations, there is no difficulty in deducing 
this new equation, in which w may be any vector, 


XXIII... VvV{(p — w) 7 - (p' -— w) 7’ + (p" - wr" Jr’ = 0; 


and conversely, when w is thus treated as arbitrary, the formula XXIII., with 
the relations (9.) between the vectors p, p’, p”, v, v, mw’, but without any 
restriction (except itself) on 7, 7, 7”, is sufficient to give the two vector 
equations, 


XI...r-rt+r’=0, and XXIV...pr-prtpr =a" +y, 
in which 
XXV...2=Sv(or — p’r’+ pr”) =Svv’7’, and XXVI... y= S(r - p'r'v + or); 
and which conduct to the ¢wo scalar equations (among others), 


XXVIII... 8 (or - pr’ + p’r”) =0, if XXVIT’...Skv=0 
and 
XXVIII. . . Svp (Spr — Sp’”’r”) = Svp’8yu'r’ ; 


so that if we now suppose the equations VI. VIII. IX. to be given, the 
equation VII. will follow, by XXVIII.; while, as a case of XXVII., and 
with the signification IV. or IV’. of :, we have the equation, __ 


XXIX,. .. Si(pr — p’r’ + p’r”) = 0. 


(11.) And thus (or otherwise) it may be shown, that the three scalar 
equations VI. VIII. IX., combined with the one vector formula XXIII, 
which (on account of the arbitrary w) is equivalent to five scalar equations, 
are sufficient to give the same direction of r’, and the same dependencies of + 
and 7” thereon, as those expressed by the equations X. XV. XVI.; and 
therefore (among other consequences), to the formule XII. and XVII. 
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(12.) But the equations VI. VIII. IX. contain what may be called the 
Principle of Rectangular Vibrations (or of vibrations rectangular to rays); and 
the formula XXIII. is easily interpreted (416.), as expressing what may 
be termed the Principle of the Resultant Couple: namely, the theorem, that 
if the three vibrations (or displacements), 7, 7’, 7”, be regarded as three forces, 
RT, RT’, R’T”’, acting at the ends of the three rays, p, p', p’, OF OR, OR’, OR” 
(drawn in the directions (1.) from the point of incidence 0), then this other 
system of three forces, Rv, — Rt’, R’T” (conceived as applied to a solid body), 
is equivalent to a single couple, of which the plane is parallel (or the axis 
perpendicular) to the face of the crystal. 

(18.) It follows then, by (10.) and (11.), that from these two principles,* 
(I.) and (II.), we can infer a// the following : 

(III.) the Principle of Vangential Vibrations (or of vibrations tangential to 
the waves) ; . 

(IV.) the Principle of Equivalent Vibrations (4.) ; 

(V.) the Principle of the Vis Viva, as expressed (in conjunction with that 
of the Constant Density of the Ether) by the equation XIL. ; 

(VI.) the Principle (or Theorem) of the Polar Plane ; 

And (VII.) what may be called the Principle of Equivalent Moments,t 
namely, theorem that the Moment of the Refracted Vibration (Rr’t’) is equal to 


* The word “ Principle’? is here employed with the usual latitude, as representing either an 
hypothesis assumed, or a theorem deduced, but made a ground of subsequent deduction. The principle 
(I.) of rectangular vibrations coincides, for the case of an ordinary medium, with the principle (II1.) 
of tangential vibrations ; but, for an extraordinary medium, except for the case (not here considered) 
of ordinary rays in an uniazxal crystal, these two principles are distinct, although doth were assumed 
by MacCullagh and Neumann. The present writer has already disclaimed (in the Note to page 323) 
any responsibility for the physical hypotheses ; so that the results given above are offered merely as 
instances of mathematical deduction and generalization attained through the Calculus of Quaternions. 


t In a very clear and able Memoir, by Arthur Cayley, Esq. (now Professor Cayley), ‘‘On 
Professor MacCullagh’s Theorem of the Polar Plane,’? which was read before the Royal Irish 
Academy on the 23rd of February, 1857, and has been printed in vol. vi. of the Proceedings of that 
Academy (pages 481-491), this name ‘‘ principle of equivalent moments,’’ is given to a statement 
(page 489), that ‘‘the moment of R’t’ round the axis 4H, is equal to the sum of the moments of 2 
and £"t” round the same axis’’; the line 4H being (page 487) the intersection of the plane of 
incidence with the plane of separation of the two media, that is, with the face of the crystal; while 
Rt, Rt’, Rt" are lines representing (page 488) the three vibrations (incident, refracted, and reflected), 
at the ends of the three rays AR, AR’, AR", which are drawn from the point of incidence .4, so as to 
lie, all three (page 487), within the crystal. And in fact, if this statement be modified, either by 
changing the sign of the moment of Rt” (page 491), or by drawing the reflected ray AR", like the 
line ox” of the present investigation in the air (or in vacuo), instead of prolonging it backwards within 
the biaxal crystal, it agrees with the case XXIX. of the more general formula XXVII., which is 
itself included in what has been called above the Principle of the Resultant Couple. In venturing 
thus to point out, as the subject obliged him to do, what seemed to him to be a slight inadvertence 
in a Paper of such interest and value, the present writer hopes that he will not be supposed to 


358 ELEMENTS OF QUATERNIONS. Pe ELL rs 8: 


the Sum of the Moments of the Incident and Reflected Vibrations (Rr and Rr”), 
with respect to any line, which is on, or parallel to, the Face of the Crystal. 


* * * * * * * * * 


* * * * ** * * * * 


[It appears by the Table of Initial Pages (as printed in the First 
Kdition), that the Author had intended to complete the work by the 
addition of Seven Articles. | 


be deficient in the admiration (long since publicly expressed by him), which is due to the vast 
attainments of a mathematician so eminent as Professor Cayley. 

Since the preceding Series 423, including its Notes (so far), was copied and sent to the printers, 
the writer’s attention has been drawn to a /ater Paper by MacCullagh (read December 9th, 1839, and 
published in vol. xxi., part i., of the Transactions of the Royal Irish Academy, pages 17-50), entitled 
“* An Essay towards a Dynamical Theory of crystalline Reflexion and Refraction’’ ; in which there is 
given at page 43) a theorem essentially equivalent to the above-stated ‘‘ Principle of the Resultant 
Couple,’’ but expressed so as to include the case where the vibrations are not uniradial, so that the 
double refraction of the crystal is allowed to manifest itself. MacCullagh speaks, in his enunciation 
of the theorem, of measuring each ray, in the direction of propagation: which agrees with, but of 
course anticipates, the direction of the reflected ray, adopted in the preceding investigation. The 
writer believes that subsequent experiments, by Jamin and others, are considered to diminish much 
the physical value of the theory above discussed. 


Ae ene ok 


: 


. 
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NOTES. 
L—ON QUATERNION DETERMINANTS. 


(1.) Quaternion determinants were first investigated by Cayley (Phil. Mag. xxvi., 
1845, pages 141-145). Because quaternion multiplication is not commutative, a 
determinant whose constituents are quaternions is unmeaning until some additional 
convention is adopted concerning its expansion. If it be agreed that the order of the 
constituents in the expansion shall follow the order of the rows, all indefiniteness 
is removed. 

(2.) On this supposition 


| P q / / / / My 
| Fe fina em Ah a 2 a A (i) 
pq | Bee 4 : 
= pg-qp = 2V.VpVq, and | = py — py = 9. (il) 
pai 7G 
It is also obvious that if 2 is any scalar 
1 HT VS Joc a p q 
= , but not = (ii1) 
jee po xp’ +q apt p' «q+ 


(3.) Thus the columns may be treated as in ordinary determinants with scalar 
constituents; but it is not lawful to treat the rows in this manner. The former of 
these processes is consistent with the convention that the order of the constituents shall 
follow the order of the rows; the latter violates this convention. 

The following example illustrates multiplication of a quaternion determinant by a 
scalar determinant :— 


pet+gqy pu+qy | | perqe py +qy' 


Le | (iv) 
| px + q'y pa! rm gy | | pa ‘ gx! py + dy’ 


if the « and y are scalars, and the p and g determinants. This method is applicable 
for any order. 
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(4.) Again, when we have equations of the type 


Mer nyt ns = 0, Pl + GoY + 12% = 0, Pst + YsY + 173% = 0, 


[I. 


(v) 


in which z, y, and g are scalars, every determinant obtained by interchanging the rows in 


Pie My ery 
P2 G2 Ve (v1) 
Be 9.4 N3 «| 
must vanish. There are six of these. Further every determinant deducible from 
Ws eae ames | ra eee 
FAR Sa and VS ie PS ge (vil) 
£2 G2 72 Pes geet 
by interchange of rows and by alteration of the suffixes must be zero, For by (3.) 


the columns may be multiplied by 2, y, and zs and added together, and thus one 
column may be reduced to zero when equations (v) subsist. 

These results may be extended to a system of linear equations of any order. 

(5.) The determinants of the third order of the last section are not all independent. 
If the determinant (vii) with identical rows vanishes, we have by (ii) 


~V.VnVr se nv.VriVp af nV.Vp, Va; = (), (vill) 
Taking the scalar part, we see that the three vectors are coplanar, so that we may 
write 
£Vp,+9yVa+2Vr = 0. 
Hence, it appears by operating on this by V.Vy, and V.Vq, that (viii) may be 
replaced by 
(ix) 


From this it immediately follows that the vanishing of the first determinant (vii) is 
equivalent to 


CPi+ yn +2 = 0. 


LP, + YJo + 22 = 0. 


If in this determinant the suffix 2 is replaced by 3, and if the new determinant 
vanishes, equations (v) are reproduced and all the other determinants will vanish. 

In a similar manner for determinants of the second order, if we suppose that the 
four quaternions 7, 91, 2, and gq, are not all coplanar, three of the equations 


Die Oy | yh | Po Yo | Pz 2 
— 0, — 5 = ) — 0, (9) 
an | Pa Qe Pr 4 Po | 
imply the fourth, and require 
21+ yn = 0, LP2+ YG2 = 0. (xi) 
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(6.) The determinant of the fourth order, whose rows are identical, vanishes. 
For if p, g, 7, and s are any four quaternions, we can find scalars z, y, z, and w so that 


opt+yqt+ert+ws = V0 = ascalar. 


One column can thus be reduced to the same scalar repeated four times, and, when we 
expand by the minors of the second order, every product of minors will involve a 
vanishing minor. By means of this result many identities may be obtained.* 


II.—MISCELLANEQUS PROPERTIES OF TWO LINEAR 
VECTOR FUNCTIONS. 


(1.) In general a pair of linear and vector functions may be simultaneously 
expressed in the form 


dp = Sap + pSBp + vSyp; Op = adSap + buSBp + evSyp. (i) 


Assuming the possibility of the reduction, it is clear that 
OVBy =apVBy, OVya=bpVyo, OVaB = chVaf8, (ii) 


and consequently V6y, Vya, and Vaf are the axes, and a, b, and ¢ the roots of the 
function ¢"6. The vectors a, 8, and y having being found, A, », and v are determined 
by three equations of the type 


A = VBy(SaBy)". (iii) 


Otherwise a, 8, and y may be determined directly as the axes of the conjugate of 
f'6, that is of 6’¢’". Combining (iii) and (ii), we see that A, w, and v are the axes, 
and a, b, and ¢ the roots of the new function 6¢7. ; 

(2.) Thus it is proved that ¢'6 and @¢7 have the same latent roots, and 
consequently the same symbolic cubic. More generally, all functions expressed as 
products of others and derivable from one another by cyclical transposition of the 
factors have the same cubic; for example, @ and d0¢™. 

The same thing is evident when the cubic 


(p0)° — 1" $6)' + M’p6 - MU = 0 (iv) 
is multiplied by 6 and into 6", for it becomes 


(Op)3 — I" (6)? + MWh - U = 0. es 


* Applications and examples will be given in the Note on Invariants, and in the Note on Screws 
(Note V., Section 14, p. 382, and Note VIII., Section 9, page 393). 
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(3.) When both functions are self-conjugate VBy, Vya, and Va are mutually 
conjugate with respect to the quadrics, Sp6p = const., Spdp = const., at least if 
a, 6, and ¢ are unequal; for by (11) 


aSVyapV By = SVyabVBy = SVByOVya = bSVBydVya, 
SO a=b, or SVyapVBy = 0. (vi) 


From (vi) and similar relations coupled with (iii), we find in this case where the roots 
are unequal 
Alla, #1 B, vil y. (vit) 
(4.) Hence we can see how to reduce an arbitrary function ¢ to the product ®,® 
of two self-conjugate functions. For the axes of ¢ must be mutually conjugate to 
® and to ®,', and therefore if x, y, and 2 are arbitrary scalars 


«V BySByp + yVyaSyap + zVaBSaBp, 
®p = (ax 'aSap + by *BSBp + cs ySyp) (SaBy)?, (vill) 


are the necessary forms, a, 8, and y being the axes, and a, b, and ¢ the roots of ¢. 
Even if ¢ has a pair of imaginary roots (4, c), and axes (f, y), the functions ® and ®, 
are real, provided y and g are conjugate imaginaries.* 

(5.) If two functions ¢ and 6 can be reduced simultaneously to the forms 
®,® and ©®,®, the axes of ¢ and 6 must be edges of a quadric cone. Let Sp@p = 0 be 
the cone through the axes a, 8, and y of # and two of the axes a’ and f’ of 6. Then 
because the axes of each function are mutually conjugate to ®, 


Pp 


II 


a || VBy, &e., Ba’ || VB’y’, &e; 


and Sa@a = 0 is equivalent to Sa@®'VBy=0. Hence the first invariant of the 
function @@" vanishes, or 


Sa@@"V By + SBOS1Vya + Sy¥OS'VaB = 0. (ix) 


Replacing a, 8, y in this invariant by a’, f’, y’, the first and second terms vanish and 
the third must be zero likewise. Thus y’ is also an edge of the cone. 

(6.) In the case of simple equality among the roots of "6, two of its axes coincide, 
and the reduction (i) becomes impossible. When equality among the roots carries 
with it indeterminateness of the axes of $16, the reduction likewise becomes indeter- 
minate instead of being unique as in the general case. 

(7.) Two functions are commutative in order of operation if, and only if, their 
axes coincide. The first part of the proposition is evident, and, to prove the second, 


* Tait shows that if the roots of @ are real and positive, so also are the roots of @ and #1. roe. 
R. S. E., May 18 and June 1, 1896, or Scientific Papers, vol. ii., p. 407. 
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when the reduction (i) is possible, it is sufficient to observe that if 46 = Oh or 
6p = $6, the vectors A, », and v must be parallel, respectively, to VBy, Vya, and 
Va. These vectors are, in this case, axes of both the functions ¢ and 6. More 
generally, and without postulating the possibility of the reduction, if 


of = gé, then ¢6E = Ofé = g6E. (x) 


Thus, € and 6 are both axes of ¢, and correspond to the same root, and this requires 
G€ || € (so that € is also an axis of 6) or else, f must have indeterminate axes. When 
the second alternative is admitted, if » is any second vector in the plane of the inde- 
terminate axes of , Oy lies also in this plane, and the four vectors €, 7, 0, 6n are 
coplanar. It is always possible to find two other vectors €’ and y’ in this plane, so 
that 6é’ || €’ and 67’ || y’ and these vectors are axes of # as well as of 6. 


IIJ.—THE STRAIN FUNCTION. 


(1.) The application of the linear vector function to the theory of strain has been 
admirably developed by Professor Tait in the Tenth Chapter of Kelland and Tait’s 
Introduction to Quaternions. From this source a large portion of this Note has been 
adapted. 

When a linear vector function operates on every vector of a system, vectors 
originally equal remain equal after the operation ; consequently, all equal similar 
and similarly placed figures transform into figures equal similar and similarly placed. 
There are two classes of this kind of transformation when the function ¢ is real. In 
the first rotation from ¢a to 8 to dy has the same sense as that from « to £ to y, 
whatever vectors a, B, and y may be. In the second class the sense of rotation is 
reversed. The first class of transformation is identical with a homogeneous strain ; 
the second is equivalent to a homogeneous strain accompanied by a reflection as in a 
plane mirror, or to a homogeneous strain accompanied by reversal of every vector. 
In fact, reversal of every vector is equivalent to rotation through two right angles 
about some axis through the origin and reflection with respect to the plane through 
the origin at right angles to the axis. 

(2.) Hamilton’s third invariant of the function ¢ 


m = Spaphdy (SaBy)" (i) 
is the ratio which the volume of the parallelepiped, transformed from that whose 
edges are a, B, y, bears to the volume of the original. It is quite independent of any 
particular set of vectors a, 8, y, and is, therefore, the ratio in which any volume is 
altered. 

(3.) The sign of m affords the criterion concerning the class of the transforma- 
tion (1.). If m is positive, the sense of rotation from da to 8 to Py remains the 
same as that from a to B to y. The contrary is the case when m is negative. 
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(4.) In the case of a pure strain, three mutually rectangular lines preserve their 
directions. If unit vectors along these are 7, 7, and /, and if the unit vectors are 
strained into ¢?, ¢7, and ¢,k, where ¢, ¢, and és are three positive scalars, any other 


vector is strained into 
Pp = — eiStp — e,7Syp — eskSkp. (11) 


This is a particular case of the general theorem, that a linear vector function is 
determinate when the results of operating by it, on three known vectors, are given. 
In fact, given a, B, y, fa, PB, and dy, we have, in general, 


dp = (PaSByp + PBSyap + pySaBp) (SaBy)”. 


The function ®, defined by (ii), is self-conjugate, and its latent roots ¢, ¢, and ¢; are 
all positive. A function of this nature may be said to be edlipsotdal. 

The sphere Tp =r is changed by the transformation z = dp into the quadric— 
the strain ellipsoid-—determined by the equation 


Té"w =r, or Sad’ pw =-7 or Sa(dd’) ew = - 7, (111) 


since @’'d! = (¢’)?. It is, in general, an ellipsoid, for # cannot be infinite, 
while p is finite. When the strain is pure, the equation of the strain ellipsoid is 
more simply 

T@'e =r, or SwO*w = - 72, 


or again, in terms of 7, 7, and 4, ¢, é, and es, 


avs renee M 2 
(Sip)* | (Si)? , (Shp)* _ 


sae 
e, 2) es” 


Thus, 2, 7, and / are unit vectors along its axes, and ¢, ¢, ¢,; are the ratios of the 
semi-axes to the radius of the sphere. In general, the axes of the ellipsoid are 
parallel to the axes of the self-conjugate function ¢¢’. 

(5.) We shall now prove that the transformation produced by any linear function 
¢ is equivalent to a rotation followed by a pure strain, and accompanied in the case 
where m is negative by a reversal of every vector. 

Assuming generally for all vectors p 


op = + Pypg”, (iv) 


where ® is an ellipsoidal function, the third invariant of ¢ (1) 


m = + S@gag” &gBe" gyq" (SaBy)" 
Sdgaq bg Bg" Seyq" (Sgag*gBha'gyq") = + Arlrés, (v) 


be 


if ¢,, ¢,, and es; are the positive roots of ®. Hence, if m is positive, the plus sign is to 
be taken ; and, if m is negative, the minus sign. 
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(6.) Again, taking the conjugate of 
p'p = + 7 'Ppg, (vi) 
ppp = Bp or od! = OF. (vil) 


This equation requires ¢¢’ to be ellipsoidal, and it must be so if #, and therefore 
¢’, is real for 


and therefore 


T (#') = - Spd¢'p (viii) 
cannot be finite for any infinite value of p. 
The latent roots of the self-conjugate function ¢¢’ being all positive may be 
denoted by ¢,, ¢", and ¢,”, and if 7, 7, / are the axes 
bd'p = Pp = — eSip — e2j/8yp — eghSkp. j (ix) 
(7.) We are now at liberty to define ® by the equation 


(¢')’p = Dp =— etSip — a jSjp — eghSkp, (x) 
the roots ¢), é, and és being all positive. In general a function has eight square roots, 


and the eight square roots of $¢’ correspond to the various combinations of signs 
attributable to the radicals in 


— of eXiSip — / e2[Sjp — / es*hSkp. (xi) 
We may speak of the function ® as the principal square root as in this case positive 
signs are chosen throughout. 


(8.) In order to justify the assumption made in equation (iv), it is necessary to 
prove that Ug is determinate. Writing equation (iv) in the form 
dp = ®xp, (xil) 
where x is a linear vector function to be determined, the conjugate of x = ®'¢ is 
likewise its inverse for 
x =¢97/F', and £6.94" = S'S" = 1. 
So x satisfies the equation 
xy (xil1) 
Now this equation shows that whatever vector p may be its tensor is equal to that 
of xp, and therefore all figures remain equal after the transformation represented by x. 
The transformation must therefore be equivalent to a rotation, or to a rotation accom- 
panied by a reflection or the reversal of every vector. The assumption made in (iv) 
is thus completely verified. 
Supposing m positive, and writing (vi) in the form 
9¢'p — Bpg = 0, 
the scalar and vector parts furnish the equations 


SVy($'-®)p = 0, (f! - )pSy + V.Vq($' + ®)p = 0, 
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and the second of these virtually includes the first. In terms of two arbitrary vectors 
p and p’, we find, without difficulty, 


Vq = 2V(¢' — ©)p ($’  ®)p';, Sq =~ aS(4'+)p (/- 4p". (xiv) 
Also Vq satisfies the equation 
( ve ®)V¢ = 0, 
because otherwise S(¢@ — ®&)Vgp = 0 could not be satisfied for every value of p. 
The symbolic cubic of x must be of the form 


Oe) ee ha (xv) 


for the symbolic cubic of a function is also satisfied by its conjugate, and in this case 
the conjugate is the inverse. The upper sign corresponds to the positive value of m. 
(9.) Similarly if the rotation follows the pure strain, the assumption 


op =+ p¥pp", or op'p=+ Up'pp (xvi) 


may be justified by an analogous train of reasoning. Here ¢’dp = Vp and W is the 
ellipsoidal principal square root of the ellipsoidal function ¢’¢. The latent roots of 
W and © are identical (compare Note II., (2.), p. 363). 

(10.) In every homogeneous strain one direction at least remains unchanged. 
When m is positive, one latent root of the function ¢ must be positive. This is 
obvious when the roots are all real; and when two of the roots are imaginary, 
a ee ae b and a ed 6, their product a*+ b? is always positive, and therefore the 
remaining and real root is positive. The axis of ¢, corresponding to the real positive 
root, retains its direction. It is evident by superposing a rotation upon a pure strain 
that any selected direction may be preserved unaltered. 

If two directions Ua and UB remain unchanged, they are connected by the 
relation 


SU¢adB = SUaB, or SUVa¥B = SUaB, (xvil) 


where dp = pWpp" (xvi). Either of these equations expresses that the cosine of the 
angle of inclination of the strained lines is equal to that of the unstrained lines. 
Rationalizing the second of equations (xvii), it appears if a is given that the locus of 6 
is one sheet of the quartic cone 


a? B? (Sab’?ByY = (SaB)*SabaS CUB. (xviii) 
If in this we substitute B = a+ ta’ where Saa’ = 0, we find that a is a double edge 
of the cone, and discarding the factor @ we obtain a quadratic in ¢ to determine the 


edges of the cone in the plane of a and a’. One solution only is appropriate as (xviii) 


includes both the conditions 
SUWVaWB = + SUaf. 


It is easy to see that the roots of the quadratic are always real since W is ellipsoidal. 
If two directions are unaltered, a third is likewise unaltered, 
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(11.) The roots of the function ¢, g:, g2, and g,; may have any values (within 
certain limits) subject to the single condition 


NGI2GJs = 0102€sy (xix) 
which expresses that no change of volume is produced by the rotation. 
If we assume 9, g2, and gs subject to (xix), and try to satisfy the equations 


ga = plap? = ga, $8 = p¥Bp" = 9B, py = p¥yp" = gsy, (XX) 
we see that that the axes a, 8, and y must be edges, respectively, of the cones 
[VU =o), Pp = Tg Pep. = 19g. (xxi) 


where Tyg, is the positive value of the scalar g, irrespective of its sign. These cones 
are the loci of vectors whose lengths are altered in a given ratio. Selecting, at 
pleasure, any vector a on the first cone, @ is determined on the second cone by the aid 
of the relation 


SWa¥B = 919.808 (xxi1) 


implied in (xx) and equivalent to (xvii). Up, and therefore the rotation, may be 
found by combining the first and second of equations (xx). Hence, ¢ is determined, 
and the third vector y is the result of operating by (¢ — 91) (@ — g2) on an arbitrary 
vector. 

Again, by (xxi), the magnitudes of g,, g2, and g; must lie between the greatest and 
least values of TWUp, that is, between the greatest and least of the scalars ¢, ¢2, ¢3. 
In fact the magnitudes of the roots are inversely proportional to the radii of the 
ellipsoid 

TWp = 1 or Sp¥% = -1, (xxlil) 
which are parallel to the corresponding axes. This ellipsoid is converted by the strain 
into a sphere of unit radius. 

(12.) It is possible to superpose a rotation upon a pure strain, so that the function 


¢@ may have indeterminate axes. These axes evidently must lie in one or other of the 
cyclic planes of the ellipsoid (xxiii). Expressing ¥? in Hamilton’s cyclic form 


Wo = ep + ASup + pSAp (Xxiv) 
has one root equal to ¢,”, and the other roots are 


e? = 6% +SAw+ Trp, 65? = 6? + SAp — TAp. (xxv) 
Assuming 


dp = ep + vSAp; (Xxvi) 


this function has indeterminate axes in the plane SAp = 0, and it appears without 
difficulty that ¢’6 = W if v satisfies the equation 


éy+avA = p. (xxvil) 
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Also the third invariant of ¢ being equal to that of ¥, 
62” (€2 + SVA) = €6263. (XXvlii) 
When we operate on (xxvii) by SA and use (xxv) and (xxviii), we find, 
vr? = (e, és)? and ev = w—3(4— @)°rA). (xxix) 


Thus v is completely determined, and the assumption made as to the form of ¢ (xxvi) 
is justified. Also we see, by the form of the function ¢, that the most general strain 
may be effected in three stages, by displacing in one direction (Uv) a system of planes 
perpendicular to another direction (UA) by amounts proportional to the distances of 
the planes from the origin; by uniformly altering the linear dimensions (in the ratio 
é. to unity); and by rotating the body as a whole. 

(13.) When unity is included between the limits ¢,>¢,>¢, that is, when elonga- 
tion and contraction both occur, a rotation may be applied to a pure strain, so that 
one root of ¢ is unity. In this case one root of ¢— 1 is zero, or this function is a 
binomial reducing every vector to a fixed plane. But ¢p — p or (¢ —1)p is the 
displacement due to the strain, and accordingly under the above conditions a rotation 
may be superposed upon the strain so as to render the resultant displacement of every 
point parallel to a plane. 

Again, by (xxvi), if ¢, is unity, a suitable rotation will render the displacement of 
every point parallel to a line. In this case the pure part of the strain is plane, for 
when one root of W is unity, the strain is completely specified by that in the plane at 
right angles to the corresponding axis. 

(14.) In the case of a plane strain when there is no dilatation the intermediate 
root ¢, is evidently unity. The condition for no dilatation is now ¢¢;=1, and this, 
coupled with e, = 1, shows that (xxvi) and (xxviii) are equivalent to 


op = pt+vSdAp, SvdA = 0. (xxx) 


The strain represented by (xxx) is a simple shear, the system of planes normal to » 
being displaced parallel to themselves and proportionately to their distances from the 


origin. In general a plane strain without dilatation is equivalent to a shear and a 
rotation. 


It also appears from (xxviii) that 
2° = @)6,= 1 (xxx1) 
are the conditions that a strain should be equivalent to a rotation and a shear. 

(15.) We shall investigate the reduction of the general strain to a dilatation, a 
pair of shears and a rotation. If this is possible the general linear vector function 
must be expressible in the form 

bp = mip (1 + tla/SB’) (1 + taSB)p «77, ese 


where Saf = Sa’8’= 0. For convenience we take a, B, a’, B’ to be unit vectors. 
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Observing that 


(1 - aS) (1 + taSB) = 1 
(XxXxil) is equivalent to 


o(1 - taS8)p = mép(1 4 ta/SB’)pp3, (xxxiii) 
and taking conjugates 

(1 — tBSa)¢'p = m*(1 + UB'Sa’) ppp. (xxxiv) 
Hence eliminating p, we find 


m-5(1 — t88a) $$ (1 — taSB) = (1 + t/B'Sa’) (1 + tla'SB’). (xxx) 

We shall now calculate the roots of the function on the left. If we can arrange so 
that one root is unity, the pure part of the strain mFp(1 — taSZ) will be plane, and 
if it is plane it must be a shear for neither m3 nor (1 — ¢aSf) produces any 
dilatation (14.). Obviously the function on the right has one root unity, the corre- 
sponding axis being y’ = a’f’. . 

For brevity, replacing ms’ by ©, the roots s of the function on the right are 
given by 


S[(1 - ¢BS8a) Ga — sa] [(1 - ¢BSa) ©(B + ta) - 8B] [(1 - tBSa) Oy — sy] = 0, 
if y=a. This equation is equivalent to 


S [@a — s(a — ¢8)] [@(B + ta) -— 88] (Oy - sy) = 0, 
deduced from it by operating on every vector by 1 + ¢BSa. 
Observing that the third invariant of © is unity, so that 

VOBOy = Oa, VO@yOa = ©'8, VOaOB = Oy, 

the equation reduces to 
SaBy — 8S [(a - #8) O(a — 8) + BO7B + yOry] 
+ 8S [a@a + (8B + ta)@(B + ta) + yOy] - *SaBy = 0. 

Finally, the equation of the cubic takes the form 


1 —sN’+s*N” — 8° = 0, (xxxvl) 
where 


and (XXXVil) 


N’ = M’ + 8aO"a - S(a - 8B) O(a - tB), 
N” = M" + SBOB -S8(B + ta) O(B + ta), 


the first and second invariants of © being W/” and I’. 
The condition that one root should be unity is 


No. (XXXViii) 
and observing that N’ and N” are quadratic in the scalar ¢ which specifies the amount 
of the shear, it appears that we may arbitrarily select the vectors a and f (that is the 
plane and direction of the shear), and that its amount is then given by a root of the 

3 B2 
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quadratic (xxxvill) in ¢# The determination of the complementary shear 1 + #’a’SP’, 
and of the rotation presents no difficulty. 

(16.) It is sometimes convenient, especially in dealing with small strains, to 
replace @ by 1+@. In this notation Op is the displacement of the extremity of p, the 
origin of vectors being supposed to be kept fixed.* Resolving the displacement along 
and at right angles to p, we have 


Op = Opp" .p = (e+ n)p, (XXXIX) 
if é = SOpp!, and y = VOpp-. (x1) 


The scalar e is called the elongation. It is equal to the inverse square of the corre- 
sponding radius of the elongation quadric 


SpOp = - 1. (xli) 


When the strain is pure so that @ is self-conjugate, the vectors 7 and p are parallel to 
the principal axes of a central section of this quadric. Thus yp the component of the 
displacement at right angles to p is normal to that plane section of (xli) of which p is 
a principal axis. Also the magnitude of y is equal to the area of the triangle formed 
by lines along the corresponding radius and central perpendicular on the tangent 
plane of the quadric equal in length to the reciprocals of the radius and the 
perpendicular. 
(17.) If the cubic of 6 is 


GB -—n"F + n'O-n = 0, (xlii) 
the ratio of alteration of volume (i) is 
m= S$(1+ dja (1+ 6)B (14+ Oy (SaBy)? = 1ltn" +n’ +n. (xl) 
If the strain is so small that terms involving the square and cube of the small 
function 6 may be neglected, m is approximately equal to 1+”; n” is the dilatation. 
The ratio of lines is T (1+ 6)Ua or approximately 1+ Sa 6a (compare xl). The 
ratio of areas is TV(1+ 6)a (1+ 0)B T(VaB)?, or Tm(1+ @)1UA if UA = UVa. 
Now, for a small function 6, 
(1+ 0)(1-6) =1 or 1-@= (1+ 6)", (xliv) 
so the ratio of areas is approximately 
T(1+2”-6)UA or 14+2”-Sd"'OA. 
(18.) The result of superposing the strain 1+ 6, upon 1+ 6, is 1+0,+6,+6,6,, and 


this is generally distinct from 1+ 6, + 6; + 6,0, due to the strain 1+ 6, following 1 + 6,. 
However, when both strains are small, so that 6,0, and 6,6, are negligible, the order 


* Compare the Note on Hamiiton’s Operator, Section (27.), where the case of non-homogeneous 
small strain is considered, page 446. 
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in which the strains are effected is indifferent, and the displacement, due to the 
resultant strain, is the resultant of the displacement due to each strain separately. 
In particular, a small rotation changes p into (1+ Ve)p. If this is followed by a 
small pure strain 1+ 6), after the double operation p becomes 


pt+Op+Vep or p+ Op (xlv) 
if ¢ is the spin-vector of 6. Hence the origin of the name spin-vector. Again, for 
small strains 
(14+6)(1+ 6) = (140)(14+0) = 1464+ = 1+ 26 = (1+ 6)’, 
and the functions ® and W or (p’)* and (¢'b)* are identical with (¢@+¢’). Also, 
the equation of the strain quadric (111) becomes 
T(1-O0)p=r or p?—28p0pt+7? = 0. (xlvi) 


(19.) In (12) we have given an example of the application of one of Hamilton’s 
forms for the linear vector function. They all admit of simple interpretation. Take, 
for instance, the focal form 

Op = aaVap + bBSBp, (xlvi) 
and we see that the most general pure strain may be compounded of a contraction 
(aaVap) round one line (Ua), and of an elongation (68Sfp) parallel to another (Uf). 
(See Minchin, Zreatise on Statics, Art. 379.) 

The form 

Op = gp + ASup + pSAp (xl viii) 
shows that the pure strain may be resolved into shifting planes normal to pw in a 
direction parallel to A, and planes normal to A in a direction parallel to uw, and by 
superposing a general dilatation 39. 

(20.) Reference has been made in the Note to page 225 to the strain which 
converts a quadric into a sphere. More generally if the strain @ converts any quadric 


SpPp = - 1 into Sp¥p = - 1, 

the function @ must satisfy the equation 
pV = ®. (xlix) 

In order to simplify this, assume 

o = Wyo, or d= ws, (1) 
and it appears that x must be a solution of the equation 

| Xs 

This has been considered and solved in (8.); x must represent a rotation or a rotation 
combined with a reflection. We are instructed therefore by the form of the function 


(xlix) to strain the first quadric into a sphere; to rotate the sphere with or without 
reflection ; and to strain the sphere into the second quadric. 
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IV.—ON THE SPECIFICATION OF LINEAR VECTOR FUNCTIONS. 


(1.) A linear function is determinate given the vectors derived by it from three 
known vectors*. Given the directions} 61, 62, 83, into which three known directions 
a;, 2, and a; are changed, and the ratios a, a5, 4, in which the lengths of a4, a;, and ag 
are altered, we have 


dp = (xB,Saasp + ¥B,Saza\p + 2B3Sajap) (Saja,a;)", (i) 
where the scalars x, y, 2 satisfy | 
TSaj,a,a5 = Tag SB Sa,aza, = Ta; 32B Saraza; = Tag S28, Sa,azag. (11) 


Rationalizing and solving these equations for xz, y, and z, eight systems of values are 
obtained, and, corresponding to these, eight functions @ may be found. Four of these 
functions are simply the negatives of the remaining four, and, in general, the eight 
functions correspond to the eight arrangements of sign attributable to the scalars a. 
(2.) Given four directions derived from four others (compare Note V., Section (6.)) 


s BSazaspSPoB3B4 i B.Saza,pSB83PiP1 i B3Sa,a2p5Bi 24 


Sayaza,;Saga,04 Saj;a,a,8a,0,04 Saja,a,Sajaza4 


Adp (iii) 
where A is an arbitrary scalar. Given the ratio in which a fifth line is altered, A is 
determined. 

(3.) This method of representing a linear vector function leads to some remarkable 
expressions. For instance, if a,, a, as and a4, a5, ag are unit vectors along two sets of 
mutually conjugate radii of a quadric Sp®p = 1, we have 


Sa,asp8aja5a¢ 


Saja,pSaz,a5a¢ Vv Sa,apSaza;a¢ 


A,®p = Vara + Va;a; = + Va ° (iv 
an *” Sarasa, Sarag04 3 Sasa,02.9a30,04 ce Saja,a;8a,0.04 Ge. 


Hence, if for brevity Sa,a,a; is denoted by (128), and Sa,o, by a;°, we obtain 


AD ee IG) as ab ey 2 (806), ai t00) 
(128) ~ ™ (984) ® (914) (12a) (aay (v) 


together with other relations, which can easily be supplied, connecting the signs of the 
solid angles (a,, a, a3) with the radii a, a, .. . a of the quadric. These relations 
are due to Sir Robert Ball, and are of importance in the theory of co-reciprocal screws. 
Again, by (iv), we see that the shape and orientation of a quadric are determined, 
given the directions of three mutually conjugate diameters, and the direction of a 
fourth line (a,) conjugate to the plane normal to a given direction Vazag. 


* Compare Note III., Section (4.), p. 366. 


T We suppose, for convenience, that the vectors are all of unit length. » 
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(4.) Ifwe seek to determine as far as possible a linear vector function by express- 
ing that the lengths of given vectors are to be altered in given ratios, we shall find 
that we may assign six directions and six ratios, and that the function remains 
indeterminate to the extent of an arbitrary rotation which may be superposed 
upon it.* For, given the centre of a quadric, six conditions determine it, and if 
ga, = 4,8, &c., the ratios (a) are inversely proportional to the radii of the quadric 
Tdp = 1 parallel to the corresponding directions (a,). In this way we can find the 
self-conjugate function ¢’f. Taking its square root, and superposing an arbitrary 
rotation, we have the general function satisfying the conditions. Or, given six ratios 
and one direction which a seventh vector must assume, the function is determinate. 

(5.) In terms of Hamilton’s Aconte Functiont we can write down the relation 
between the seven ratios in which the lengths of seven vectors are altered by a strain. 

The aconic function of six vectors is 


[7] = SV.Vaj,02Vaya;V.Vaza; VasagV. Vasa, Vagay. (v1) 


If it vanishes, the six vectors le on a cone, and the form of the expression contains a 
direct proof of Pascal’s theorem, for it shows that the lnes of intersection of the 
planes aj, a2; a4, a5, ANd oy, a3; a5, ag; ANd oy, 43 Og, a, are coplanar. 

To fix the signs appropriate to the seven aconic functions formed by omitting one 
of seven vectors, mark seven points 1, 2, 3, 4, 5, 6, 7 on a circle, and go round it in 
this order, starting always from the point 1, and omitting one point.t Then the 
relation between the seven unit vectors and the seven ratios is 


[1 ]a,? - [2]a,? + [8 ]a.? - [4]ae + [5 Ja? - [6 jae + [7 ]a? = 0. (vil) 


In fact, allowing a, and a, to vary, this is the equation of a quadric concentric with 
the origin whose radii are inversely proportional to a;, and which passes through the 
extremities of the six vectors aa,;1, &c. To prove this, it is only necessary to show 
that the sign of [7] is changed whenever any two vectors in it are transposed ;§ 
for, when a, = a, the function [6] becomes [7], and all the others vanish. When 
a; = a; all vanish except [5], which becomes — [7], with one interchange of vectors. 
If the six vectors happen to lie on a quadric cone [7] is zero, and the ratio a, is not 
determined. The equation (vii) (omitting the last term) must then be satisfied for 
every possible direction a,, and the six ratios cannot be arbitrarily chosen. 


* Compare Note III., Section (9.), p. 368. 
+ Lectures on Quaternions, Art. 442. 
{ Thus, for example, we may also write 
[3] = {124567}. 


§ The most direct way of doing this seems to be, to express a4, as, and ag in terms of a, a2, 
and a3. 
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The equation is then equivalent to that of the sphero-conic determined by the five 
vectors a,a,"1, . . . asas', and expresses that a,a,' terminates on this curve. More 
fully draw any quadric Sp = 1 through the extremities of the five vectors and 
having its centre at the origin. Let Spyp=0 be the cone containing the five vectors. 
The sixth must terminate on the curve common to the system 

Sp(6 + txy)p = 1. (vill) 

(6.) Hence we can see how to determine a lincar vector function given five ratios 
and two directions. For let (viii) (compare (4.)) be the quadric whose corresponding 
radii (a,, ... a5) are inversely proportional to the ratios (a, . .. a5), and let B, 
and 8, be the directions into which a, and a, are to be changed by the function ¢. 
Then, if we determine ¢ from the relation 


SU(6 + ty)agU(6 + ty)az = SB6B;, (ix) 


we can superpose a rotation upon 6 + ¢y, so as to render the vectors derived from ag 
and a, parallel to B, and f;. 


V.—INVARIANTS OF LINEAR VECTOR FUNCTIONS. 


Before touching on the general theory of quaternion invariants of linear vector 
functions, it seems to be desirable to point out a few consequences of relations 
connecting the roots of a single function ¢. The signification of the geometrical 
interpretations will, in due course, be greatly extended, and we shall come to regard 
the invariants of the earlier sections of this note as invariants of two linear functions 
¢ and unity (compare Section 9). 

(1.) Writing the symbolic cubic of ¢ in the form 


pe - mdi + m'p—-m=0, or (b- 71)(b- 92) ($ - 9s) = 9, (1) 


we know that every triad of vectors a, 8, and y satisfies the equation 


SPyda + SyapB + SaBdy = 0, (it) 

when m’=0, OF git Got 93= 0. (111) 
_ Thus assuming at pleasure two vectors a and f, and determining a third vector y by 
the equations SByda = SyapB = 0, the third equation SaBdy = 0 must be true when 
m’ =. In other words, in this case it is possible to determine an infinite number of 
triads of vectors a, 8, and y, so that each vector of the derived triad ga, $f, dy is 
coplanar with a pair of vectors of the original. Or we may say briefly the edges of 
the derived lie on the corresponding faces of the original triad. Conversely, if this 

arrangement is possible in any one case, it is possible in an infinite number of cases. 
(2.) Similarly when m’ = 0, triads may be determined so that the faces of the 


derived triads contain the corresponding edges of the original, and the converse is 
also true. 


Vi] INVARIANTS OF LINEAR VECTOR FUNCTIONS. 377 


(3.) Further, if for any arrangement of signs 


= II 92 : 9s = 0, (iv) 
the sum of the roots of the corresponding square root of ¢ is zero (compare the Note 
on Strain, Section 7, page 367). 

We can then determine triads a, 8, y, whose faces contain the edges of the triads 
tba, 8, ./éy, and we shall show that the faces of these derived triads contain the 
edges of the triads da, 8, dy. For if SBy oa = 0, we obtain, on multiplying by 
the third invariant of Id, this other equation S |B Iey goa = 0; this proves the 
theorem. In other words when (iv) is satisfied, it is possible to determine in an 
indefinite number of ways a triad a, B, y so related to the derived triad da, d8, dy 
that, in every case, an intermediate triad can be inscribed to the first and circumscribed 
to the second. On rationalizing (iv), the condition takes the form 


(1 + J2 + Gs) — 4(G29s + G39. + G92) = 0, or m'? = 4m’, (v) 

(4.) The converse of this property is true, and the theorem admits of considerable 
extension. If 

Nn + niga + Nos = 9, (vi) 
n being an integer, triads a, 8, y and da, dB, dy can be found connected by a series 
of inscribed and circumscribed triads derived from the original by successive applica- 
tions of the operator "Io. Still more generally an interpretation can be assigned for 
the case in which 2 is a fraction. 

(5.) Otherwise we may deduce invariants by proposing suitable geometrical 
conditions instead of interpreting geometrically the meaning of the vanishing of 
assumed invariants. For instance, we may inquire into the conditions that a linear 
vector transformation may leave a given quadric cone unaltered. The vectors dp 
derived from edges of the cone Sp®p = 0 are edges of the new cone Sd 'ph¢d""'p = 0, 
or Spd’'Sh"'p = 0. If these cones are identical, 4 must satisfy the equation 


gp Op" = m36, or g/d = mie, (vii) 
the factor m3 being introduced so as to render equal the third invariants of the 
functions in each number of the equations. A similar equation has occurred in the 
Note on Strain (Note III., Section (20.)), and, as in the place cited, the general 
relation between ¢ and © is of the form 


Haat mi" 2y@?, where xy’ =1, (viii) 
and the function y produces a rotation or a rotation and a reflection. Now (Note IL., 
Section 2) the symbolic cubies of ms and of x must be identical, but the cubic of x 


° . Gah ° . 
is reciprocal, and so therefore must be that of m™3, or we must have the invariant 


relation 
mm’? — m'> = 0. (ix) 
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As a rotation leaves unchanged every right cone having its axis coincident with 
that of the rotation, we are led to infer and can verify at once that the whole system 
of cones 

Sp®p + u(Sxp)*=0, where ¢’k = mk, (x) 
transforms into itself when p is changed to dp, provided the invariant (ix) vanishes, 
and provided ¢ is a solution of equation (vill). 

(6.) It will be noticed that the foregoing interpretations depend simply on the 
directions of the vectors involved. If a function changes the directions of a, B, y 
into the directions of A, », v, 1t must be of the type 


pp = urSByp + vpSyap + wvSaBp, ea 
the scalars wu, v, and w being arbitrary. If, in addition, the direction of 8 is changed 
into that of a, 


eek eee (xii) 


SBYp 
op = Spver + pSvriw So85) 


Sya 
SByd Sy Syed 
and in this there is nothing arbitrary except the tensor of the product Apyad". 
(Compare Note IV., Section (2), p. 374.) 

From this point of view we can see the connexion with the theory of anharmonic 
coordinates in a plane (pp. 23-29, vol.i.). For if d= aa+bB+ey, w=@dX+0 pt ev, 
and p = x#aa + ybB + zey, we can verify at once that dp = (aa'X + yb'p + c'v) SApy. 
Also (compare p. 25, vol. 1.), 


’ z aga 
(0A. BDCP) = 7 (0B. CDAP) = eo (0G /AbEP) = = (xl) 
y 


where (0A. BpDcP) is the anharmonic of the four planes (a, 8), (a, 6), (a, y), and 
(a, p), respectively. The equations (xiii) remain true when 4, B, ¢, D, P are 
changed to a’, 8’, c’, v’, P’, where generally op’ || gop. Thus, op’ can be found by 
linear constructions when oP is given as the tensors of the vectors a, B, y, 5, A, M, ¥, 
aw, and p may be chosen so that the extremities of these nine vectors may lie in an 
assumed plane. 

(7.) As the axes of ¢ are the vector solutions of the equation 


Vedp = 0, (xiv) 
Sapdp 


contains three fixed lines which are quite independent of the vector a. This quadric 
cone is the locus of a line, so that it and its derived are coplanar with a fixed line (a). 
For various values of this vector, we obtain a doubly infinite system of cones having 
three common edges. If two of the solutions of (xiv) coincide, the cones touch one 
another ; if all three solutions coincide they osculate, and they break up into pairs of 
planes, one fixed plane being common to every pair, if the solutions of (xiv) become 
indeterminate in a certain plane. The conditions for contact and osculation can be 


the cone 


0 (xv) 
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expressed at once in terms of the invariants m, m’, m”, being merely the conditions 
that the root cubic should have two roots equal or should be a perfect cube. The 
condition for indeterminate axes is of a different kind. Here there must be a double 
root g, and ¢ —g must destroy every vector in the plane of the indeterminate axes. 
¢ — 7 is, therefore, a monomial ASup; its cubic is depressed to a quadratic, or, what 1s 
equivalent, Hamilton’s function 


yw, = 0, or d?- m"dt+m'+g(p—-m’)ig” = 0. (xvi) 


This, then, is the condition for indeterminate axes. (Compare 352 (20.), p. 504, vol.i., 
and the remaining sub-articles. ) 

It is easy to show that the cone (xv) cannot degrade into a pair of planes unless a 
is coplanar with a pair of axes of ¢. If the cone is a pair of planes, and if aw is the 
vector of intersection, Sap¢dw + Sawdp must vanish for every vector p. Hence 


Vowa + d'Vaw = 0. (xvii) 


Now, as Sawg¢a = 0, we may write ¢w = ww + va; and substitution in (xvii) 
shows that 
d’Vaw = uVam, (xviil) 


or « must be a root, and Vaw the corresponding axis of the conjugate ¢’. But the 
axes of ¢’ are the normals to the planes containing pairs of axes of @; hence, a must 
be coplanar with a pair of axes of d, as it is at right angles to an axis of q’. 

In the case of indeterminate axes, @ must be of the form 


bp = gp + ASpp, pee O2P 
and the cones (xv) all break up into pairs of planes 
SarpSup = 0. (xx) 


(8.) We have seen (Note II. (2.) page 368) that the roots of 0¢6 and of ¢ 
are identical. Consequently, the theorems proved up to the present in this note are 
also true for 6f6-' as well as for ¢. 

(9.) Again, if we write ¢ = gy", and 

S (pi — 2) (br - 92) B (bi — Ibe) ¥ = (1 - gh + Plo — Gta) SaBy, (xxi) 


where m, and m, are the third invariants of ¢, and ¢,, respectively, and /, and /, are 
two new invariants, we obviously have the relations 


mm = m3; mgm = 1,; mm’ = |,, (xxil) 
since the left-hand side of (xxi) may be replaced by 


md (bor - 9) @ (shai — 9) B (bs tdi —g) y= ms (mgm! + gm" ~ 9°) SaBy. (xxiii) 
3 C2 
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Furthermore, the values of the ratios 
Mey 


are unchanged when ¢, and ¢, are replaced by x¢,4 and x¢,0, respectively, x and 6 
being two arbitrary vector functions, for 


(x28) (xbi9) = F'ps"hi = O98, (xxv) 


and the functions @ and 6'#6 have the same roots. 

Thus, the invariants depending solely on the roots of ¢,-'¢, are invariantal in a 
very wide sense. Not only may the vectors a, 8, y be changed in any way, but the 
functions ¢, and ¢, may also be transformed within very wide limits. 

It is well to bear in mind that ¢,7%¢,, di¢.7! and their conjugates ¢’,¢’7' and 
’.1h’, have the same roots. 

(10.) Hence, by (1), 

i, = 0 (xxv) 
is the condition that ¢, and ¢, (or, more generally, that y¢.6 and x26) should be 
capable of producing from a triad of vectors a, 8, y two new triads so related that the 
faces of the second contain the edges of the first; also, by (2), 


a (XxXv1) 
if the faces of the first can contain the edges of the second; and by (3) and (v) 
1,2 = 4m/, or 1,7? = 4ml, (xxvil) 


if an intermediate triad can be inscribed to the first (or second), and circumscribed to 
the second (or first). Further, by (5), 


Mm l> = mel,° (Xxvlil) 


if the transformation represented by ¢,-! can restore a system of cones transformed by 
¢, into their original state. 

It would be tedious, and cannot be necessary, to elaborate this subject any further. 

(11.) In the particular case in which ¢, and ¢, are self-conjugate, we may fall 
back on the invariants of a pair of cones or conics. For instance, if a triad of 
vectors satisfies Sd.a¢,Bdyy = 0, and two similar equations derived from this by cyclical 
interchange, we may replace the equations by three of the type S¢.a¢i*VAy = 0. 
The form suggests ¢,! Vy || a with the condition Sad,a = 0, &c., and the invariant 4, 
vanishes if a triad can be found upon the cone Spd.p = 0 self-conjugate to the 
cone Spdip = 0. 

In the general case also in which the functions are not self-conjugate, the invariants 
of their self-conjugate parts (which are of course invariants of the functions them- 
selves) may be regarded as invariants of cones. But there is an important distinction 
between the two classes of invariants. We have seen (9) that the invariants 
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expressible in terms of the roots of the quotient ¢2 ‘df, are merely multiplied by a 
factor when dq, and ¢, are replaced by x¢,6 and x¢.6. ‘This transformation, on the 
other hand, completely modifies the invariants of the self-conjugate parts; in fact 
they cease to be invariantal for this transformation. The self-conjugate parts ®, and ®, 
cease to be self-conjugate where multiplied by x and into 6. When we restrict the 
range of the transformation by supposing x and @ to be conjugates or x = 6’, the 
function ¢,, its conjugate ¢, and its self-conjugate part ®, all undergo the same 
transformation ; and :7'¢,, $’2161, and ®,1®, transform into 6'd6,14,6, 6°¢':1¢6'16, 
and 61@,1@,0, so the roots of ®,"®, (upon which the cone invariants depend) are 
unaltered as well as those of $2". 

We can see a reason for this. The natural interpretation of the equation 

Sppp = 0, or Spbp=0, or Spd'p =O, (xxix) 
is that it is the locus of lines at r7ght angles to their derived lines. Here a non- 
projective element is introduced, and the latitude of transformation consistent with 
invariance is restricted. 

(12.) The vanishing of invariants depending on the roots of 1, does not, in 
general, imply any peculiarity in the pure parts of the strains represcuted by ¢, and dy. 
For we have seen in Note II1., Section (11.), that a rotation y can be determined 
which shall render the roots of x@ equal to any values assignable within certain limits 
subject to the single condition that their product shall be constant. The magnitudes 
of the roots may be selected so as to render any function of them zero, and a corre- 
sponding rotation x can be found which will annul any invariant of ¢, and ¢.x7. 

It may be shown also that a rotation y can be found, so that within certain limits 
one at least of the roots of y¢2!y-16, may acquire a selected magnitude. This applies 
to the invariants of self-conjugate functions (compare the last Section). 

(13.) A function ¢ compounded from two or more given functions may be said to 
be covariant with them, provided # changes into x6 when each of the component 
functions is multiplied by x and into 6. Thus ¢,¢,'¢, is covariant with ¢, and ¢,, 
but did, and $4," are not. 

Again, if $1, $2, 3, &c. are covariant, and if 

Vag ASG = BPtybow'12.VAp, 6.2.6.) 
it appears that the functions y’ transform into X’"uW/6’" multiplied by the third 
invariants of 6 and of x when the functions @ are changed to x6. Thus the 
functions yy’ are covariant among themselves, and of course their conjugates ~ which 
transform into OW are likewise covariant among themselves. In like manner, from 
the functions y’ we obtain new functions $d, by the equation 


Vat AAW pe = ShhdiVAp, (XxXxi) 


which are covariant with the original functions ¢ if we disregard a scalar factor 
depending on the third invariants of y and 6. 
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(14.) The principles explained in the Note on Quaternion Determinants (Note I., 
Sections (2.) and (8.)) enable us to write down the quaternion invariants of a system of 
linear vector functions. By actual transformation of the vectors a, 8, y it may be 
shown that the quotient 
pa PB dy | ja By 


G(hi, $e, $3) = | gra GB guy 
dsa p38 sy 


is quite independent of these vectors, and is therefore an invariant of the three 
functions 4), d, $3. For if 


a Oe ay (XXxil) 


a=a+yp+av, Ba=ar+y'ptsy, ya=u'r+ y wt es’, 


dia dif Py | | PA Pi Py Ms Yas 


| 


fa G8 ee 
o3a 38 dsy | | pA pst psv an" y" z 


and in forming the quotient (xxxi1) the scalar determinant (y's) cancels. 
(15.) By direct expansion of the determinant, we find 


69 (fi, 2, $3) SaBy = 2h,a($.%dsy — doyhsP), (XXXIV) 


where the sign > indicates summation for cyclical transposition of the vectors a, B, y.- 
The scalar part of the quaternion is 


hes = Sq (bi ba bs) = e2Sghia( Posy + PsBpry) (SaBy)™ ; (XXXvV) 
and the vector part reduces without difficulty to 
Va(dis 2 bs) = &LSHiaS (PrBdsy — Ps3Bdry) 


— d.a8 (PsPdry — PiPdsy) 
+ Sdsa8 (PiBory — PPdry)] (SaBy)". (XxXxv1) 


Now if y 3) is the spin vector of 4's», 
S(heBdbsy — bsBdry) = S(h'shz -— b'2bs) By = 28rs2By 5 (xxxvil) 


and the quaternion invariant reduces to 


Y (diy $2, $3) = f123 — 4 (ites — H2IJa1 + G32) : (XXXVil1) 


for it must be observed that the spin vectors satisfy the equations 


we find 


N12 + UPS 0, Hu = 0; (xxix) 


It is evident that the scalar part /,.5 is unchanged when the functions are interchanged 
in any way. We see by (xxxviii) that briefly 


Ysa = Kgi23, and $hiN23 = Yise — Yirs- (xl) 
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The effect of interchange of rows in determinants of the third order is thus exhibited, 
and we see that the six quaternion invariants obtained by every possible interchange 
of di, de, and dz are equivalent to one scalar and three vector invariants, /,,; and 
hiN23, $231; and. ps2. 

(16.) For a single function @ we obtain Hamilton’s three invariants as particular 
cases of (xxxviii) in the forms 


q(, 1, 1) = 3(m" + 2e); g(d, , 1) = 3(m' + Whe); 9(b, 4%, 6) =m. (xh) 
For the first of these € = 72, = 73). 

(17.) Manifestly these vector invariants are totally different in character from the 
scalar invariants of the earlier sections of this Note. It is easy to see, when we 
multiply the three functions (xxx11) into 6, that the quaternion is merely multiplied 
by the third invariant of 6; in fact, the determinant quotient is multiplied by the 
quotient ¢ (0, 6, 6). It may be proved, without difficulty directly, that 7.3 becomes 
n@-'no, in this case. But, when the functions are multiplied by a common function x, 
although the scalar part is merely multiplied by the third invariant, the vector part 
is, in general, completely changed. ¢/.¢; becomes ¢’2x’y¢3, and the spin vector of 
the transformed function is quite distinct from that of the original, except in the case 
in which y’x is a scalar. (Compare also (11.).) 

(18.) It would take too long to investigate the reduction of the number of 
independent quaternion invariants of two or three functions. The functions may be 
combined in any way, such as in products did», o2¢, &c., and the various invariants 
may be obtained by substituting those combinations for the simpler functions in 
(xxx). It must suffice to remark that, in addition to obvious reductions obtainable by 
means of symbolic cubics, a simple relation connects the spin vectors of ¢,¢, and of 
id: For, if «2 is the spin vector of ¢:¢,, and, as before, if 4. is that of $d», 


2Veisp = (fide - Pf oh'1)p = (hi — $1) + 1) hop + $'o( (di — $1) — di)p 
= 2Vaid.p + 246',Veip + 2Vn ep. 


This affords the relation 
E12 = 12 + (m2 — dr), (xlii) 
in virtue of the fundamental equation 
VbAp + Vado + b2VAp = m2VAy. 
From symmetry we may write down, in like manner, 
| €o1 = Nor + (m", — die. (xlii1) 
In the same way 7:2, the spin vector of ¢,¢’., can be expressed in terms of «. and 
simpler vector invariants. Thus the spin vectors of digs, dedi, $'id2, $261, $ih’2, 


b261, $162, $26’, are all expressible in terms of yy», 4, &, and the results of 
operating on ¢, and e, by the functions ¢,, ¢, and their conjugates. 
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By repeated application of these formule the spin vectors of all functions 
derived from a given product of functions, by cyclically transposing the functions and 
altering them to their conjugates, can be reduced to the spin vector of one of the 
products and the results of operating on simpler invariants. 

19. We may also notice that the quotient 


dia 8 | 4 a £B a W'2VaB — 28y2Vaf 
ee hea ae 


is unchanged when a and # are replaced by any other vectors in their plane 
(compare (xxx)). 


(xliv) 


VI.—ON THE SYSTEM OF LINEAR VECTOR FUNCTIONS ¢ + 2. 


(1.) When ¢ is eliminated from the equation 


Vp(d + t8)p = 0, (i) 
the locus of axes of the system ¢ + ¢6 is found to be the cubic cone represented by 
F = Spopbp = 0. (11) 


This is also the locus of a vector coplanar with the vectors derived from it by any 
two functions of the system. 
(2.) The cone 
I’ = Spd'pHp = 0 i) 


is the locus of axes of the conjugate system. Bearing in mind that the axes of a 
function are perpendicular to the corresponding planes containing pairs of axes of its 
conjugate, we see that every edge p, of the cone f corresponding to the root g, of the 
function @ + ¢6 is perpendicular to p’, and p’, edges of the cone f’ and axes of the 
conjugate function. The third edge of the cone f’ may, without difficulty, be shown 
to be Vpidp:, or Vp, Op:. 

(3.) In particular, when both functions are self-conjugate the cones f and f’ coin- 
cide, and every edge is at right angles to two others. Also since 


Vidi + Vidi + Vik = 0, (iv) 


when ¢ is self-conjugate, 7, 7, and & being any mutually rectangular system of unit 
vectors, it appears that in this case the planes containing pairs of axes of any function 
cut the cone again in lines which lhe in a plane. 

(4.) In general the reciprocal of the cone f 1s the envelope of the principal planes 
of the system, and, as this is of the third class, three principal planes are parallel to 
any line. 
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(5.) The root cubic of the function ¢ + 26 is of the form 
gp — Mig’ + eg — Ht; = 0, (v) 


and the coefficients contain ¢ in the order indicated by their suffixes. On equating 
the discriminant to zero, the result is a sextic in ¢ whose roots determine six functions 
having double roots and pairs of coincident axes. 

(6.) No function of the system can have, in general, indeterminate axes; for if 
+ t6 were such a function, it could be reduced to the form gp + ASup; and the 
equation of the cone f might then be written in the form 


SppprSpp = 0. (vi) 


In this case, therefore, the cone breaks up into a quadric cone and a plane. 

(7.) Moreover, if two functions have a common axis, it must be common to the 
whole system, and the cubic cone must have a double edge. For if in (i) two values 
of ¢ correspond to a given vector p, we must have separately 


Vpdp =0, and Vpdp =0. (vil) 


Hence p is an axis of every function, and also a double edge of the cone. 
(8.) The quadric cone 
Sap(¢ + t0)p = 0 (viii) 
contains the axes of the function defined by ¢. Or if we regard ¢ as arbitrary and a 
given, (vill) represents a singly infinite system, a particular cone being determined 
by the condition that it shall contain any assumed line. This singly infinite system 
passes through four fixed lines which may be found by combining the equations 


Sapdp = 0, Sapp = 0. (1x) 
From these we obtain the equation 
xa = VVpdpV pp = — pSpdpOp, (x) 


which must be satisfied by the four fixed vectors. One solution is obviously p || a, 
and for the remaining lines we must have x = 0, and Spdp6p = 0. Thus three of the 
lines are on the cubic cone f= 0. Hence the axes of all functions of the system 
compose co-residual triads upon the cubic cone for a quadric cone can be drawn 
through any set of axes to meet the cubic again in three fixed lines. 

(9.) In the notation of elliptic functions, three edges of a cubic cone lie in a 
plane if the sum of their elliptic parameters is zero. A quadric cone intersects a 
cubie in six lines, and the sum of the corresponding elliptic parameters is zero. 
Hence the sum of the parameters of the axes of any function of the system is 
constant, and the value of this sum is a characteristic of the system. 

If the sum is half a period, the axes of any pair of functions lie upon a quadric 
cone. This is the case when the functions are self-conjugate, and more generally 
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when the axes of one function (#) are in perspective with the vectors derived from 
them by the operation of another function 6. This condition is expressed by the 
equation 
SV p,0p: Vp20p2V psOps = 0 ; (xi) 
and this is also the condition that the axes of @ and @ should lie upon a quadric 
cone. In fact, dropping the suffix 3, (xi) is the equation of a cone through the three 
axes of 6 and two of the axes p, and p, of ¢, so, if (xi) is satisfied, it contains the 
third axis p; likewise. 
The co-residual property shows that, if the perspective property is true for any 
pair of functions of the system, it is true for every pair. 
The condition (xi) may be expressed by the vanishing of the invariant of the 
functions 
TWApadhbPHby — TShbabpPOdy = 0, (xil) 
in which a, 8, and y may be any three vectors. 
This may be proved (compare Zrans., R.I.A., vol. xxx., p. 728, and Proc., R.I.A., 
8rd series, vol. iv., p. 13) by replacing a, 8, and y by py, pz, and p3, and by writing 


Op, = Api + Ape + %sPs, Op» = Mop; + Aegp2 + A23P3, Ops = A3)P; + AzeP2 + A33P3, (xii1) 
and substituting in (xi) and in (xi). The result in both cases is proportional to 
A 122303) — Az1432M%3. (xiv) 


(10.) The results already obtained admit of very considerable extension. The 
equation of the cone (11) may be replaced by 


Syipxxse = 0, where x, = 46+ 60+ 4, &e. (xv) 
Si = Spdiphip 


Thus, the cone is the locus of axes of all functions of the type 


or by 


0, where ¢, = x: ‘x2 A = xr'xs- (xvi) 


(dip + 5,6 + ¢,)7 (aap + 6.6 + ¢2), (xvil) 
ty, b,, €, ds, bz, ¢ being arbitrary scalars. The cone of the axes of the conjugates 
Has = Spd’,p6’1 = 0, where b') = xox; a = x'sx'1 (xvli1) 
is not the same as the cone f’. In fact, the equation (iil) of that cone may be 
replaced by 
F° = Spx'r"x'px'r'x'sp = 9, 
and this is not the same as (xviii), because the functions y’;, x’2, and x’; are not 
commutative. 
(11.) It appears, from (6), that, in general, no function of the type (xvii) can have 


indeterminate axes; and, by (7), no pair of functions $; = x1 ‘x2, 6: = x1xs can have 
a common axis. 
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(12.) We shall now extend the theorem of section (8), and show that the axes 
of all functions of the type (xvii) form co-residual triads. The equations (ix) are 
equivalent to 

Sapxip = 0, Sapxp = 0, (xix) 
and these equations require 
#Vap = Vxipxep (xx) 


if pis a common edge. Hence, we obtain the new quadric cone 
Saxipx = 0, or Sy apy, x. = 0 (xxi) 


which contains the three residual lines. But the second form of its equation shows 
that it contains also the axes of y,"'y., and these axes, therefore, are residual to the 
three intersections of the cones (xix) or (ix), and consequently co-residual with the 
axes of every function of the type (xvii). 


VII.—ON THE GENERAL LINEAR TRANSFORMATION IN SPACE. 


(1.) If » and p are the vectors from an assumed origin to a pair of corresponding 
points, the relation between the vectors may be written in the form 


7 Pe canend: (1) 


where a and £ are constant vectors, and ¢ is a constant linear vector function. 
There is no difficulty in verifying that 


= pla(SPp 7a a 1) a pal SB law = 1) : (ii) 
‘ SBd a - 1 


(2.) The united points of the transformation are the extremities of vectors 


po je 


satisfying the equation sah 
tp = p, (111) 


or dpta=tp, if ¢=SBp+1. (iv) 
Eliminating p between these two equations, the result 
t-1+S88(¢ - tya = 0 (v) 


is equivalent to a quartic equation, and the united points correspond to the roots of 
this quartic and lie upon the twisted cubic 


p=- (p-t) 7a. (vi) 


3D 2 


388 APPENDIX—NOTES. miaue 


(3.) If the plane SAp+1=0 transforms into Suw+1=0, and if we write 


symbolically | : 
Sufp = Spf'p, (vil) 
it appears that Q 
Sy PRE B: - 
es Sap + 1 ieee 


It is needless to write down the equations corresponding to (11), (iii), (iv), and (v). 
They are obtained by replacing w, p, a, 8, @ by A, w, B, a, d, respectively; and it 
will be noticed that the quartic (v) is unaltered by this interchange. 

(4.) For a change of origin to the extremity of the vector «, the new symbols are 
connected with the old by the relations 


p> BB _a+t he —e(SBe+1)_ 
ie eet na SBe +1 ; 


ee ye . 
epee a sae) gh 


and a root ¢, of the quartic transformed from (v) is simply proportional to the 
corresponding root ¢ of the original, the connexion being 


t 
De ae (x) 


The ratios of the roots of (v) are therefore independent of the origin. 
(5.) When we express an arbitrary vector p in terms of the vectors p,, p2, p3, and 
ps to the four united points ancp by the equation (compare Art. 79, page 55, vol. i) 


et nk Lp, + Copy + Lap3 + Lspq 
RG Ht+M+ae+%y ’ (x1) 


the derived vector /p can easily be seen to be expressible in the form* 


ee ae Lyb\p, + Latop, + Xstyp3 + bps eS 
nee Mt, + tbe + xyty + ayy (xi) 


Thus (compare Art. 88, page 58, vol. i), 


ty t, ts 
(Bc . APDQ) = 4 (CA . BPDQ) = i’ (AB . CPDQ) = rs (xiil) 
where (Bc. appe) is the anharmonic of the four planes through the line sc and the 
points A, P, D, and a. Or again, the ratio of the volumes of the pyramids, whose 
bases are a face of the tetrahedron formed by the united points, and whose vertices 
are Q and P, respectively, is proportional to the corresponding value of ¢. 


* Compare Note V., Section (6.), p. 378. 
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(6.) If f=’ = F, so that the function / may be said to be self-conjugate, 

Pa oa (xiv) 
where ® is a self-conjugate function. The general equation of a quadric, any point 
being origin, may be expressed in the form, 

Spfp + 1=0. (xv) 
The extremities of w and w’ are conj ugate with respect to this quadric, if 
Solo! = Sw’ Fw = - 1. (xv) 


Hence Fw is the vector to the reciprocal of the polar plane of the extremity of w 
with respect to the quadric, the centre of reciprocation being the origin of vectors, 
and the radius of reciprocation being unity. The reciprocal quadric is | 


Sv y+1=0. (xvil) 
To determine the tetradedron self-conjugate to a pair of quadrics, 


Spfp+1=0 and SpGp+1=0, 
it is necessary to solve 


Fo = Gey. 60 4G fa = & On. hh =o (xviil) 


for the first equation expresses that the extremity of w has identical polar planes 
with respect to the two quadrics. 

The first equation may be solved directly. In fact, if Y and B in G correspond to 
® and ain F, 


(@- t¥)w=-(a-t8) if Saw +1 = ¢(SBwo+1), (xix) 
and, therefore, 
w = — (® - tv)" (a - ¢B), (xx) 
where 
t-1+S8S(a- tB)(® - tv)? (a - ¢B) = 0. (xx1) 


We cannot delay on this subject, except to remark that the twisted cubic (xx) is 
the locus of the vertices of tetrahedra self-conjugate to any pair of quadrics of the 
doubly infinite system 

| Sw (@ + wh) w+ 28(a+ uB)wo+v=0. 


(7.) It appears, from (ix), that on change of origin a self-conjugate function will, 
in general, cease to be self-conjugate. Under what conditions can the origin be 
selected so that a function may be self-conjugate ? 

If 7 is the spin-vector of ¢, change of origin to the extremity of ¢ will, render ¢, 
self-conjugate, and a, = 8, (ix), if the equations 


2n = VeB, a+ pe-e(SRe+1) = 8B (xxil) 
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can be satisfied. The second equation gives, by the process already employed, 
e=(p-t)' (B-a) if t=SPe+1, or 1-¢+ 8B (gd -7)? (B-a) = 0. (xxiii) 


Thus, four points can be found for which a,= 8,, and consequently y must be equal 
to one or other of four determinate vectors. 


VIIL—ON THE THEORY OF SCREWS.* 


(1.) If ¢ is the translation and c the rotation, the origin being taken as base-point, 
for any small displacement of a body, the transformationt 


CHa toe + Vet bay tot peer. a Ver} (1) 


shows that the displacement may be accomplished by a rotation round the axis whose 
equation is p = @ + a, accompanied by a proportional translation along that axis. 
This screw displacement is called a twist by Sir Robert Ball. In the same way a 
moving body is said to have a ¢wist-velocity on an instantaneous screw. In the 
following brief applications of quaternions to the admirable Theory of Screws of 
Sir Robert Ball, what is said of wrenches will be seen to be equally true of twist- 
velocities and of small twists. 

(2.) If » represents the resultant couple at the origin of vectors arising from any 
distribution of forces and couples, and if A represents the resultant force, the equiva- 
lent wrench may be represented by the symbol (y, A). The intensity of a wrench 
(or the amplitude of a twist) is measured by the tensor of the vector X; thus (¢u, fA) 
or ¢(y, A) is a wrench having the same axis and the same pitch as (p, A), but ¢-fold 
its intensity. It is obvious that the resultant of any number of wrenches ¢, (4, 1), 
te (Me, Ax), &c., may be represented by the wrench (¢,m, + tom. + &c., tA, + ted, + &e.), 
and by the principle of superposition of small motions this is equally true for twists 
provided they are small. Every wrench compounded in this manner from » indepen- 
dent wrenches is said to belong to an m-system, and any particular wrench of the 
system is determined by the values of the scalars ¢. 

(3.) When a body, acted on by a wrench (ym, A), receives a small twist (y’, d’), 
the work done by the wrench is 

— Sur’ + wr), (ii) 
remembering that yw’ represents a translation, and ’ a rotation. The symmetry of 
this expression shows that the same amount of work would have been done by (p’, A’) 
considered as a wrench, had the body received the twist represented by (u,). When 
the work done is zero, the screws are said to be reciprocal. It is obvious from the 
linear character of the condition of reciprocity that a screw reciprocal to screws is 
reciprocal to every screw that can be compounded from them. 


* Sir Robert Stawell Ball. 4 Treatise on the Theory of Screws. Cambridge, 1900. 
+ Compare pages 83-85, and 285-287. 
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Again, in terms of the vector perpendiculars w and the pitches p, the expression 
for the work becomes 
—(p+p')8rdr’-S(w-a')AN or (p+yp')cos4 +d sin A (iii) 


into the product of the tensors of X and X’, if A is the angle and d the shortest 

distance between the axes. Hence, if the axes of reciprocal screws intersect, they 

cut at right angles, or else the sum of the pitches is zero; the converse is also true. 
(4.) Two screws of the two-system (u + ty’, A + tr’) are reciprocal if 


S(ut ty’) (A+ UA!) +S (ut Up’) (A+ A’) = 0, (iv) 
and the axes cut at right angles if S(A +X’) (A+ #X’) = 0. These equations lead to 
a quadratic in ¢, whose roots determine the pair of screws. Their axes intersect, and, 
if the origin is taken at the point of intersection, the screws may be represented by 
(az, ¢) and (47,7), a and b being the pitches. Any screw of the system can be repre- 
sented by (a? cos @ + bj sin @, ¢ cos6 +7 sin @), aud from the relation ai cos 6 + bj sin@ 
=(p+@)(¢cos6+7 sin 6), we find at once* 

p =acos’6+bsin?6, and w = (b-a)ksin®@ cosd. (v) 
Hence, the equation of the cylindroid, the locus of the axes, is seen to be 
p = (6-a)ksin@ cos6+s(¢cosO+ysin@) or s(2+y*)=(b-a)xy. (vi) 
(5.) Let (4, Ar), (fe, Ac), and (us, As) be any three wrenches, and let 6 be the 
linear vector function determined by the three equations 
Bae OA, Be = OAx, and v3 = 6X3. (vil) 
Every wrench that can be compounded from the given wrenches may be represented 
by (6a, a), the vector a being an abbreviation for ¢,A, + tA, + tsA3. If p is the vector 
to any point on the central axis of the wrench (6a, a), 
6a = pat+Vpa, or (6,— V(p—«))a = pa, (vill) 
where @ is self-conjugate, and 6=6,+ Ve. Thus p isa root, and a is an axis of the 


linear function 6,- V(p-—«). he cubic determining the roots of this function is 


p* — mp? + (m' — (p — €)")p — (m - 8 (p - €) 6 (p — €)) = 9, (ix) 
if 0° ~ m6," + m'9,-m = 0 is the symbolic cubic of 6, (Note, p. 520, vol. i.). 
Hence, the locus of axes of screws of the system, having a given pitch yp, is the 
quadric (ix), one of a concentric system. It is also evident by (viii) and (ix) that 
three axes pass through an assumed point, and that the sum of the corresponding 
pitches is constant Again, the pitch and the vector perpendicular are, respectively,+ 


p = S600", and w = V6ac". (x) 


* Compare the Note on Systems of Rays, Section 11, p. 422. 
+ Compare Note III., (16.), p. 372. 
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On comparison with (ix), it appears that the pitch of any screw is inversely pro- 
portional to the square of the parallel radius of the zero pitch quadric 


m = 8(p— €) 0 (p - €). (x1) 


We cannot delay upon the locus of the feet of the vector-perpendiculars except to 
state that it is a Steiner’s quartic with three double lines intersecting at the origin, 
and that the form of the equation w = V6 (a, + faz) (a, + tay)! shows that the locus 
for axes parallel to a plane is an ellipse, ¢ alone being variable. 

(6.) The wrenches (6a,, a,) and (@az, az) are reciprocal if 


S (a,0a, + a,80,) = 0, orif Sa,6,a, = 0; (xii) 


that is, if the directions of their axes are conjugate with respect to the zero-pitch 
quadric (xi). Corresponding to three mutually conjugate directions a), a2, and a3; are 
three mutually reciprocal or co-reciprocal screws. 

(7.) If(p’, d’) is reciprocal to the whole system (6a, a), the equation S(u’ + 6’A’)a =0 
must be satisfied for every possible vector a. Hence p’ + 6A’ = 0, and further, in 
general, (— 6’a’, a’) belongs to a three-system reciprocal to the given three-system. 
From these considerations it is easy to refer any wrench to six co-reciprocals. 


If we assume 
w= 0a Ua, and 4 — ata, (xii) 


where 6 is any vector function whatever, and (mu, X) any given wrench, we see that 
the auxiliary vectors a and a’ are in general determinate, being in fact 


a=(04+0) (+O), and a =-(04+6)" (u- OD). 


Selecting then any two triads a,0,03 and aja;ag of mutually conjugate directions with 
respect to the quadric (xi), and referring a and a’ to these, so that 


a= C10, ay toA, or 1303) and a’ = t 404 i t5Q5 a tgQg, (xiv) 


it appears that the given wrench can be resolved into component wrenches on six 
arbitrary co-reciprocals. The six scalars ¢ are proportional to the intensities of the 
components, and play the part of coordinates of the wrench.* 

(8.) To refer a four-system to a set of co-reciprocals, determine the vector function 
6 from three wrenches of the system as in (vii), and reduce any fourth wrench as in 
(xii). Thus o, is found, and for every wrench of the system ¢,; and ¢, are zero. 
The two-system (— 6’(t;a5 + tgag), t5a5 + tga) is reciprocal to the four-system. In like 
manner for a five-system we find a’ to be of the form to, + bites. and the single screw 
reciprocal to the system is (— 6’ag, ag). Similarly any wrench can be resolved into 
two components, one belonging to a screw-system, the other to the reciprocal system. 


* Compare Note IV., Section 3, p. 374. 
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(9.) The principles explained in the Note on Quaternion Determinants furnish us 
with a means of writing down a number of invariants for the various screw-systems. 
For instance, the ratios 


bis Pe Pi Be ri Xe 


A, Ag 


(xv) 


A, »& 


| Pi Pe 


are quite independent of any particular screw of the two-system (p; + tu,, A, + fdr). 
In terms of the vector (e) to the centre of the cylindroid and the screws of 
reference (4.) these ratios reduce to 


[abk — Sek — (aiSet + Sef) . k] : [(a + b)h + Wek + Vek]: &, (xvi) 
so that if we write, for brevity, (xv) in the form p: ¢: 7, 
e=V.(Vq+438o)r?; 4+ b=S.¢qr°; ab=S8. pr? + 4r? (89). 


On solution of the equations in a and 6 we can determine everything in terms of 
Pp, 7, and r. 

Again, for a two-system, every determinant composed of rows jy, 2, M3, followed 
- by rows Aj, Ag, As vanishes. 

(10.) It is more interesting, however, to consider the relations for systems of 
higher orders. Write down a determinant, formed by three identical rows of six p’s, 
followed by three identical rows of six \’s. This is the sexzant of the six screws, 
(wi, Ar) . . » (Me, Ag). If it vanishes, the screws belong to a five-system. Write 
down four identical rows of seven p’s, followed by three rows of seven \’s. The 
result vanishes identically, for a determinant with four identical vector rows vanishes 
(Note I., (6.)), but we may expand it in the form 


pa(1) + e(2) + ws(3) + ma(4) + os(5) + or(6) + ar(7) = 0, (xvii) 


where (1) is the sexiant of the screws omitting the first.* Again, four identical 
rows (A), followed by three identical rows (), form a vanishing determinant expand- 
ing into 

Ai (1) + Ag(2) + Ag(B) + Ag(4) + As (5) + Ag(6) + Az(7) = 0, (xviii) 


the same symbols denoting the sexiants as before. We see thus how to express an 
arbitrary screw in terms of six given screws.t} 


* It is simplest to expand a sexiant in terms of the minors of the third order when it is seen to be 
SSuipemsSasrsac. 

ft Indeed, from this point of view, the theory of screws is equivalent to the theory of vector 
pairs (u, A), every pair denoting an entity. There is a corresponding theory of vector triplets (v, «, A), 
&c. Writing down four identical rows of ten v’s, followed by three of u’s and three of A’s, we see 
how to express an arbitrary triplet in terms of nine given triplets by means of functions of nine 
which may be called noniants in analogy to the sexiants. 
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(11.) Again, write down the determinant* of three rows of five y’s, followed by 
two of five \’s, and call it py’. Similarly, if—’ is the determinant of two rows of p’s, 
followed by three of \’s (the same as before), the screw (y’, A’) may be easily seen to 
be the reciprocal of the five given screws. If, however, the fifth screw (15, A;) is 
quite arbitrary, the variable screw (y’, A’) obtained in this way generates the two- 
system reciprocal to the given four-system.t 

(12.) If a free rigid body, acted on by any system of forces, receives a small twist 
from a position of stable equilibrium the forces no longer equilibrate, and a certain 
wrench corresponding to the twist acts on the body. We shall consider the important 
case in which the wrench (py, A) is linearly expressible in terms of the twist (c, o), 
that is, when the one-to-one relation between twist and wrench can be expressed by 
equations of the type . 

pa gwtyo, X= bw + yo, (xix) 
¢, x, 6, and w being four linear and vector functions. As the twist changes from 
(oc, w) to (ao + do, w + dw), the work done by the forces is 

—S(udw + Ado) = — S (dw + xo) dw — 8 (Ow + Wo) do. (xx,) 
This is a perfect differential, or the forces are conservative, if, and only if, ¢ and y 
are self-conjugate, and if y and @ are conjugate. The truth of this property is 
apparent when we differentiate an expression such as — 3Sw@w — Sc@w — 48oV¥o and 
compare results on assigning arbitrary values to the four vectors o, w, do, anddw. In 
what follows we shall limit ourselves to the case of conservative forces. so that we 
may take ¢ and y to be self-conjugate, and 


m= gpo+ xa, A= yw Wo. (xxi) 


This type of relation has been called Chiastie by Sir Robert Ball because of the cross- 
connexion expressed by the equations 
S (uw’ + Ao’) = S (fw + yo) wo + S(x’o + Yo)o’ (xxil) 
= 8 (ga’ + xo")0 + 8 (0! + Yo"o = 8 (u'o + No), 

which show that if (4, A) is reciprocal to (o’, w’), then is (u’, d’) reciprocal to (c, w). 

(13.) A free rigid body is acted on by an impulsive wrench, and begins, in con- 
sequence, to twist about an instantaneous screw. Taking the centre of inertia as 
base-point, it appears that the wrench and twist-velocity are chiastically related, for 
the dynamical equations are 
if gw is the linear vector function of the angular velocity w which represents the 
angular momentum, and if J/is the mass of the body and o the velocity of translation 
of the centre of inertia. Here, as before, the chiastic conditions are satisfied, for 


* This determinant is a vector as appears on expansion by minors of w’s and minors of r’s. 
+ A system of screws of the most general type is partially considered in Note XII., Sections 26-31. 
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is self-conjugate ; also x and 6 are zero, and wis a scalar M@. We proceed to consider 
the general case of chiastic relation since from this the properties of impulsive and 
instantaneous screws are at once deducible. We suppose ¢, x, and w& to be known. 
When the body is not perfectly free we resolve the wrench (y, A) into two com- 
ponents, one (7, €) belonging to the screw system of the freedom, and the other 
(7’, €’) belonging to the reciprocal screw-system. The wrench (y, €) is the reduced 
wrench, Thus 
hM=nt+y =qgwiyxo, and A=E+ l= w+ Yo. (xxiv) 


Obviously, when (oc, w) is given, (7, €) and (7’, é’) are at once determinate. Again, 
when (7, €) is given, (7’, é’) and (a, w) are still determinate. For if (01, ,), (o2, w2), 
&c., are m given twists determining the freedom, we may express the known wrench 
(y, €) in the form (3a,o,, Sa,), and the unknown twist (oc, w) in the form 
(2a,0,, 2#,,), and remembering that (7’, é’) is reciprocal to all the twists of the 
freedom, we obtain » equations such as 


S(yw, + €01) = Sa,(dw + xo) + Soi(x‘w + Yo), 


which afford the » unknown scalars 7, #2, ... 2p 

(14.) Again, for freedom of the n” order there exist » principal screws upon 
which the reduced wrench and the corresponding twist are situated. For if we 
replace y and € by ¢o and ¢w respectively in the » equations we find on elimination 
of the scalars # an equation of the x” degree in ¢, and every root of this determines a 
principal screw. These screws form a co-reciprocal system. Let (o1, ;) and (a2, 2) 
be two principal twists corresponding to ¢, and ¢, respectively. Thus if we write 


Pn [12] = Swdw, + Sa,yo, + Sonya, + Soivo, = [21], (xxv) 
we see a 
j 1 [12] = S (mz + £02) = tS (o10, + O20), 
and also 
[12] = S (no, + £201) = t.8 (OW. F O20) ; (xxv1) 


hence, if 4 is not equal to %, we must have S(o,w. + o.w,) = 0, and the screws are 
reciprocal ; and also we have [12] = 0, and the screws are said to be conjugate screws 
of the potential. We shall now examine the conditions of reality of the principal 
screws. They are evidently real if all the roots ¢ are real. If, however, 4, = ¢+ hi’, 
and if t,=t — ht’, where h =,/—1, it appears that the corresponding twists must be 
of the form 


(01, 01) =(o + ho’, w+ hw’), and (02, a) = (o — ho’, w — ho’). 
If these are conjugate we must have 
[12] = (Swdo + 2Swyo + Soc) + (Sw’dw’ + 28w'yo’ + Soo’) = 0. (xxvii) 


But this cannot be the case when the potential function — 48wdw — Swxo - 4Soyo is 
essentially one-signed. Under this condition therefore the principal screws are real. 
oF 2 
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(15.) On Sir Robert Ball’s suggestion I append the quaternion treatment of two 
important parts of the theory of screws. In general, the twist velocity of a body 
acted on by constraints alone is constantly changing. Under certain conditions, 
however, the twist velocity remains for a moment unchanged. The instantaneous 
screw is then said to be permanent. Permanent and principal screws are in general 
quite distinct, though they are identical in the case of a body having one point fixed. 
We may write the dynamical equations in the form 


Smp = &, SmVpp=7’, (xxviii) 


m being the element of mass at the extremity of the vector p, and (y7’, é’) being the 
wrench arising from the constraints referred to the origin of vectors as base point. 
If (o, w) is the twist velocity, we have 


p=oa+Vop, and p=a+ Vop+ Vop=o+ Vop + Vo(o+ Vop). (xxix) 


For a permanent screw ¢ and ® vanish, and if the origin of vectors is taken at the 
centre of mass, we find, on summation, 


Smp = UWVoc = &',  SnVpp = Vodou = 7’, (xxx) 
where dw = SmVpVop is the angular momentum of the body (compare 417, X.). 
In particular for three degrees of freedom if o = Ow, then 7! =— @’&', because the 
wrenches arising from the constraints are reciprocal to the twist velocities. Hence 
Vodw = 7 = - 68 =- M6'Voc = - UG'Vubo, 
or, if 2 is the third invariant of 6, 
Vode = Un Volo: (XXX1) 
so the permanent screws have their axes parallel to the axes of the function ¢ — Mn"6". 


(16.) In the same case of freedom of the third order the principal screws are 
given by | : 


dw=tot+y7, Uo=tw+ &, (Xxxil) 
and from these as 7’ = — 6’é’, and o = Ow, 
ow = t(6 + &)w — O'Gu, (XXxii1) 


so that the principal screws are parallel to the axes of the function (6 + 6’)? (¢+ 06). 

(17.) The second point suggested by Sir Robert Ball is a proof of the theorem 
that ‘‘ two three-systems can in general be iz one way correlated so that each screw 
in one regarded as an impulsive screw, has a corresponding screw in the other 
regarded as an instantaneous screw’? (Theory of Screws, Art. 318). This theorem 
arises from the determination of the dynamical constants of a free body by administer- 
ing three known impulsive wrenches, and by observing the twist velocities produced. 
The dynamical equations are three pairs of the type 


dw = n+ VAp, M(o + Vup) =A, : (xxxiv) 
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where (, 4) is a known wrench, (o, ) a known twist velocity, and where 4, p, and 
UW, the vector function, the vector to the centre of mass and the mass of the body are 
unknown. The three wrenches produce a three-system p= 6,A, the three twist 
velocities another o = 6,, and in terms of 6, and 6, the equations (xxxiv) become 


gw = (6,- Vp)A, M0, - Vp)w =A. (XXXV) 
Hence, for three and therefore for all vectors », 
— ho = (6, - Vp) (62 -— Vp)o. (XXXV1) 


Now ¢is aself-conjugate, and therefore if 2’; and n”, are the first invariants of 6, 
and 6, respectively, by a well-known property of Hamilton’s function x, 


(0,0. — 0'.6',)o = Vp6.0 + 6',Vpw + 6,Vpw + VpGw 
= Vin", aa 02) pw a Vin"" rm 6’ )pw = 2Ve.0, 


if €,. is the spin-vector of 6,,. Thus p is uniquely determined by the equation 
(201 so a a 6, a: 6';)p = 2€ 12, (XXxvl1) 


which is a necessary consequence of the self-conjugate property of ¢. The vector p 
being known, I/'¢ is determined by (xxxvi), and J by the second equation (xxxiv). 
Thus ¢, p, and Jf are uniquely found. Also the unique correlation between the 
three-systems is established by (xxxv). It is very instructive to investigate step by 
step the amount of information afforded as to the dynamical nature of the body by 
observing the twist velocities produced by known wrenches.* 


IX.—ON FINITE DISPLACEMENTS. 


(1.) It has been shown that the operator 7( —_—-) gq"! produces a conical rotation of 
a system of vectors about their common origin, the axis of the rotation having the 
direction of the quaternion or versor g, and the angle of the rotation being double the 
angle g. Any displacement of a rigid body may be effected by rotating the body 
about the origin of vectors until lines in the body are parallel to the positions they 
will ultimately occupy, and by then translating the body until one point (and there- 
fore all points) attains its final position. Thus if r is equal and parallel to the 
translation, the vectors w and p to a point in the body, in its initial and final posi- 
tions, are connected by the relation 


p=t+gag”. (i) 


* Additional illustrations of the Theory of Screws will be found in the Notes of this Appendix 
IX. to XII. inclusive. 
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(2.) We may write this equation in the form 
p=Ttt+et+g(w—e)g', if r=r7r+ eq! -e«, (11) 


with the interpretations following. The same rotation about the extremity of « 
changes w into «+q(w-—e«)q', and the translation 7’ completes the displacement. 
Or a translation - «, followed by the rotation about the origin, and then by the 
translation 7’ + «, is equivalent to the displacement. For example, writing (i) in the 
form p=q(q'7¢ + w)q", we see that the translation g‘rqg, followed by the rotation 
about the origin, effects the displacement. 

(3.) The relation (ii) connecting the translations 7’ and 7, which must follow 
rotations about different points in any given displacement, shows that the difference 
of these translations (7’ — 7) is equal to the displacement one point would receive were 
the body rotated about the other. The components of r’ and 7 along the axis of 
rotation are consequently equal. Or multiplying the relation (ii) into g, we have 


(7 —~7r)g=ge-—eg =2V.Vae; (111) 
whence 
e=-4(r' -7)q(Vq)'+2Vq; S(7'-7)Vq = 0. (iv) 


Thus given 7’, the locus of the extremity of ¢ is a right line parallel to the axis of 
rotation. 

(4). The equation of the central axis is found by expressing that the translation 
7’ = 7 is parallel to the axis of rotation. By (iv) the equation of the central axis, and 
the value of 7,, are found to be 


e=4Vrq (Vo) + 2Vq; (v) 
t, = (Vg) 8rVq. (v1) 


(5). The general decomposition of a displacement into a pair of displacements 
results from comparison of (i) with 


p=72+ Q(T + Nag )g, (vii) 
and the conditions evidently are 
9291 = 7; T= 72 + Q2T192' (vill) 


It these displacements are a pair of rotations effected about the points = and F 
fixed in space, or the points = and ¥’ fixed in the body, 


TI=E€- NEN; T=Ee+n-Qlet nye’ s Y= HNN (ix) 
if ¢ = OF, n= EF, 7’ = EF’. Thus (vill) becomes 


T=€-Qgeq' + n-gage =e- get gang - 4a’. (x) 
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Writing for abridgment 
EY =7 =r—e+ geq), (xi) 

if gr is arbitrarily selected the point 1’ is determined, and by (x) the second rotation 
changes EF into a line equal and parallel to 1r’r. The locus of F is, therefore, the 
plane bisecting zr’ at right angles, and the second rotation may be made about any 
line in this plane. The first rotation may be found by (viii) when gq, is suitably 
selected. In like manner if r’E = g"‘xE1’g, we find by (x) gs HF¢g = '’F’, and 
the locus in the body is the plane bisecting rr’ at right angles. 

Again by (x) if q or g. is arbitrarily selected, and ¥ must lie respectively in 
the planes determined by 


S(r—e+ geq')Vgz=0 and S(r-—7+4 gonge')Vq = 0. (xi) 


Selecting any point £ in the first of these planes, 1’ is determined by (xi) and the 
axis of the second rotation is the intersection of the second plane with that bisecting 
EY’ at right angles. 
(6.) When the body is in the position (i) defined by 7 and g, a rotation about the 
point £’, followed by a translation, carries it to the position given by 
partetg(r—e)g + gang ig, 


while the same translation, followed by the same rotation about ©”, carries it to the 
position 
p” an e a q(t oe ee a ce a ra yagi. 


The difference in the positions is equivalent to a translation 
po- plated —e g(r +e — eg = 2V. (7 + — €/)Vq'. gq’, (xiii) 
which is small and of the second order if 7’ + ¢«’ — ¢” and Vg’. q’! are small and of the 
first order. Under these conditions the order in which the additional translation and 
rotation are effected is in the limit immaterial. If the additional rotation is made 
about the origin of the vectors z, which is a point fixed in the body and at the 
extremity of 7, the new position is given by 
| patr+ ygagig”. (xiv) 
(7.) When q¢ and + are functions of a single parameter, the equation (i) contains 
full particulars of the path of the body, and if the parameter is a known function of 
the time, the velocity of the displacement may be completely determined. If 
p+dp=7+dr+(q + dg)w(q + dg)", 
the two following expressions for dp supposed infinitesimal, 
dp =dr + Vdwgag! where dw =2V.dqq", (xv) 
dp=dr + gVdiwg! where di = 2V.97d¢,* (xvi) 


* Evidently g-!dwg = 2V . ¢!(dgq")g = du. 
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easily follow from the consideration that if @ is any small quaternion and é any 
vector 
(l+a)&(l+a)'-€=(14+@)é(1 -a) -€=a€ — $a = 2VVae!. 

The first of these expressions shows that the additional displacement is due to the 
translation dr and to the rotation dw about the body origin applied after the rotation 
q( )g?. The second shows that had the body originally received the rotation about 
the body origin represented by di, then the rotation g( )g”, and finally the 
translation ++ dr, the same position would have been attained. 

(8.) If « is the vector from the fixed origin to any point on the axis of the 
instantaneous screw, and if p is its pitch, 


dr =(p + V(e—7))da, (xvi) 


because « — 7 is the vector from the body origin, the base point to which dr and dw 
are referred, to a point on the axis. ‘The pitch and the equation of the axis are, 


by (xv), 
p =438dr(V .dgq")"; e=7t+3V(drt+ 2)(V.dgq?)), (xviil) 
x being a variable scalar. Allowing the parameter in 7 and q, as well as 2, to vary, 
the vector equation represents the locus in space of the axes of the instantaneous screws. 
The body locus of the axes may be obtained by substituting « — r = gng" in (xvil) 
or (xviii), when we find 
q ‘drg = (p + Vn)de (xix) 


and 7 =4V(qldr¢ + 2)(V.q'dg)". (xx) 


If we suppose these two surfaces to be constructed and fitted with guiding threads 
or projections and depressions of suitable pitch, then when the body locus is suitably 
placed on the space locus with corresponding generators in contact and rolled over it 
subject to the constraint of the guides which will cause gliding along the line of 
contact, the body will traverse the path prescribed. 

(9.) When g and 7 are functions of two parameters, « and v, the body has two 
degrees of freedom. Given w, equation (i) represents a surface which would be 
generated by a point fixed in the body were the body to describe every possible path. 
The equation (xvii) is linear in the ratio du: dv, and represents a singly infinite 
system of screws whose axes lie upon a cylindroid represented by the vector equation 
(xvii), when the ratios x: dw: dv vary arbitrarily. On account of the linearity of 
(xvi) it appears that if two screws of the same pitch intersect, all the screws lie in a 
plane, and pass through a common point. When the expression for p is rendered 
integral by multiplying by T(V"'dgqg")*, a quadratic in dw : dv results which deter- 
mines two, and, in general, only two instantaneous motions of given pitch. If three 
screws have the same pitch, then all have the same pitch, and it is not hard to see, by 
(xv), without assuming any property of the cylindroid, that all the axes lie in a 
plane, and pass through a common point. 
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In general, for two degrees of freedom, every point of the body on one or other of 
two lines, will describe an element of a line, not of a surface, as the body receives 
every possible small displacement from a given position. The lines are the axes of 
the two screws of zero pitch. For every small displacement may be compounded 
from rotations about these lines, and a point on one line suffers displacement only on 
account of the rotation about the other. The normal to the element of surface 
described by any point in the body must intersect these two lines, for the normal is at 
right angles to every possible displacement of the point, and, in particular, to that 
due to a rotation about either of the lines.* 

(10.) We arrive at the particular case of which Darboux has made an extensive 
use in his kinematical treatment of surfaces by expressing that a plane carried by 
the body constantly touches the surface described by a point fixed in the plane. 
Comparing (xv) and (xvi) the condition is simply 


Sdogyg’ = 0, or S(drgyg'+dwgwyq') = 0, or S(doy + duwy) = 0, (xxi) 


if y is the direction fixed in the body of the normal to the plane, and if, for brevity, 
do = ¢g'drg. This condition must be satisfied for every possible displacement, so that 
if we write | 

do = o,du+o.dv, de = du + udev, (xxll) 


we must have separately 


S(ovy + uwy) = 0, S(owy+ury) = 0. (xxiii) 


And there is no difficulty in seeing that the same results would have followed had we 
expressed that a line fixed in the body constantly intersects the two axes of zero 
pitch (9.). 

It is evident that ds may be regarded as representing the elementary angular 
rotation dw referred to directions fixed in the body; indeed, it has been shown that 
du = "dwg. In like manner, do is the small displacement in space of the body 
origin referred to fixed directions in the body. It must be carefully remembered that 
do, dw, and de are not like dr or dg differentials of vectors o, w, and «. In fact, 


by (7),t 


007; es i Ss og S On 

ay a, 49 ap +! Daan 2? 
and 

Oa: 


* Compare Darboux, Legons sur la Théorie Générale des Surfaces, Art. 58. 
ft Compare Darboux, Joc. cit., Arts. 55 and 40. 
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so that, on subtraction, 


do, 9 ee Pe ote 
= 2 a = V(oy% —o2,); also a - a = Viits (xxiv) 
because 3 : 
0 Of a 2 On nd 4 9 Se epee 
ater tars ete: Lovers ri ve Seeds mes ee, _f ft 
= Ee Ou : Ou : Ov ae Ov q Ou eng Ou 1 Ov 


ll 


0g 0g 
a) ee poe Gane 
Se ir, 


Returning to equations (xxiii), if these are always satisfied for constant vectors 
y and w, we can derive four new equations by differentiating each with respect to 
wand v, and equating the results to zero. Thus, six equations are obtained which 
lead to differential equations in 7, g, wu, and v, when y and @ are eliminated. 
Observing that » occurs in the equations only in the combination Vay, it is evident 
that every point on the line in the body through the extremity of w parallel to y will 
describe a surface constantly touched by the plane through the point and at right 
angles to y. , 

(11.) We have noticed in Section 9 the conditions under which a point is common 
to the axes of all the screws corresponding to small motions with two degrees of 
freedom. Replacing dr and dw by 74, «, and 72, w, successively in (xvii), we deduce, 
from the resulting equations, the expression for the vectors to the point of inter- 
section, 

- V (71 — po) (72 - pws) 
5 (71 — payor 


€=T 


, and 2pSw,w, = S(wit2 + eT). (xxv) 
If the pitches are everywhere equal and constant, the space and body loci of the 
common intersection of the axes are 
p=«, and w=qg'(e~1)9; = 

and corresponding elements of these surfaces are 

dp = de, na dw = g7' (de — pdw)q; (XXvVii) 
the second expression being reduced by (xvii) from 

da = g"' (de -dr)g + 297 (V(e-7)Vdgq")g. 


In the case in which p is zero, the lengths of corresponding elements are equal, 
and we deduce the elegant theorem of M. Ribaucour,* the loci not only touch, but roll 
on one another without sliding. The surfaces are applicable. 


* Darboux, doc. cit., Art. 58; Ribaucour, Sur la déformation des surfaces (Comptes rendus, t. Ixx., 
p. 330). 
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(12.) The usual formule with respect to moving axes may be deduced from the 
following equations, in which the quaternion and vector, g and o are variable in any 
manner. The vectors p and gwq-' being regarded as terminating at a common point, 
while the former originates at a point fixed in space, and the latter at the extremity 
of the vector goqg", 


p=q(ota)q', and dp=q(do+dw)g'+¢qVdi(o+am)g. (xxviii) 
Hence 
Dp = ¢'dpg = do + dw + Vdi(o + a), (xxix) 


if we write simply as a matter of notation, Dp = g'dpg. This formula includes the 
usual formule of small displacement, or velocity, with respect to moving axes. 
Differentiating p a second time by the characteristic d, we may write 


Dp = q"'d’pq = do + daw + Vd (ot+a)+2Vdi(do+da)+ VdiVdi(o+a@), (xxx) 


which includes the formule of acceleration. Of course if w is fixed with respect to 
the moving axes, the terms in dw and d’w disappear. 


X.—ON THE KINEMATICAL TREATMENT OF CURVES. 


(1.) To extend the kinematical method employed in Art. 396, imagine a point 
travelling with unit velocity along the curve and carrying with it three mutually 
rectangular unit vectors a, 8, and y, so that a continually touches the curve, while 
the plane of a and £ preserves closest contact with it, or in other words, osculates it. 
If we choose we may select 8, so that in its initial position it has the direction of the 
principal normal. Having made a selection once for all, there will be no confusion, 
provided the motion is continuous. 

It is geometrically obvious that the angular velocity (w) of the system may be 
resolved into two components round a and y; thus we may write 


W = at, + yA. (1) 


We may regard a and ¢, as the deriveds with respect to the are s of two angles a 
and ¢, Of these a is the total angle through which the system has turned about 
a, starting from any initial point on the curve; in like manner ¢ is the total angle 
through which the system has turned about y; and it is convenient to suppose that at 
the initial point s=0. We shall use a, ¢3, &c., to denote the second and third 
deriveds of a and c. 

It is obvious that a, is the torsion, and c, the curvature at the point considered. 

3 F 2 
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(2.) If, as in 396 (5.), » is any emanant vector drawn from the moving point, 


we have by the general formula given in the note to p. 293 the relation 


d 
Dy = ar + Von, (ii) 


where in passing along the curve D,y is the absolute rate of change of the vector 
dy . ; ; : 
n, and _ its rate of change relative to the moving system. If is fixed relatively to 


the system, (11) reduces to 
Day = Vom: (111) 


and this equation by (i) gives, if aB = + y, 


D,a = Ba 5 DB ns Vn ae OCs Dy = fa. (iv) 
(3.) Again, if p is the vector to the moving point 
Dp =a, (7) 


and we may differentiate successively and obtain by (iv) 


DZp = Ba, 
Dp = Bee a (ya ac,)¢, (vi) 
D,‘p = Bes + 2(ya - GC,)Cy + (Yaz — aCz)C, — Ba, + )7)e. 


In general, if D,"p = 4,0 + BB + Cay, (vil) 


the coefficients 4,, B,, C,, are assignable functions of the scalars a, and ¢, and of their 
successive deriveds. It is evident by (vi) that the deriveds of highest order occur in 
the term 
Bena + YOn-261+ (vill) 
(4.) This method lends itself readily to the consideration of the contacts of curves. 
Writing down a few terms in the development in powers of s, 


p = py + 8a + ¥8Be, + 487(Bey + (ym — ae1)e) + &e., (1x) 


we see that the deviation from an osculating curve is $s°(Be, + yume.) for a circle ; 
4s*ya,¢, for a parabola or conic; and 4s*8c, for a helix (p. 97); because m and ¢, are 
zero for the circle, a, for the conic and ¢, for the helix. Generally by (viii) the 


deviation between two curves is ultimately 


= [ B(Cn-1 — Eni) + Y(Gn-2 - a’ ,2)¢; |. (x) 


Though the work is necessarily long, there is no difficulty in finding the equation 
of Hamilton’s twisted cubic by assuming as its equation V(p — p,)o(p — po) + VA(p-po) = 9; 
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and differentiating until a sufficient number of equations are obtained to determine 
and ». Perhaps even more briefly the result may be obtained by assuming 


pP=pot(6-t) A where t=8 4,4 t,8 + &., (x1) 


and determining i, p and the coefficients ¢,, ¢,, &c., so that A may equal (¢- +) (p—p,), 
neglecting only powers of the sixth order in s. 

(5.) To illustrate integration of equations (iv), assume that the ratio of curvature 
to torsion is constant. If ¢,=«, tan //, the first and third equations give immediately 


D,(a cos H+ysin H)=0, or acosH+ysin H =k, (xii) 


k being a constant and unit vector of integration. The principal normal # is thus at 
right angles to a fixed direction, and the curve is traced on a cylinder whose genera- 
tors are parallel tok, It is a geodesic because f is normal to the cylinder or because 
the curve cuts the generators at a constant angle 7. 

We now assume £ = 7 cos / +7 sin / when the second equation (iv) shows that 


al / 
Dp = kB =(y cos H - a sin H) > = ye a6 


and requires 
d/ = cosec Hde = sec Hda = VA a,* + ¢," ds. 


Hence if a, or ¢, is known in terms of s, / is determined; otherwise / is an arbitrary 
function of s. Since y = a8, we have by (xii) 


Dp =a=k(cos H - (7 cos/ +7 sin/) sin H), 


so that if p, is a new constant of integration 
pay | Say to Exes He sin | (4 cos +7 sin 2) dd, 
0 0 


In particular for the helix 7 = | a,? + ¢, 8, and the integration can be effected. 
(6.) The vectors a, B, and y may be expressed in terms of the deriveds of p either 
directly or by aid of (v) and (vi) in the forms 


a= Dep; B = ¢,"D,’p kD fa a, 'D, (¢,7D,’p) 6 a, '¢,Dp 5 (xiii) 


and by differentiating the expression for y we find a differential equation of the 
fourth order 


D, (a;'D, (¢,"D,?p) ar a; '¢,D,p) Uy a¢;'D7p = (), (xiv) 


This can be integrated in certain cases. 
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(7.) If the curve lies upon the sphere 
T(p-o)=k, (xv) 


successive differentiations with respect to s afford the equations 


Sa(p-0)=0; §B(p-o)= 75 Sy(e-o)- Fa (i\= aa) Gn) 


Cy C} 


C a, ds 
Hence 
1 ri a a 1 dairy” 
ss a piesa : Shae. ee YE 
cs=p+f 5 + vans) and =& i: + G = , (xvii) 


and these equations in general determine the osculating sphere. If the curve is 

spherical so that o and & are constant differentiation of either of the equations (xvii), 

or of the third of (xvi) gives 
d? 1 1 1 re 

,~= — — —-= : h \ — = — ft >. 

ae + ‘ 0; hence % R cos (a — %), (xvlil) 

a, being a constant of integration. 

(8.) In the general case, instead of (xviii) differentiation of (xvil) shows that 


do = yHda; RAR = La = (xix) 


1 
so if dotted letters refer to the locus of centres of spherical curvature, we may write 
do=a'ds’ and a’=y if ds’ =+ Hida. (e289) 
Having selected a sign (we must have a’ = +y) we differentiate again by the formule 
(iv) and 
B'c,'ds' = — Bayds. (xx1) 
Here again there is a latitude in the choice of sign, but if we select 


B= By then. 7 he de — da; or c= a; (Xx) 


if the angles c’ and a are measured from corresponding initial points. 
Since a’B’ = — yB, it follows of necessity that 


y' =a, whence — f’a',ds' = Beds and a, =¢a;' #7 and a =e. (xxiil) 


Finally we may remark that as the moving point travels with unit velocity along the 
eurve, the centre of spherical curvature travels with the velocity Ha, and at right 
angles to the osculating plane; moreover the angular velocities of the two systems 
have the same direction but that of the derived system is (Za,)? times that of the 
original. 
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(9.) To determine the sign of # geometrically, we must calculate the deviation 
from the osculating sphere. This may be readily done by assuming it to be 
1 4 
[4 sa (p—-o), 
or by expressing that the curve 
if 
aa ae ae 
p E ste (p - @) 


passes through five consecutive points on the sphere. The result is 
e= a)"¢, RE. (xxiv) 


(10.) On the other hand, given the locus of centres, the relation between its are 
ds’ and that of the sought curve ds affords the differential equation 


di ee 3 
det; de? c C258, 
and the solution is ; 
fe fe i? pede . 
caine | cos ede - cos |e sin ede’, (Xxv1) 
arbitrary constants of integration being understood. Hence if ¢,' is any particular 
integral and z and y constants of integration, 
,{ A ’ Saat , d/l , Seat es 
p=o+P'|—+2co8se+ysine’ )—- a’ —|—+xcose+ysine’|- (xxvii) 
C1 de \¢, 
All these curves have of course corresponding elements parallel. The ratio of the 
element of the arc of the curve xz, y to that for which x and y are zero is 


1+¢,(@ cose’ +ysine’). (XXvVlil) 


(11.) We may inquire under what conditions the unit vectors at corresponding 
points on two curves can remain constantly inclined to one another. This condition, 
of course, is satisfied by the curves of the last Section. 


Assuming 
a’ =la+ mB + ny, (Xxx) 


where /, m, and » are constant, we find on differentiation 
B'e\ds' = — ame,ds + B (le, - nay) ds + yma,ds. (xxx) 


If this vector is constantly inclined to a, B, y we must have either the ratio m: ¢ 
constant, or m= 0 and /n=0. The conditions in (8.) arem=/=0. For m=n=0 
corresponding elements of the curves are parallel, In every other case both curves 
must be geodesics on cylinders (5.). 
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(12.) For the emanating lines and emanant surfaces generated by them, two 
different notations suggest themselves. One is already given (ii), and the motion of 
the line is referred to the moving system. In the second notation we may suppose 
the line at any instant to be twisting about a certain screw (396, (10.)) of pitch p with 
an angular velocity 6. This vector @ is, of course, at right angles to the unit vector », 
and we have (compare (11)) 


li 
Dap = Oy = z + Von. (xxx1) 


The shortest distance between neighbouring positions of the emanant is obviously 
péds, and for neighbouring positions we have 

p + ton + pOds = p+ Dp + (t + eds) (y + Dn), Cexxin) 
in which w = p + fy is the equation of the emanant line in one position, ¢ the value 
of ¢ for the point of closest approach to the next position, and x some scalar. Re- 
placing Dp by ads and Dy by yds, and retaining only terms of the first order, (xxxi1) 


reduces to 
pO =a + t0n + xn. (Xxxiil) 


From this, P= S07 +t, = paye. » ey =a). (XXXIV) 
The line of striction of the surface is the curve whose equation is 
w=pt ty=pt n8an67 = p — Sa(D.n)", (Xxxv) 
or it is the locus of points of closest approach of consecutive generators. 
The scalar py is called the parameter of distribution, and is usually defined as the 
ratio borne by the distance between two close generators to the angle between them. 


It vanishes for a developable. 
(13.) When s and ¢ both vary in the equation 


w= pttn (XXXV1) 
the element of any arc on the surface is 
Da = (a+ t6y) ds + dt = (pO+(t— t)) On - an) ds+ydt (xxxvil) 
by (xxxiii); and the normal vector is, consequently, 
v = Von - 0 = O(pynt+t,—t) = (t,t — pn) 8. (XXXVIlii) 
The anharmonic of four normals at points on a common generator is 


Mine a Very eats h-h b—t | (XXXix) 
gy es ee gs 


Vor Vu eg = V4 


and in this equation, which expresses that the anharmonic of the vectors is the 
anharmonic of the points on the generator, we may replace the vectors v by any linear 
and distributive function of them, for instance, by Sv(w —p). Thus, the ratio is also 
the anharmonic of the four tangent planes. 
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If we express that two of these normals are perpendicular, by (xxxviii) the 
condition reduces to 


S(pynt+t,-t)(%-U-py) = 0, or (¢-4)( -4) +p? = 0. (xl) 


The corresponding points form a system in involution having its centre on the line of 
striction and having imaginary foci. Moreover, as 


pe = pA PI en) - Pt - u(14 2a) (xli) 
Vo Opn PY P 


the tangent of the angle 4 between the tangent plane at ¢ and that at f, is 


t, —¢ 
tan 4d = aa . (xlii) 


It may be proved that the measure of curvature, or the product of the principal 
curvatures K, and K,, can be expressed by the very simple equation 
p cos* A 


pe tae (xliii) 


map? 


but we cannot delay on this.* 
(14.) We can obtain a more explicit form of the condition 


pe 0; ec ale 02 or ean) a. 0. 
that the emanant surface should be a developable by assuming 
n = acos/+ PB sinl cosm+y sin/ sinm, (xliv) 
and substituting in the third form of the condition. This gives 
sin/d(a+m)-coslsinmde = 0, or sin/ = 0, (xlv) 


Hence, the only developables generated in the plane of a and y (m = 47) are the 
tangent line developable (/ = 0), and the rectifying developable (cot/ = tan H). 
No line except a in the plane of a and £ can generate a developable. Any line 
whatever in the plane of B and y is capable of generating a developable provided 
d(m-+a)=0, or m=4,-— 4a, d being a constant. 

We thus obtain the system of developables 


w = p+ t(Bcos(a- a) — y sin(a—a,)), (xlvi) 
whose cuspidal edges are 


eg ia Y tan (a — a). (xlvii) 


1 C} 


* Compare the Note immediately following (section (12.)), p. 416. 
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These curves all lie on the polar developable generated by the normal planes to the 
curve, and they are the evolutes of the curve. 
Again, by (xlv), except for a geodesic on a cylinder, no developable can be 
generated by a line fixed relatively to a, 8, y, except the tangent-line developable. 
In general, it may be shown that the cuspidal edge of any developable is deter- 


mined by 
ne (xlviii) 
1, + & cosm 


te 


Also, if the line of striction of any emanant surface coincides with the original curve, 
SaD.y = 0 gives 
di+cosmde = 0, or sind = 0, (xlix) 


and, in this case, the pitch of the surface is 


sin l (1) 
x : —,: 7 
¢, cos 7 sin m — (a, + m;) sin / 


p= 


XI.—ON THE KINEMATICAL TREATMENT OF SURFACES. 


(1.) For the kinematical treatment of surfaces we may conceive two systems of 
curves, determined by two parameters wand v, to be traced upon any surface so that 
the curves of one system are orthogonal to those of the other. At any point on the 
surface, let a be a unit vector tangent to the curve u variable, and B tangent to the 
curve v variable. Then a8 =y is a unit vector normal to the surface. These three 
vectors may be supposed connected with three fixed vectors 7, 7, and & by the 
equations 

a=gig', B=ajr', y=ghq", (i) 
where ¢ is a quaternion function of uw and ». 

Generally (compare Note IX., Sections 7 and 12, pages 399 and 403) 


if E=qng7', then dé= (dy + Vduy)q', where di = 2Vq"'dg. (11) 


And, in particular, if » is invariably connected with 7, j, and &, the relation is 
simplified into dé = gVding™ because dy = 0. We shall use the notation 


de = ada + jdb + kde = (da, + 7b, + ke,)du + (day + Jby + kep)do, (iil) 


but it must be observed that da is not the differential of a scalar function (a) of w and 


v, because di is not the differential of a vector. In this notation we find at once, by 
(i) and (iil), 


da = Bde-ydb, dB=yda-ade, dy = adb - da. (iv) 
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(2.) Now, if p is the vector to a point on the surface, 
dp = adAdu + BBdv, (v) 
where 4 and # are functions of u and v, and the square of the linear element is 
ds? = Tdp? = A*du? + B’dv* (vi) 


and elements of the orthogonal curves are Adw and Bdv, respectively. 
We shall also write generally 


dp = (a cos 7+ B sin /)ds, (vii) 


/ being the angle any curve on the surface makes with the curve u variable. 
(3.) We shall now show that the eight scalar functions of wu and v, A, B, a, b,, e, 
fz, b,, and ¢, are not all independent. Since p is a function of uw and v, the condition 


a 32 3 ep 
pT anar ae) Tor i (viii) 


must be satisfied. By (iv) this becomes 
0A oB ae 
Qa re (Be, — yb.) A =o re + (ya — ac) B, 


so the scalars are connected by the equations 


0A 0B 
577 1B; = = 4d; 4B + bd = 0. (ix) 


Moreover, we can show that 


a a Vijte. (x) 
U 


For remembering that dg = - q“'dgq", we have 


Oly 


e ag a 
Me oe Oe Vg" ¢ a =v ft ev ft gt 


oveu Ov* Ou 


and 
Ole ee gad i eg eg 0g 
enon as mas Sou 
remembering also that g is a function of u and » (1.) so that the term involving 
the second differential of g cancels on subtraction, and bearing in mind that 
PY - Wp = 2V.VpVyq, if p and qg are any two quaternions, there is no difficulty 
in establishing equation (x). 
3 G 2 
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Hence we obtain three additional equations equivalent to (x), 


Ba, Ody 8b, Be Oba 


ema 


ae _ Wy tb, = yb. (x1) 


The same equations (xi) would have been found, though somewhat less simply, 
had we employed this other vector dw = 2Vdqq" = gdig”. 
The vectors w, and ,, analogous to « and tg, satisfy 


Ow, OW. 
On a an = iy Vow,ar. 
(4.) If & is a principal radius of curvature the usual equation 


dp + & dUv = 0 
becomes in this notation 


aAdu + BBdv + R(adb = Bda) = 0, (xil) 
which affords the two scalar equations 
(4 + Rb) du+ Rbdv=0, Radu - (B- Raz) dv = 0. (xll1) 
From these, on elimination of the ratio dw : dv, we obtain the quadratic 
ER? (ayb, — a2b,) + R(O,B - aA)+ AB=0, (xiv) 


whose roots are the principal radii. This equation may be modified by (ix) and (x1) 
so as to exhibit Gauss’s remarkable theorem on the measure of curvature. In fact 


RyRy = AB" (a,b, - ab,) = ANB? (x _ =) by (x1); 
and by (ix) this reduces to 
0 0A 0 oB 
Ap-1__ Arpil _ Rana ine a cea a 
Ho at & (ar =| ‘ ale Ou )) ap 


The measure of curvature thus depends solely on the linear element (vi), and is 
unaltered when the surface is bent or twisted in any manner without altering the 
length of any are. 
(5.) Eliminating A from (xiii), the directions of the lines of curvature are 
given by 
Aduda + Bdedb=0 or Aa du? + (Aa.+ Bb,)dudy + Bb,dv? =0. (xvi) 


Hence, by (ix), we can see that the lines of curvature cut at right angles, and if we 
take these lines for the orthogonal systems (1.), we must have 
a = 0, b, = 0, (xvl1) 
whence by (xiii) — 
b, == wie, Ab, = BR", | 
or more conveniently, if K, and K, are the principal curvatures by (vil) 


da = BK,dv = K, sin/ds, db =- AK, du =-— K, cosé ds. (xviii) 
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The relations (ix) and (xi) are equivalent to 


oo oA _10B  oK, K,-K,0B oK, K,-K,04— 
Cpa HACC On en AUR Soa eh 6 de Oo 
together with (xv). 

(6.) For any curve on the surface by (v) and (vil) a unit tangent vector is 


p = U (addu + BBdv) =a cos/ + B sin J, (xx) 


the accent denoting, as usual, that the vector p has been differentiated with respect to 
the arc s. 
Taking the differential of the second of these expressions by (iv) 


dp’ = pds = (Bde — ydb) cos / + (yda — ade) sind + (— a sin? + B cos /) dl, 


or more simply 
pds = yp’ (de + d/) + y (sin /da — cos (dé). (€:6:<9) 


From this equation may be deduced all the properties of a curve traced upon the 
surface depending on differentials of the second order. 

(7.) The projection of the vector of curvature (p”) on the normal to the surface 
(y), or the component of the curvature in the plane containing the normal to the 
surface and the tangent to the curve is 


. sin /da—cos/db #dvda — Adudb 


i ds A'dw+ Bde 


2 | 


ee dn. b b, . . 
= sin (SF cos 14 $ sin T) - cos 1 (°F cost + sin) (XxX) 


these transformations being effected by the relations 
cos /ds = Adu, sin dds = Bde. 


As K does not involve the differential of /, or the second differentials of x or v, 
it is the same for all curves having a common tangent and lying on the surface. 
In fact, K is the curvature of the normal section of the surface, and Meusnier’s 
theorem is incidentally proved. Also Euler’s theorem follows by (xviii) as we may 
write 

| K = K, cos*/ + K, sin*/, (xxiil) 
when we take the lines of curvatures as the curves of reference. 


The curvatures of the normal sections through the curves of reference are 
~ Ab, and B'a,. 
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(8.) The component of the curvature in the tangent plane is, in like manner, 
K’ = (de + dl) ds". (xxiv) 


This is the geodesic curvature of the curve. It vanishes if the curve is a geodesic; 
and in this case the curve projects into a curve in the tangent plane inflexionally 
touching the tangent. Hence 


0A du : 0B dv ~ d tan” Bao = 0 (Xxv) 


oe 8 tad Adu 


is the equation of a geodesic, the transformation being made by the aid of (ix). As 
this equation involves only A and B, the coefficients of the line element (vi), 
geodesics remain geodesics when the surface is deformed without stretching. This, 
of course, is otherwise obvious. 

The geodesic curvatures of the curves of reference are Ae, and By. 

(9.) Instead of proceeding directly to a third differentiation, it is simpler to 
modify the results already obtained by writing in accordance with the notation used 
in the kinematical treatment of curves (Note X., page 404), 


p=6ip —6¢),. and ap = (ver ao,) ds, 


and also by introducing a new angle m suggested by (xxi), and defined by the 


equations 
ce, cosmds = de+dl, ec’, sinm ds = sin/ da -— cos/ db. (xxvi) 


In this notation, the relation (xxi) affords 
B' = ya’ cosm+ysinm and y' = y cosm— ya’ sinm; (xxvii) 
whence, 


y = B’sinm+y' cosm, ya’ = B’ cosm—y’ sinm. (Xxvill) 


We may observe that m is zero for an asymptotic curve and a right angle for a 
geodesic. It is, in general, the angle between the normal to the surface, and the 
binormal to the curve. 

Thus prepared, when we differentiate y expressed in terms of m, f’, and y' by 
(xxviii), we have 


add — Bda = (B’ cosm — y' sin m) (dm — a/,ds) - a’e’; sinmds. (xxix) 
From this we recover the second of (xxvi), as well as the new equation, 
da’ —dm = cos/ da+sin/ db. sed 
This equation may be reduced to 
da’ —-dm = (K, — K,) sin/ cos/ ds, (xxxi) 


when, without loss of generality, we take the lines of curvature as the systems of 
reference (xviii). 
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(10.) Thus the difference between the torsion of a curve traced upon a surface, 
and the rate at which the angle between its osculating plane and the tangent plane 
varies, is equal to half the difference of the principal curvatures multiplied by the 
sine of double the angle between the curve and a line of curvature. This theorem has 
many consequences. In the first place da’ — dm is the same for all curves having a 
common tangent; it vanishes for a line of curvature; when a surface is cut by a 
plane, the rate of the variation of the angle between the plane and the tangent plane 
at any point of the section equals half the difference of the curvatures at the point 
multiplied by the sine of twice the angle between the trace and a line of curvature ; 
when a line of curvature is plane, the surface cuts the plane at a constant angle ; and 
when a surface cuts a plane at a constant angle, the intersection is a line of curvature 
or the surface is a sphere; the torsion of a geodesic is 


(K, — K,) sin / cos /; 


and this has been called the geodesic torsion by M. O. Bonnet, to whom the important 
and elegant relation (xxxi) is due.* 
Also for the intersection of two surfaces, 


(K, — K,) sin / cos / —- (K’, — K’,) sin /’ cos I’ = ae (GerxiL) 


gives the rate of change of the angle at which the surfaces cut. Hence, if two 
surfaces cut at a constant angle along a line of curvature on one, the intersection is 
also a line of curvature on the other. 

It is well to remark that we have now exhausted all the relations which are not 
obtainable by direct differentiation from those already found. We have seen 
(Note X.) that all the affections of a curve can be expressed in terms of the unit 
vector a’, B’, y’ of the curve, and in terms of the curvature and torsion and their 
deriveds. But we have found the curvature and the torsion, and have expressed 
a’, B’, y’ in terms of a, B, y, J, and m. 

(11.) If we take the curves u variable to be geodesics, we have by (xxv) ¢, = 0. 
Hence by (ix) A is a function of uw. Changing the variable « to {ddu, the new 


variable is simply the arc of the geodesics. Then A becomes unity, equation (xv) 
reduces to 


K,K, = PR ie? (XxXxiil) 
and the geodesic curvature of any curve (xxiv) is 
sn/ 0B da OB sin /ds 
Ki = ew —_ = = e iv 
eo os aa a because ¢, aut dv F (XXXIV) 


* Compare Darboux, Joc. cit., Art. 505. 
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Hence the total curvature of any portion of the surface is 


OB OB ol 
f{K,K.dS =- lee dudy = — | dv = IG — K’ ds, (XXXv) 


the single integrals being taken over the bounding curve, using Stokes’s theorem in 
the transformation. 

If the bounding curve is made up of geodesics, K’ is zero; and the integral is 27 
minus the sum of the angles through which the direction of a point travelling round 
the boundary suddenly turns at the points of intersection of the bounding geodesics. 

We may also notice the relation 

oK’, 
K,K, = - nes Ky. (XXXVI) 
where K’, is the geodesic curvature of the orthogonal curve v variable. 

(12.) For ruled surfaces, when we take the generators to be the curves u variable, 
a is independent of wu, and 6,=¢,;=0. The conditions (ix) and (xi) reduce to 
OB Oa, 0 _ ae 0b, OC, 


ag “4B+b,=0; AT = OQ; 5 Wi 


oe =-— 4b,  (xxxvii) 


These give on combination if G@ = (- K,K,)* (compare (xxxiii)) 


OB oa 0G ) a 

The last of these expresses that B? is quadratic in wu. Hence a, b,, and ¢ are 
unchanged when the surface is deformed without stretching. 

The second equation shows how to find the measure of curvature of a ruled surface 
in an excessively simple manner. By (iv) 


Oy ee oy 
a, = ew = Sya a 


so if a is the direction of a generator, and v the normal vector at any point 
_, Ov b : 
G = Sw — = (- KK)’. (XXX1x) 
Or if p= ¢ + ta is the surface (compare Note X., (xxxiv), (xxxviii), and (xliii)), 


Saa'd’ — (xl) 


~ Va(d'+ ta p+ (t—-h)” 


where /, corresponds to the point on the line of striction, 
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(18.) We may also modify (xxxvii) of the Note just cited by replacing », 6, s, 
and w by a, aa’, v, and p, respectively, when we obtain 
Dp = (pa+ (t= %,)) a’ dv + a(dé - adv). (xli) 
If we now take as a new variable 
du = dt-—wzdv, or u = t-{8d’a dz, (xlii) 
we find from (xli) 
Dp = (pa+ (u— %))a'dv +adu; TDp? = T.(pa+u-%m)*?a* de? + du. (xliii) 
Thus for a ruled surface 
B = Ta'T (pa + u— %), (xliv) 
and in particular for a developable B = Ta’(w-— wu). Obviously Ta’ is the angular 
velocity of the generator if v is taken to be the time. It is also for the developable 
the curvature of the cuspidal edge if v is the arc of that edge. 
For a developable y does not vary with uw, hence a, = 0 and all the scalars 


vanish except ¢ and-d,, the curvature and torsion of the cuspidal edge when ~ is 
its are. 


(14.) In the last section the change of variable is introduced artificially. To 
determine the orthogonal system directly for the surface 


p=o+ta, Ta =1, (xlv) 
assume ¢ = f(v) + « where fis some function of v. The direction of the tangent to 
the curve p=¢+af is dp =(¢' + af+ af’) dv and this is at right angles to a if 

Sad’ -f’ = 0 so f= {Sad'dv = | Sad¢. (xlvi) 
Thus the orthogonal system is found. 


In like manner to determine the system of curves orthogonal to the system v 
constant on the surface 


p = b(t, 0), (xlvii) 
assume ¢=f(w, v) and we see that f must be a solution of the differential equation 
of the first order 
Of Ob /Oh\7 tee 
ay at s4() = 0. ( vill) 


XII.—SYSTEMS OF RAYS. 
(1.) If the vector 8 is a given function of a variable vector a the equation 
p=B + ta (2) 
represents a regulus, a congruency or a complex of lines according as one, two or 


three scalar variables are involved in the constitution of a, or in other words according 


as the vectors a when coinitial terminate upon a curve or upon a surface or are 
wholly arbitrary. 
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A regulus of lines composes a ruled surface. We shall not consider those 
surfaces here as they have been dealt with in another note.* 

For a congruency the simplest form of equation (i) appears to be that in which 
the vectors a are of constant length. They may then be considered to involve two 
angular parameters, and the most general congruency can be represented by an 
equation of this kind. 

(2.) In general we shall write 


dB = pda = (® + Ve) da, Gi) 


¢ being a linear vector function having ® for its self-conjugate part and e for its 
spin-vector. We shall also use the notation 


Fe gua naa (iii) 
a 


so that dw is the rotation which applied to the ray represented by a renders it parallel 
to the ray represented by a + da. 

(3.) The simplest mode from a kinematical point of view in which a ray of the 
complex can be displaced into the position of a neighbouring ray is to twist it about 
a certain screw. We shall however find it more convenient to suppose the displace- 
ment effected by a translation combined with a twist about a screw. If dr is the 
translation, and p the pitch of the screw, the resultant translation is dr + pdw. 
Expressing that this translation applied to the ray (a) makes it intersect the ray 
(a + da) we have the equation 


B+tat+dr+pdw = B+ ddat (t+ dx) (a+ da), (iv) 


where dz is some small scalar, and where ¢ determines the point on the ray (a) 
brought to intersection with the ray (a + da). 

(4.) Now, we notice that dw depends only on the component of da at right angles 
toa. This suggests that. we should consider separately the two components of da; so 
we write in general 


da = Vdaa!.a+Sdaa.a = dw.a+dy.a, (v) 


where dy is the scalar Sdaa-'. Hence neglecting the small term of the second 
order dada the relation (iv) reduces to 


dr + pdw = d(dwa) + tdwa + dyda + (dx + tdy) a. (vi) 


* Note X., sections (12.) and (13.), page 408, 
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We are at liberty to select dr in any way we please. The simplest selection is 


dr = a'Vadady, (vii) 
and then (vi) reduces to 
(p+ ta)dw = a'Vad (dwa), (viii) 
because 
daz + (t+ Sa da) dy + Sad (dwa) = 0, 


by (vi) when dr is at right angles to a (vil). 

(5.) A slight knowledge of the properties of the cylindroid will now give us the 
key to an extensive view of the arrangement of the rays of a complex or congruency in 
the neighbourhood of a given ray. Equation (vill) may be regarded as determining 
a two-system of screws, for dw (= Vdaa"') can be resolved into two components 
having fixed directions normal to a and dy has completely disappeared from this 
equation. We commence then by twisting the ray (a) about any screw of this 
system. The position it occupies after an infinitesimal twist is that of a ray of the 
congruency determined by the condition dy = 0 or dTa=0, In this way by 
twisting the initial ray about all the screws of the cylindroid we obtain the whole 
assemblage of rays of the congruency in the neighbourhood. 

The ray through any point on the cylindroid near the axis may be constructed by 
drawing a perpendicular to the generator of the cylindroid through that point inclined 
to the axis at a small angle whose circular measure is the quotient of the intercept 
on the generator by the pitch appropriate to that generator. 

Now two screws of the system have in general zero pitch. Any small twist 
on any screw of the system may be resolved into rotations about the axes of these 
screws of zero pitch. When the initial ray receives a small rotation about one of 
these axes its point of intersection with the second describes a small are of a circle 
normal to Ua and to the axis of rotation. A small rotation about the second axis 
will cause this point to deviate from the arc by a small distance of the second order of 
magnitudes, So to the first order all the rays of the congruency intersect two fixed 
lines both of which are at right angles to a and each intersects one axis of zero 
pitch and is at right angles to the other. In particular two rays intersect the 
initial ray. These have been rotated about one axis only. The axes of zero pitch 
are the focal lines and their points of intersection with the initial ray are the 
principal foci of that ray. 

Again the point at which the initial ray is closest to a neighbour is called by 
Hamilton a virtual focus. We see that the closest points on the neighbours lie on 
the cylindroid generated by the shortest distances. Hence as the cylindroid is 
contained between two planes normal to the initial ray the virtual foci are limited 
to a certain range on that ray.* 


* Trans. Roy. Ir. Acad. vol. xvi. p. 42. 
3 H2 
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(6.) We now turn to equation (vii) which shows that all the rays of a complex 
close to a given ray may be constructed by successively displacing the rays of a 
certain congruency by translations in a fixed direction normal to the initial ray and 
of varying but small amounts. Inasmuch as the rays of the congruency intersect two 
elements of right lines, the rays of the complex pass through two small parallelograms 
situated in parallel planes each having a pair of sides equal and parallel to the 
translation. All the rays are parallel which intersect a line in the plane of one 
parallelogram parallel to one of these sides. 

(7.) To verify the conclusions of section (5.), and to calculate the positions of the 
various lines, we re-write equation (viii) in the form 


(6+ ¢).dwa = pdw + adz (ix) 
h ; : ; 
aac Pa ise pot gestis ae eee (x) 
dw dwa a 


At a principal focus two rays intersect and p is zero; therefore 

dwa = (f + t) ‘ade. (xi) 
Operating on this equation by Sa we find 

Sa(¢+t)a = 0, (xil) 


which is equivalent to a quadratic in ¢ whose roots determine the foci. © 
The extreme points are given by the analogous equation* 


Sa (® + #)a = 0 (xiii) 


in which the self-conjugate part ® replaces ¢. For we see by (x) that ¢ is the 
inverse square of a radius of the conict 


SpDp = 1,” Sap = 0, (xiv) 


and its greatest and least values are the inverse squares of the axes of the conic. 
If the line p = 8 + sa + yr (y variable) meets all the neighbouring rays 


S (@.dwa — sa)(a + dwa)r = 0 
or Sdwa (f’ + 8) Vra 


ll 


0 (xv) 


when terms of the second order are rejected. If this is true for all vectors dwa that 
is for all vectors at right angles to a, it is equivalent to 


(f' +8) Vra|la or Vral| (6! +). (xvi) 


* This equation and the last are given by Molenbroek, Anwendung der Quaternionen auf die 
Geometrie, pp. 236-238. 


t Compare p. 258. 
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Operating on this by Sa we see that s=s, one of the roots of (xii) and that the 
line passes through a principal focus. If +r = a1(¢’ + s,)*a the conditions are 
satisfied and it is very easy to show that a! (¢ + 8,)%a, which (xi) is the axis of the 
second screw of zero pitch, is at right angles to r. 

(8.) We shall now invert the functions in (xii) and (xiii) and exhibit the relations 
connecting the roots of the two equations. 

If for a moment we replace a by VAp and $+ ¢ by ¢, by Hamilton’s funda- 
mental theorem of inversion (xii) is equivalent to 


SVApVd/Ad/p = SVALV (@, — Ve)A (®, — Ve) = O. (xvii) 
A slight expansion shows that the part linear in « disappears since ®, is self-conjugate 
(ii), while the part quadratic in « is — (SeVAp)’. 
(9.) We have therefore two forms for (xii) 
a? + 2tSa (m" — h)a+ Sava = 0; fa? + 2t8a(m” —-P)a + Saba — (Sea)? = 0; (xvi) 
and similarly two forms for (xiii) 
Po? + 2tSa(m—@)a+ Saba = 0; 07+ 2t8a(m’-—d)a+Sapa+(Sea)?=0, (xix) 


remembering that by Hamilton’s formula of inversion 


Wy = Mid; * = wy a5 t (m"” ed d) + hed 
and that the first invariants (m’”) of a function (#) and of its self-conjugate part (®) 
are the same. 
Hence, if s, and s, are the roots of (xii) or (xviii), and ¢, and ¢, those of (xiii) 
or (xix) 
2t, = 8 + & = + t = SUa(m" — &)Ua = SUa(m" — o)Ua (xx) 
and 
8182 = bt, + (SeUa)? = — SUawUa; t,t, = 5,8, - (SeUa)? = —- SUaWUa. (xxi) 
We may now write for the focal points and for the extreme points in accordance 
with (xx) 
&=&-f, ®=ht+f; h=&h—e¢ h=t +e. (xxi) 
Thus the four points are symmetrically situated with respect to the central point. 
Again (xxi) affords the relation 


e — f* = (8eUa)’, (xxiii) 
which shows that the focal points are real if ¢?>(SeUa)*. The extreme points are 
always real for ¢, and ¢, are the inverse squares of the axes of a conic (xiv) and 


these are real whether the conic is real or not. The reality of these points is also 
a geometrical consequence of section (5.).* 


* The symmetrical arrangement of the four points, principal and extreme virtual foci, with 
respect to the central point is the only element in the arrangement of the rays which cannot be 
deduced from the properties of the cylindroid. This arrangement depends upon the distribution 
of pitch. 
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(10.) The directions ¢ and 7 of the principal axes of the conic (xiv) afford a first 
natural system of lines of reference coupled with Ua=f. As we are now dealing 
only with a congruency we may suppose Ta = 1 without loss of generality and we 


may regard 
6a * 
unless the contrary is stated. 


These vectors obey the laws (compare again (xiv)) 
t=Sidt; h= Syd; Sity=0; Sedy =— Shi = — Sek. (xxiv) 
If we introduce an angle wu so that 
Udw = 7 cos u +7 sin u (xxv) 
and a new scalar w the relation (ix) becomes 
(h + ¢) (¢ sin uw —7 cos wv) = p(t cos U +7 Sin w) + wh. (xxv) 


Solving this for y and ¢ by operating by SUdw and SUdws we find on reference to 
(xxiv) and (xxil) 


p= —Sek + (t - ¢,) sin u cos u = po + € sin 2u (xxvii) 
and 
¢=t, sin? wu + ¢, cos* u = ¢, + € Cos 2u (xxvili) 
where j» = — Sek is the pitch corresponding to the extreme points u = 0, fo: 


The focal points are given by 
Po +e sin 2u = 0 (xxix) 
and are real if e? > p,’. 
Again eliminating uv from (xxvii) and (xxviii) we find ¢ and py connected by 
(¢ — to)? + (p — po)? = 6 or (¢- 41) (¢- &) + (p- Do) = 9, (xxx) 
which includes as a particular case 
to P= ee 
(11.) A second natural system of lines of reference is formed by Ua and the 
bisectors of the angles between 7 andy. Now the angle wu =0 at the point ¢, and u = 


5 at ¢, so if we take v = u — 5 so that ¢#, and ¢, correspond to » = -7 and v= a we 
have p=p,tecos2v; ¢t=¢,-—esin 2v. (XXx1) 
If we take these three lines as Cartesian axes and put 
2=(¢-¢,) and tanv=ye! 
the equation of the cylindroid follows from (xxxi) in its canonical form 
a(x + y?) = — ery. (xxxil) 


* Compare Hamilton, ‘‘ Supplement to an Essay on the Theory of Systems of Rays,’’ Zrans. 
R.I.A. vol. xvi. p. 54, where (xxviii) is obtained in the form 


rv = 11 (cos w)? + 72 (sin w)*. 
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(12.) There is yet a third kind of focus which Hamilton calls* a ‘‘ focus by 
projection.’’ The vector drawn from the point ¢ on the initial ray perpendicular to 
it and terminating on a neighbouring ray is 


dw = aVa!(d +t). dwa (xxxil1) 


as may be verified without any trouble. If the perpendicular dw’ at the point ¢’ 
terminating on the same near ray is at right angles to this the projection of the ray 
on the plane of a and daw cuts the initial ray at the point ¢’. This point is a focus by 
projection. 

(18.) To investigate the properties of this new class of foci we shall use the first 
natural system of lines of reference, the vectors 7, 7, & of section (10.). We shall also 
replace a by Ua or by &, and we shall write 


dw = (7 cos w+ 7 sin w) Tda, (xxxiv) 


retaining the previous notation (xxv) for Ude. 

The angle w is the angle between the plane upon which the projection is made 
(or briefly the plane of projection) and a plane of extreme virtual foci. 

If then 

| PTdo = Td (Xxxv) 
equation (xxxill) becomes 

P(t cosw+y sin w) =kVE(d +t) (7 cos w—- 7 sin w). (xxxvi) 
Remembering the laws of the units (xxiv) and that p, = Sidj=—- Sy, we find 


P cos w = p, cos uw + (¢ — ¢,) sin uw = p, cos u + (€ + g) Sin 4, 
P sin w =p, sin u+ (t, - t) cosu=p,sinut(e-g)cosu,  (xxxvii) 
the symbol ¢ being given by (xxii), and the new symbol g being equal ¢ — ¢,. 


If g' = g + h determines the focus by projection, namely the point at which w has 
increased by a right angle while ~ remains constant, 
p, tan w—(e-g) | Sot eg 7) tan w 


_ 
po—(e@t+g)tanw p,tanwt+(et+gth) cat! 


tan u = 


and solving for / in terms of w, we obtain the equivalent of Hamilton’s remarkable 
formulat containing the law of the focus by projection (compare (xxx.)) 


1 (¢—g) cos*w — (e + g) sin’w 


h g -f? 


* Hamilton, Trans. R.I.A. vol. xvi. p. 47. 
+ Hamilton’s equation printed on p. 50, Joc. cit., is 
1 


1 : 
=— (cos. M)?+ ba (sin . I1)?, 
P PI Pr 
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From this we see that the foci by projection are excluded from a finite portion of 
the line contained within the extreme points of projection determined by 
Fig et (died ene ae Ooo i 
Ase A ies er Seige 


=— ep fog es Seg paige (xl) 


while 


2_ f2 2 _ £2 2. #2 
hag =f or Jo = = and he — h, = 2e T= -H; (xli) 


give the central point of the excluded portion and its length. The planes of extreme 
projection are parallel to the planes of the extreme virtual foci no matter where the 
point g may be. 

We cannot delay to consider the cubic ruled surface 


Soa (xlii) 


generated by the perpendiculars to the initial ray in the planes of projection and 
through the corresponding foci (compare (xxxix)) except to state that the initial ray 
is a double line; that the surface consists of two sheets wholly exterior to the planes 
of extreme projection ; and that it may be derived from a cylindroid by drawing lines 
parallel to the generators of the cylindroid from points on the axis whose distances 
from a fixed point (also on the axis) are inversely proportional to the corresponding 
distances of the generators of the cylindroid from the same point. Nor can we 
consider the scalars P associated with the generators of this surface corresponding to 
the pitch (p) associated with each generator of a cylindroid. 

(14.) In order to study more closely the arrangement of the rays near a given 
point (¢) on the initial ray, we shall show how to find a function of the variable 
vector a so that the surface 


p = B + af(a) oe 


may pass through the given point and that its element at the point may be normal to 
all the contiguous rays. Differentiating (xliii) 


dp = $ . dwa + dwaf + adf (xliv) 


and we see that the condition is satisfied neglecting the second order of small quantities 


if when a = f, 
f(k)=t and (df) = SkP.dok (xlv) 


where (df) denotes that / has been substituted for a in the differential of /(<). 
We shall now find the principal radii of curvature of a surface satisfying this 
condition at the point under consideration. Using the formula dp + RdUv = 0, we 


obtain at once 
(6+t+ R)dwk + k(df) = 0 (xlv1) 
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so that (compare (xii)) # is given by the quadratic 
Skip +¢+ Rk) hk = 0. (xlvii) 


Hence the centres of curvature coincide with the principal foci and in the notations 
of (xxiv) and (xxxvii) the quadratic determining the radii of curvature is 


(R+t—s)(R+t-#)=0, or (R+g+f)(R+g-f)=0. (xlviii) 


The measure of curvature of the orthogonal element of surface is the density* of 
the congruency being the ratio which the area traced on a unit sphere by the rays 
through a small normal circuit bears to the area of the circuit. This is equal to the 
inverse of the product of the distances of the point from the foci. We may also 
speak of the sum of the curvatures of the orthogonal element as the concentration of 
the congruency.t 

(15.) It is not possible in general to draw a surface through an arbitrary point 
orthogonal to all the lines of the congruency. The condition (xlv) is equivalent to 


df = Sadf, (xlix) 


and if this holds continuously over a surface and not merely at a point we can 
differentiate again and write 


Vdf = Sad/dB + Sd’adB = dd’f = Sadd’B + Sdad’B 


provided the differentiations are independent. 
Hence the condition is 
Sd’adB = Sdad’B or Sd’adda = Sdadd’a 
or again (compare (ii)) 
Sedad’a =0 or Sea =0 (1) 


because Vdad’a is parallel to a. Referring back to sections (9.) and (10.) we see 
that in this case the focal und the extreme points coincide and that py =0 and e=/,. 
Also an infinite number of surfaces can be drawn orthogonal to the rays because 
an arbitrary constant may be added to f(a). For rays of light these are the wave- 
surfaces when the medium is isotropic. 
(16.) From any congruency it is possible to select a singly infinite system of 


rays on which the focal and extreme points coincide. The system may be defined by 
the equations 


p=Bita, Sea=0 (1i) 


but the second equation is not an identity as in the last section. These rays have 


certain other peculiarities especially in connexion with the foci by projection 
(compare (xli)). 


* Hamilton Joc, cit. used the word condensation in a similar sense. 
t Royal Irish Academy Transactions, p. 377, vol. xxxi., 1900. 
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(17.) We do not determine a singly infinite system by equating to zero the 
discriminant of (xiii) or (xix) and thus expressing that the two extreme points 
coincide. For if we consider the mode in which this equation was arrived at, we see 
that for equal roots a must be normal to a cyclic plane of a certain quadric. Two 
conditions must therefore be satisfied and only a limited number of rays can possess 
the property in question. 

Nor can the principal foci coincide except under special conditions. For the two 
axes of zero pitch on the cylindroid would then intersect. From this it follows that 
the cylindroid must reduce to a plane, and the extreme points must likewise coincide.* 

(18.) Important surfaces connected with the congruency are the focal surface, the 
locus of the extreme points and the locus of the centres ; of th’s last the equation is 


p = B — aS8a(m" — d)a. (11) 
We may moreover write down the differential equations of families of ruled surfaces 
composed of rays. For instance (compare (x)) 


p=S8 oda = const., Sada = 0 (lit) 
ada 


lead to a relation in a which coupled with p= 8+ ¢a determines a family of ruled 
surfaces for which the parameter of distribution, or the pitch y, is constant. In 
particular for y= 0 we have the developables of the congruency. Geometrically, 
selecting any ray we can choose one of the rays into which it can be screwed with 
pitch » and from that another and so on and thus construct a surface included in the 
integral of (lii1). 

(19.) There is another and very useful method for the treatment of systems of 
rays. If p, and p, are the vectors to any two points, and if 


o=Vpp, and r=p,— pez (liv) 


the vectors o, 7 or any equimultiples determine the line through the two points. Its 
equation is | 
p= oT + at, (lv) 


and the ratio of the tensors only is important. The constituents of these vectors are 


equivalent to Plicker’s six coordinates of a line. Thus given any pair of vectors 
o and 7 satisfying 

Sor = 0 (lvi) 
a definite line is determinate. 

(20.) A scalar relation between o and 7, homogeneous in the tensors, may be 
regarded as the equation of a complex; one restriction is imposed on the generality of 
the lines. Two scalar equations of this kind represent a congruency, three a regulus 
of lines constituting a ruled surface, and four a finite number of lines. 


* Compare Sir Robert Ball, Theory of Screws, Chap. II., Cambridge 1900. 
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(21.) Again a line may be determined by means of two planes intersecting in the 


line. If these are 


it is evident or may at once be verified that A, A, are connected with o, r by the 


equations 
a= £V XA, C= yA oe Xz). 


Also c= Vpit = #V pr, VAry = a(Ay oa Xz) by (vii) 
50 Pin ta 2VA2A, Vp2pi =o=- x(Ay a 2) (1vii2) 


and therefore any function homogeneous in the tensors may be exhibited in three 
forms 


F(o,7)=9; fS(Vpepi, pi- p2) = 903 (Ar — Az, — VAzdAr) = 0. (lix) 


The third equation may also be regarded as that of the reciprocal complex formed by 
reciprocation with respect to the unit sphere p*?+1=0. 


It is important to observe that change of origin is without effect on 7, but alters 
ao into o + Ver. 


(22.) The general linear and scalar relation 


Syo + Sdr = 0 (Ix) 
reduces on change of origin to 

Sy(o + pr) = 0, (1x1) 
if py=Vyet+S or e=Voy'+zy, p=Sdy". (1xii) 


The equation (1x) represents the general linear complex ; (1xi) is the reduced form of 
this equation when the origin is taken on the central axis determined by the second 
equation (lxii) and p is the parameter of the complex. 

(23.) If p is the vector to any point on a ray through a given point, the extremity 
of a, o = Var = Vap, and by (xi) the lines lie in the plane 

Sy(a+p)(p—a)=0. (1xiii) 
Identifying this equation with SAp + 1 = 0 we see that 
y(a+p)+(prA-1)8ya=0 whence y* + SyASya = 0, 


or more symmetrically the equations 


Sr en = ae (lxiv) 


give A without ambiguity in terms of a and a in terms of A so that the lines in 
a plane also pass through a point. 


s812 


428 APPENDIX—NOTES. pie 


These equations lead to an important transformation, The equations 
Vy( pr 
f(a) =0, f es = 0 (xv) 


represent respectively the locus of a point and the tangential equation of the trans- 
formed locus. For instance a line transforms into the intersection of the planes 
corresponding to two sia on it; a surface of degree » transforms into a surface of 
class 2. 

(24.) If Pis the shortest distance between the central axis and a ray, on replacing 
o by V(xy + PUVyr)r in the equation of the complex (1xi) we find 


P=-p —=ptanl (Ixvi) 
YT 


if 7 is the angle the ray makes with the plane normal to the axis. The rays therefore 
envelope helices coaxial with the complex and having the tangent of their inclination 
directly proportional to the radius (P) of the containing cylinder. 

(25.) The theory of screws affords a vivid illustration of the arrangement of the 
rays of a linear complex. If a body is attached to a nut fitting a screw of pitch p and 
axis y on which the origin of vectors is situated, the point in the body at the 
extremity of the vector p can only move in the direction of the vector 


py + Vyp. (xvii) 


Applying a force 7 to this point no motion is produced if 7 is at right angles to this 
direction or if (compare (1xi)) 


pSyt + Syo=0, where o = Vopr. (xviii) 


Again, any point of the body is free to describe a helix whose tangent of inclination 
is inversely proportional to the radius of its cylinder. The direction of any force 
whose line of action touches this cylinder, and which does not disturb equilibrium 
must be at right angles to the helix of motion through its point of contact. The 
tangent of inclination of the force is consequently directly proportional to the radius 
of the cylinder. 

We see thus that the linear complex is a very particular case of the general 


relation* 
S(o,w + ow) = 0, (xix) 


which expresses that the screw (oc, ) is reciprocal to the screw (oi, ;) when we do 
not suppose Sow to be zero. This being so and as linear systems of screws are 


* Compare the Note on Screws, section (3.), p. 390. 
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discussed in the Note on Screws, we shall not here consider systems of linear 
complexes. Moreover in the following sections we shall consider the general complex 
as a particular case of the general system of screws satisfying a single condition. 

(26.) The equation of such a system is of the form 


f(o, #)=0 (Ixx) 
homogeneous in the vectors (o, w) or in other words independent of the absolute 
magnitude of their tensors. If we write the differential as 

fle ot da oda (Ixxi) 
we may replace the equation of the system by 
S (ao + ow) = 0 (Ixxii) 


because the function fis homogeneous. 

(27.) In the language of the theory of screws* we may say that the screw (0), w:) 
is reciprocal to (o, w). Moreover by (xxi), o, and w, are determinate functions 
of o and w, or . 
o,=O60(c,), = x(o,). (lxxiil) 


Thus we may regard (lxxiii) as establishing a correspondence between a pair of 
screws (oc), w,) and (o, w), and (Ixx) or (lxxii) as representing the assemblage of 
screws reciprocal to their correspondents. 
Further (1xxiii) implies relations 
o=6 (01,0), oF X1 (a1, ®;) (Ixxiy) 
and the first and third of the equations 
f(o,)=0, 8 (wo + ow) = 0, Silo, 1) = 0 (Ixxv) 


represent the assemblage of screws and the assemblage of their reciprocal correspon- 
dents while the condition of reciprocity is expressed by the second. Or again the 
second equation may be regarded as determining either of the assemblages having 
regard to (Ixxiii) or (Ixxiv). 

(28.) If p is the pitch and a the vector to a point on the axis of the screw (c, w), 


c= (p a Va) ®, (1xxvi) 
Substitution in (lxx) affords the equation 


f((p + Va) a, w) = 0 (Ixxvii) 


* Compare again the Note on Screws, section (3.); and for the correspondence (lxxiii) compare 
the particular case of linear correspondence of section (12.) of the note cited, p. 394. 
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which admits of the following interpretations :— 


I. Given p it is the equation of the complex of axes of screws of given pitch 
belonging to the assemblage. 


II. It represents a singly infinite system of complexes depending on the 
parameter p. 


III. It represents the cone of axes of screws of given pitch p which pass through 
a given point (a). 

IV. It is equivalent to a scalar equation determining the pitches of the screws of 
the assemblage whose axes coincide with a given line ( Vaw and w given). 


V. By (ix) if we suppose 
Vaw = Ay = As =f, Oo=- VA, = Vpr, (1xxviil) 


we see that the rays of the complex (y given) which lie in the plane 
SAip + 1 =0 envelope the curve in which the plane cuts the envelope 
of the variable plane Sup =0 where 


f(Ve (pdr + 1), Vuar) = 0. (Ixxix) 


Evidently the order of the cone III., the degree of the equation IV. and the class 
of the curve V. are all equal to the order in which the vectors (o, w) jointly occur 
in (lxx). 

(29.) If the cone III. (Ixxvii) has a double edge (w) the differential vanishes no 
matter what vector dw may be; so in the notation of (1xxi), 


S(o (p+ Va)dw+oidw)=0 or S(o,-(— pt Va)w;)dw = 0. (xxx) 


Hence as dw is quite arbitrary 
o,= (- p ae Va). (Ixxx1) 


Comparing (lxxvi) we see that in this case the axes of the reciprocal correspondents 
(71, ®), (o, w) intersect and their pitches are equal and opposite. These two con- 
sequences are of course not independent; the latter implies the former. The symmetry 
of these relations shows that the locus of vertices of cones with double edges which are 
composed of axes of screws of pitch p, is likewise the locus of vertices of nodal cones 
composed of axes of the reciprocal correspondents of pitch — p. 

The locus of the vertices of the nodal cones of a complex is the Kummer surface. 
Consequently the Kummer surfaces of the two complexes just described are identical. 

(30.) The double edges of the cones of the complex form a congruency specified 
by the three equations ° 


p=Scwt; S(cw,+00,;)=0; p=-Sojo;? (1xxxil) 


If 2 is the order of the original equation in o and w, n~1 is the order of o, and o, 
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in the same vectors and 2(7 — 1) is that of pw,?=—So,o;. The first and third equations 
(Ixxxii) determine a complex of order 2(n-—1), and the rays common to this and to 
the complex of order » determined by the first and second (lxxxii) compose a 
congruency whose order and class are both equal to 2(n—1)n. For the order is the 
number of rays through a point or the number of common edges of two cones of 
degree » and 2(n—1); and the class is the number of rays in a plane, or the number 
of common tangents of two curves of class » and 2(n—-1). 

The congruency is likewise specified by the vector equations in which a is the 
vector to a point on the Kummer surface 


o=(p+Va)w; o,=(-p+ Va)u, (lxxxii1) 


it being understood that o, and w, are given functions of o and w. 

(31.) It is easy to see that the rays of the congruency touch the Kummer surface 
of the complex and from this property it will follow that the Kummer surface is part 
at least of the focal surface of the congruency. 

Using the equations (1xxxiii) we have 


do =(p+ Va)dw+ Vdaw; do, = (- p+ Va)dw, + Vdaw, (lxxxiv) 


for the consecutive screws of pitches + » whose axes intersect at a consecutive point 
(a + da) on the Kummer surface. Operating on the first by Sw, and attending to 
(Ixxxiil) and (lxxi) we find 


df(o, w) = S(wdo + o,dw) = Sdaww, = 0 (Ixxxv) 


because the screw (0 + do, w + dw) belongs to the assemblage f(o, w) = 0. In like 
manner exactly the same equation is found by operating on the second by Sw. 
Hence Vow, is at right angles to all tangential vectors (da) to the surface and in 
particular the axes of the screws (w and w,) touch the surface. 

Now if the lines of a congruency touch a surface that surface is part at least of 
the focal surface. For take any ray touching the surface at a and having the 
direction 6a. The consecutive ray touching the surface at a + da intersects this ray 
and the point of intersection is a principal focus on both. The surface therefore is 
part of the focal surface. If da is the conjugate direction to da, the second ray 
which intersects p = a + ta touches the surface at a + da and the point of intersection 
of these two rays lies on the other part of the focal surface. In fact if two rays 
intersect at p, 

da + dt§a + tdda =0 whence Sdadadda = 0. 
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XITI.—ON THE OPERATOR V. 


(1.) If fp is any scalar function of a vector p, corresponding differentials are 
connected by a relation of the form 


Ufp = — Srdp, (i) 


in which v is a vector derived from fp depending merely on the function f and on the 
value of the variable vector p but not at all on the differential dp. 

Regarding p as a vector of position, the rate of change of the function of position 
Jp along any direction Udp is evidently — SvUdp, in other words it is equal to the 
projection of the vector v upon that direction. This rate of change is greatest along 
the direction Uv being then equal to Tv. In any other direction it is equal to Ty 
multiplied by the cosine of the angle between the assumed direction and that of v. 

(2.) It is convenient to use a special notation to suggest the dependence of the 
vector v on the scalar function fp. For this purpose Hamilton* introduced the 
symbol Nabla or V and connected v with fp by the symbolical equation 


v = Vfp, (11) 


in which v is conceived to be the result of a certain operation performed on fp. 

(3.) We shall now illustrate by a few examples the effect of operating by V on 
scalar functions. It must be observed however that these are merely translations 
into the new notation of results already obtained in the course of this work Thus :— 


(a) VSAp=-A because dSAp = SAdp. 
(0) ON pi = 2p 5, dp? = 28pdp. 
(c) VSp®p = — 28p .,  dSp@p = 28Gpdp. 


(d) VTIp=+ Up 
(e) VIVAp =+ UVAp.a 


350 Gin = = SUpdo. 
5,  G@LVAp =— SUVAp VAdp. 


(f) VET (p-A)=U(p-A)PT(p-dA) 4, AST (p—A)=—-f'T(p—A)SU(p — A)dp. 
(g) VI(p-Ay?=-U(p—-A) T(p-A)y? ,, dT (p-A)yt=- T(p —A)*dT (p — A). 
(1) VI hp = $'Udp 5, dT dp =—Sd'Udp . dp. 


All these expressions are consequences of the equations 


Vip=v,  dfp =- Srdp, 


which may be regarded (compare (i) and (ii)) as a definition of V, the vector ’ and 
the vector functions @ and ¢ being supposed constant in the examples. 


* Proceedings Royal Irish Academy, vol. iii., p. 291. See note, p. 548, vol. i. 
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Example (g) is of fundamental importance in the theory of attractions for it shows 
that VT(p—2)* represents in magnitude and direction the attraction at the extremity 
of p due to a unit mass at the extremity of X. 

(4.) Again if fand g are any two scalar functions of p 


Vf tg =Vf+Vg and V( fg) =9Vf+fV9 (iit) 


d(f+g)=dft+dg and ad(fy) = gdf + fag. 


because 


Generally as a matter of convenience it is desirable if possible to place the operand 
immediately to the right of the operator y. This can be effected in the second 
equation (iii) because f and g are scalars and therefore commutative with vectors and 
quaternions. We shall soon see however that we can assign a definite meaning to 
the result of operating on a vector or quaternion by V. But since we must regard V 
as a symbolical vector or at least as possessing certain characteristics of a vector (for 
by definition it produces a vector from a scalar), we are not at liberty to write 
pVqg=Vq.p when p is a quaternion, nor a fortiort when p and ¢ are both quaternions. 
Hence it is not in general possible to place the operand immediately to the right. We 
are therefore obliged to have recourse to brackets or accents or some temporary mark 
in order to distinguish the operand. For instance we may write V(f)g to denote 
that fis excluded from the operation of V ; or we may accent V and g and V’/y’ will 
then sufficiently indicate that g and not fis the subject of operation. 

(5.) Consider in the next place a scalar function of several independent variable 
vectors p, pi, p2, &c. We may in an obvious notation write (compare V, p. 294), 


d.F(p, pi, po...) = — Sdpv — Sdp,v, — Sdp,v, — &e. 


(iv) 
~ SdpVF — Sdp,V.F — Sdp,V.F - &e. 


Il 


where V, operates on /’ as if p, were the only variable. In fact -V, —V,, &c. 
correspond precisely to Hamilton’s D,, D,’ (or rather D,, D.) of the formula just 
cited. It may sometimes be even clearer to distinguish the corresponding operator 
by a sub-index of the vector operated on, thus (compare section (3.)) we have 


(a’) VpsAp=—-A; VaSAp=-p 
(¢’) V,T'VAp =— UVAp.A; VaTVAp =- UVpdA.p 
(7’) Vel(p Aye (pA) p= A Val pne 


Also for any function of » and p 
I. VAV,f = 9, II. SAV, f = 0, Ill. Vp f+ Vaf = 0 (v) 


if fis a function of I. Sap, II. VAp, III. p->. 
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Again (compare (3.) (g) and (4.) (iii)) if P is the potential at the extremity of 
the vector w of a system of attracting particles m, m2, &c. whose position vectors are 
fi, px, &¢., the law of attraction being the law of nature, the force on a unit mass 
at w 1s 


VuoP = VosmT (wo — py! =—- SmU(o — p) T(w- py? =- SmV,T(w—p)*. (v1) 
Or if we have to do with a continuous distribution of mattter the force is given by 
1 


[Gagnesnie 0 


VoP = Va | dm -( =p = 


To-p) | To-py 


(6.) Again if a, B, y are any constant vectors and X, Y and 7 any scalar functions 
of p (compare the first of (111)), 


d(aX GV is7) de ard apd7.y 
— (SdpV . X)a—(SdpV. ¥)B-(Sdpv.Z)y } (viii) 
~Sdpv .(Xa+ YB + Z). | 


Il 


Thus for any vector function of p we may write generally 
do =—NSdpV.c (ix) 


for we may always resolve the two vectors o and do along three given and fixed 
directions. In this equation (ix) we may suppose o replaced by any quaternion 
function of p for by the distributive property if o = Vg we may add to (ix) the 
equation dSg = — SdpV .8q so that 


dq =— SdpV.4¢. (x) 


It must be carefully observed that in these equations we regard o and q as functions 
of p alone. For instance if g involves the time ¢ as well as p the total differential is* 


() vee 
dq = 5 dt — Sdpv .¢ (xi) 
where the first term on the right refers to ¢ as occurring in ¢ but not in p. 
(7.) We have now shown that the general formula (x) is true whether g be 
quaternion, vector, or scalar so that we may write generally and symbolically 


d = — SdpV (x1) 


or what is equivalent 
_ Vd'pd"p.d + Vd"pdp.d’ + Vdpd'’p.a” 
Sdpd’pdp 


V= 


(xiii) 


* We must particularly distinguish between 


Sdev.qg and S.dpvgq. 
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where dp, dp and dp are any three non-coplanar differentials of p, and where d, d’ 
and d’’ are the corresponding symbols of differentiation. In fact this equation (xiii) 
is equivalent to the three 


d=—Sdpv, @’=-Sd’pv, 4d’ =-S8d'pv 


as appears in various ways.* 
(8.) As an independent method we have (compare (6.)) 


V(aX+ BY+yZ) =VX.a+VY.B+VZ.¥ (xiv) 


where we employ merely the distributive principle (iii) and the commutative property 
of a scalar (X) with a vector (a). But we already know how to calculate the effect 
of V on a scalar, so we can determine its effect on a quaternion or vector by referring 
the vector part or vector to any three fixed directions. 

To trace the relation between these two methods we have 


dX =—SdpV. X, &e., 
whence without employing symbolical equations 


Vd'pd"p . dX + Vd"pd’p. d’X + Vdpd’p.d’X 


eae Sdpd’pd”’p 


Multiplying into a and forming similar expressions in VY and VZ we find on 
addition if c=aX+BY+yZ 


Vd'pdp . do + Vd" pd'p. d’a + Vdpd’p . da 


a XV 
Sdpd’pd’p cd 


ST a 


which agrees with (xiii). 

(9.) We give a few examples of operating on vectors with hints for verification 
(a) Vp=-38; Vd'pd"p.dp+ Vd"pdp. d’p + Vdpd'p. dp = 88dpd'pd"p. 
(6) VVAp=2A=—-V(pA-—SpA) or =—ASVp + SAV. . 

(¢) Vop=2e-m"; VBy.da+ Vya.d¢8 + VaB. dy = (m" — 2€)SaBy. 
(d) VUp=- 2Tp? = V(pTp, + Tp”. p,). 

(¢-) Ve*=-p*; V(p%p) =0. 
(f) VT(p-A)?=0 if pis not equal A. 

(9) VifTp =—- f"Tp — 2Tp*f'Tp. 

(A) VTVAp = - T(VA~'p)7. 

(7) V? log TVAp = 0. 


* Kither by verification or by multiplying these three equations by 
Vd'pd’p, Vd'pdp,  Vdpd'p 
and adding. See also the next section. 
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For one unfamiliar with the subject it is however far better to employ no short 
cuts except an intelligent selection of the differentials of p if he uses the formula 
(xiii). For instance in (6) he may take these to be A, p and VAp. He must however 
be careful if he employs variable differentials to operate on these in subsequent 
operations* involving vy. As explained in the last section the results may all be 
obtained by resolving the vectors along fixed directions. 

(10.) To the examples of the last article we may add the following :— 


Oo avar ee)? 

(6) VAV. dp =(d' — m’)A + Wed. 

(c) V.p=— (m" + 2e). 

(dq) V.Tp = Up. 

(e) oV.Up=—(m" + 2€)Tp? + hUp. pt. 
(f) $V. VAp = (m" — f')A + Wer. 


And simpler examples may be obtained by selecting special forms of ¢. 

(11.) To anyone acquainted with the Calculus of Operations} it is manifest 
immediately the form (xiii) is obtained that V may be combined with vectors and 
quaternions just as if it were an ordinary vector. In fact we may regard the 
symbols of differentiation d, d’, d’ as mere scalars and manipulate our formule in 
any way until we see fit to operate. Of course when successive operators V occur 
in the same equation they must in general be distinguished by suitable marks and 
treated as independent vectors. This implies that the symbols d, d’, d” of each 
operator must also be ear-marked whenever necessary. 

We infer among other deductions that the operator V? or V. V is a scalar because 
the square of a vector is a scalar. In the next section we shall verify this result 
from an elementary point of view. 

(12.) It has been abundantly shown that V is totally independent of any 
particular coordinates, parameters or differentials. We therefore take the case most 
familiar and choose our differentials so that 


dp = idx, d’p=jdy, dp = hds (xv1) 
and therefore 
Foro ey ie ai 
Ox? oy’ Oz 


writing p = 2x + jy + kz, 2, 7 and & being constant. 


* Compare section (74.). 


t See Boole, “ Differential Equations,’ chap. xvii., or Forsyth, ‘‘ Differential Equations,”’ chap. 
iii., or indeed any work on this subject which treats of symbolical methods. 
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The relation (xiii) reduces at once to the well-known form 


Ose iO 0 ee 
ne Core & (xviil) 
which shows us that the operation performed by V is equivalent to taking the partial 
differential coefficients of any function with respect to the three scalars z, y and s and 
multiplying these respectively by 7, 7 and / and then adding the results. 


Now when we operate twice by V we have 


v'V ae ae a, 
-((5 45+ dz Ox diy Oz 


o 0 ea 0 ae Cie 4 Ss 
=—-(— —+¢-—- -4+2- —)4+4(—- --z = ) >a 
e an * Oy Oy OB 5) 


(2 20 Pca 
Ble ie ea tae ae 


because the vectors 7, 7, & are constant. Suppressing the ear-marking accents as no 
longer necessary when we operate on a single function, 


See (G.2:9) 
Or = 0Y?> 04" 


because the order in which the partial differentiation is effected with respect to y and z 
is indifferent. As we have stated at the beginning of this section V and therefore V* 
is quite independent of any particular analytical representation, and thus apart from 
any d prior’ inferences arising from the form (xii) we have proved that V’ is a scalar 
operator ; it is in fact with sign changed Laplace’s most important operator. 

The fuller discussion of the analytical forms attributable to V is postponed to a 
later section.* 

(13.) It may be as well to print here the equation 


CA OY 000 (OW Oa. On. (OW 0X a 
% Se eae i bz Oa 
OW dl Ok ; 
ae (xxi) 
whick is obtained by operating by vy in the form (xviii) on ¢ in the form 


GoW ELE, (xxii) 


* See section (73.). 
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This gives at once expressions for SVg, VVqg, VSg, SVVg, and VVVy. We 
observe that 
Sv¢g=SVVq and VVq=VS8q+ VVV¢ (xxill) 
and we notice that the form of these equations is precisely the same as if V were an 
ordinary vector—a verification of the d prior inference drawn in (11.). 
It may be instructive to the student to find expressions for 


WUg  Vilgs Too. 2 Vig, - BVoy 1 Ke, 20; 


and other combinations of the symbols g, V and the characteristics 8, V, T, U, and K. 
(14.) We can at once assign an interpretation to 


u Vd'pd"p .dg + Vd"pdp. d’q + Vdpd'p. dg 
Sdpd’pd’p 


Vg = (xxiv) 
(compare (x1i1)) by considering the parallelepiped whose centre is at the extremity 
of p and whose small* vector edges are dp, d’p and dp. The vectors from the centre 
to the centres of the faces are + 4dp, + 43d’'p, + 43d”p and the outwardly directed 
areas of these faces are + Vd'pd”p, + Vd"pdp, + Vdpd'p, the signs corresponding 
if Sdpd’pd’p is negative. 

Now the mean value of g over the face + Vd'pd’p may be taken as its value at 
the centre of the face or ultimately as g + 3dg, q being the value at the centre of the 
parallelepiped. But 


Vd'pd"p . dg haa Vd'pd"p 


—Vd'pd’p 
= fe 1 sa ey i . 
Sdpd’pd”p 2 Sdpd‘pd’’p (Y at 2 q) 5 C7 3d7) ? (xxv) 


— Sdpd’pd’p 
that is it is equal to the sum of the mean value of ¢g over each face multiplied by 
the directed area of that face and divided by the volume (— Sdpd’pd’p) of the 
parallelepiped. 
Adding up we see that Vg equals the sum of the products of the directed elements 
of the surface into the corresponding values of g divided by the volume included. 
(15.) We shall extend this result so as to be able to write for any small closed 
surface surrounding the extremity of p, 


Vq = lim. : f dvg (xxvi) 


where v is the volume included by the surface and dv a directed element of area, the 
normal being outwardly drawn. Conceive the region enclosed by the surface divided 
arbitrarily into an infinite number of small parallelepipeds. For each of these 


Vqadu =f dvg 


* It is not necessary in (xiii) that the differentials should be small. 
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where Vq on the left refers to the centre of the parallelepiped. On summation 


SVadv = & f dvg. 


But over a common interface dy regarded as referring to one parallelepiped is opposite 
to dv referring to the other. Hence if there is no discontinuity in qg the interfaces 
contribute nothing and 3 {dvg is due simply to the bounding faces of the extreme 
parallelepipeds, so that in the limit as these become indefinitely small 


J Vado = f dvg (Xxvl1) 


where the integral on the left is taken throughout the volume and that on the right 
over the surface. Conceive now the surface to shrink indefinitely and we find in the 
limit the required result (xxvi). 

(16.) On account of the importance of this result and also as an exercise we shall 
calculate directly the integral taken over any small closed surface including the 


extremity of the vector p. Let 7 be the variable vector drawn from this point and 
terminating on the surface. 


Since 7 is small we may put for the value of ¢ at its extremity 


q,=q9-StV.g¢ (xxviil) 


q being the value at the extremity of p. Here we assume as in the last section that 


the function ¢ is continuous. If dy or Vdrd’r is an outwardly directed element of 
the surface 


{ dvg, =fdv(¢g -SrV.¢q) =-fdv.8rV.g¢ (xxix) 
because the surface is closed so that [dy =0 or f dvg=0. 
In this if we choose we may regard 
—fdy.8rv (xxx) 
as an operator acting on g since we have to deal with 7 only so far as integration is 
concerned, or indeed we may take V outside the sign of integration and regard 
— (f{dv8r)V (xxxi) 
as a linear and vector function of V. 
In any case we have for any vectors 7, dr, and d’r 


Vdrd’sSrV + Vd'rrSdrv + VrdrSd’rV = Srdrd’s . V (xxxii) 


and also identically when d and d’ operate on 7 and its differentials alone 


and (xxXxiil) 


d(Vd'rr8rV) = dVd'rr . StV + Vd'rr . Sdrv 


ree d’(VrdrSrvV) = d’Vrdr. SrV + Vrdr . Sd’rV 
U a 


AVd'rr + d’Vrdr = 2Vd'rdr + Vdd'rr + Vrd'dr (XXXiv) 
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and the second and third term on the right cancel if we choose dr and d’r to be 
independent differentials so that dd’r=d’dr. In this case by means of (xxxiii) and 
(xxxiv) the equation (xxxi1) reduces to 


38Vdrd'r . StV + d(Vd'rrSrV) + d’(VrdrSrV) = Srdrd’r. V. (XXxv) 
Integrating over the surface we find 
3 { Vdrd'rV .St.g = f Srdrd’r. Vq (XXXVl) 


since {d(Vd'rrSrV).g vanishes* if we suppose as we may that dr (and also d’r) is an 
element of a closed curve drawn on the closed surface. Now 4S8rdrd’z is the negative 
volume of the pyramid whose vertex is at the origin of vectors r and whose base is 
the outwardly directed element of area Vdrd'r or dv. Hence if v is the volume of the 
closed surface by (xxxvi) and (xxix) we find 


fdvg, = vVgq. 


Or finally dropping the sub-index 7 as not now necessary we have rigorously 
Vg.= lim. ~ | dog 5 (Xxxvil) 


or the value of Vq at any point is the limit of the integral of the outwardly directed 
elements of any small closed surface surrounding the point multiplied into the 
corresponding quaternion ¢g and divided by the volume enclosed by the surface. 

(17.) We proceed at once to the interpretation of the results of the last two 
sections. 

The case of ¢g a scalar is aptly illustrated by a hydrostatic pressure p. As dv has 
been supposed measured outwardly, — dvp is the pressure in direction and magnitude 
on the directed element, and —{dvyp=-vVp is the resultant pressure over the 
surface. This urges the element in the direction — UVp, that is in the direction in 
which p diminishes most rapidly for we have seen (1.) that + UV» is the direction in 
which p increases most rapidly. 

(18.) In the case of g a vector (oc) unlike the former case, the integral consists of 
a scalar as well as a vector part. We notice that the scalar part depends merely on 
the components of the vectors o normal to the surface and the vector part on the 
tangential components. For 


Vo =07(S + V) fdve = of Sdvo + vf Vdvo (xxxviii) 


because § and V are distributive, the scalar of a sum for instance being the sum of 
the scalars. 


* We repeat that g is quite independent of + being in fact the value of g at the origin of the 
vectors T. 
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We shall consider the scalar and vector integrals separately, that is the integral of 
the inwardly* directed normal components + Sdvo ; and the integral of the tangential 
components turned through a right angle in the tangent plane for 


Vdvo = dv(dv)Vdve. 
(19.) Taking the scalar part first we have to interpret 


SVo = : [ Sdvo. (C:6:6.40:.9 


In the first place let o represent the displacement of a point in a body—the extremity 
of the vector p—deformable in any way. The integral then represents the sum of 
the inward components of displacement of the elements of the small surface ; in other 
words it is the diminution of volume. ‘The ratio of this to the volume is the 
condensation. To put this in a clearer light we resort to the suffix r (xxviii) and 
(compare (xxix)) we write {Sdvo, = {Sdv(o, — ) so that we only have to consider 
the displacement relative to the origin of vectors r. 

Secondly let o denote any distribution of force. The integral represents the total 
normal force over the surface. 

Thirdly if o represents the flux of a fluid the integral measures the rate at which 
the inflow into the little region exceeds the outflow. The quotient of this by the 
volume is the rate at which the fluid accumulates in unit volume or the rate of 
increase of density at the point. Otherwise if o is the velocity and ¢ the density 
SV(co) is the rate of increase of density or 


< = 8V(0a). (xl) 
For these reasons Clerk Maxwell called SVo the convergence of the vector o.t+ 
(20.) Now we may choose the small surface to be any surface we please. We 
shall take it to be a portion of a tube of flow according to the hydrodynamical 
analogy, or we shall suppose that the vectors o are tangential to its sides and normal 
to its ends. The integral vanishes consequently except over the ends and 


S¥o =~ + [Tare (xli) 


the integral being taken over the two ends. 


The areas of the ends being small and the distance between them small we have 
ultimately 


SVo = — lim. 


ade OAle >. (dlc Todt) Yd log Ale 
Adi wena a ci Oe oe diag oe 


* dy being outwards, Sdvo is — TdyTo cos @ if @ is the angle between the normal dy and o. 
t Electricity and Magnetism, Art. 25. 


Hamiiton’s ELEMENTS OF QuaAtTERNIONS, VoL. II. 31 


442 APPENDIX—NOTES. pane 


A being the mean area of a normal section and d/ the length of the tube. SvVo is 
thus equal to the rate of diminution of To along a line of flow together with the 
rate of contraction of the normal cross-section multiplied by To. This is the inter- 


pretation of the transformation 
SVo = 8Uo,V . To + To, SVUo (xliii) 


in which the suffixes denote that the marked symbol is not to be operated on by V. 
We notice moreover that if a is any constant vector 


SVo = SU(o, — a)V.T(o - a) + T(o, — a)SVU(o — a). (xliv) 


The property (xxxix) remains true if any constant velocity is added to the velocities 
existing. 
(21.) As regards the vector part of Vo we have seen that 


VVo = lim. : { Vdve (xlv) 


depends only on the tangential components of o turned through a right angle round 
the normal. We may indeed find interpretations of this surface integral taken over 
an arbitrary surface, but none are satisfactory until we choose a surface presenting a 
definite direction upon which to fix the attention. For instance for a sphere we find 


VVo = him. Le { VroT dy (xlvi) 
oTr 


showing that the vector is the integrated moment of o about the centre divided by 
the product of radius and volume. But when we select a small portion of a cylinder 
whose sides have a fixed direction a and whose ends are normal, we obtain results 
easily interpretable. Let dA be an element of the small cross-section, d/ an element 
of a generator, dr a tangential vector on the curved boundary forming with a and dy 
a mutually rectangular system so that dz, a, dv are in positive order.* Then over 
the curved boundary dv = d/Vdra and over the plane faces dv=+adA. Thus 


Vvo = lim. = (fdlV.Vdra.o + { Valo, - 0;)d A). (xlvii) 


Taking / so small that it may be integrated by itself in the first integral, we may 
replace o, — o, in the second by — JSaV.c. 
‘he expression (xliv) reduces consequently to 


VVo = lim. 4 (f V.Vdra.o -{Va.SaV.od4). (xlviii) 


* That is rotation round dr from a to dy is positive. 
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It may be further transformed since 


V.Vdra.o = — aSdro + drSav = — aSdra — VaVdro 


because a is at right angles to every dr; thus 
VVo = — him. = (af Sdro + Va(f Vdro + [SaV . cd A)) (xlix) 
which gives separately 
SaVVo = lim. [Sdre; VaVVo=—lim.— aVa({Varo +{SaV.odA). (1) 


As we give an independent and superior method of obtaining analogous results in the 
next section we shall not consider the interpretation of these until section (23.), 

(22.) The transformation of the last section suggests the investigation of line 
integrals {dpg. Take a small parallelogram, centre at p and edges dp, dp, and circuit 
it in the order from dp to d’p. In this order the vector sides are + dp, + d’p, —dp, —d’p 
and the corresponding vectors from the centre to their middle points are — 3d’p, + 3dp, 
+34'p, —4dp, so the four sides contribute in order 


+ dp(q+ 38d’pv.q), + d’p(q - g8dpv . 9), 
—dp(y-48d’pV.q), -dp(g+38dpV.¢7) (li) 


and the sum of these, which we may write 
Jdpg = Vavv. g; (li) 
where dv = Vdpd'p is the directed area of the parallelogram, because 
dpSd’pV . — d’pSdpV . = V.Vdpd’p.V. 


Also rotation round dy in the direction of circuiting is positive, viz. from dp to d’p. 
We shall prove that the same relation (lii) is true whatever be the shape of the 
small plane circuit. Conceive the small area divided arbitrarily into small parallelo- 
grams, and let each be circuited in the same direction and the sum taken. Any side 
common to two is traversed twice in opposite directions. If there is no discontinuity 
in g such a side contributes nothing for dpg+(—dp)g=0. Hence only the bounding 
sides contribute and in the limit when these approach coincidence with the curve 


fdpg =f Vavv . g 


the first integral being taken over the bounding curve and the second over the plane 


area. From this in the limit we recover (lii). 
3L 2 
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(23.) When q is a vector (lii) affords the two equations true for any small plane 
circuit (compare (1)) 
[Sdpo = SdvVVo (liii) 
and 
[ Vdpo = V.VdvV.o. (liv) 


The first shows that what we may call the circulation in any small circuit (- { Sdpc) 
is equal to the product of the area into the component of VVo along the positive 
normal.* We shall see in the case of fluid motion that VVo is twice the angular 
velocity of an element. Just as the rate of change of a scalar function in any 
direction is the component of VP in that direction so the circulation in any unit 
plane circuit is the component of VVo along its positive normal. The circuit 
normal to UVVo may be called the principal circuit, the circulation therein being 
a& maximum. 

(24.) Ifo represents a distribution of force, by carrying a small unit mass round 
a circuit we gain from the forces an amount of work represented by — f{Sodp or 
-~SdvVVo. Hence the condition that the forces should be conservative, or that no 
work could be gained in carrying a small mass round any complete small circuit, 
is VVo=0; or what is equivalent this is the condition that {Sdpo should be 
integrable without a factor, the integral being taken between arbitrary limits. In 
fact the integral must be a function of the vectors p at the limits. We may therefore 
write | 

P= -| Sodp = f(p, py). (lv) 


Po 
Whence VP =o, because as P is a function of p 
dP = - SdpVP = - Sedp 
for all vectors dp. Thus the equation 
VVo=0 imphes o=VP (1vi) 


just as the latter implies the former (compare (xx)). A distribution of vectors 
satisfying this condition is said to be irrotational. 

(25.) Introducing the symbol x’ to denote a linear and vector function, we write 
equation (liv) in the form 


— x'dv = V.VdvV . o = { Vdpo. (Ivii) 


* For brevity let the normal to the circuit about which the positive rotation is the same as that 
of the circuit be called the positive normal. 
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This function x’ and its conjugate may be expressed* by 
ya =- V.VaV.c0=-aSVo+VSac; xa=- VVVoa=- aSVo + oSaV. (Iviil) 
In fact x is Hamilton’s auxiliary function for ¢ or 
xa=(m'—-d)a where da=- SaV.o (lix) 


since m’/’ = — SVo (compare (27.)). 

When a unit electric current flows in the small circuit — x‘dv is the resultant 
mechanical force acting on the circuit provided o is the magnetic induction due to 
extraneous causes.| We shall therefore in the most general case briefly term — x‘a 
the force on the circuit a. 


The force on the circuit is normal or tangential to its plane according as a satisfies 
Vay’a=0 or Say’a=0. tise) 


The force on the circuit a has SP x'a for its component along # and this is generally 

different from the component along a of the force on the circuit 8 because x’ is not 

self-conjugate. The spin-vector of x is easily seen to be — $VVo and whenever this 

vanishes the force on a has the same component along £ as the force on f has along a. 
In a steady magnetic field 


Vo=0 or o=-VO (1x1) 
where © is the magnetic potential and (lvii) 
xa = xa = VSaco = SaV.o (1xii) 


or the force is the rate of change of the induction (c) along the normal. 


(26.) As the last particular case we suppose ¢ to be a scalar P, then for all small 


circuits 
{dol = Vdvv.or, (xiii) 


The most direct illustration of this formula seems to be to suppose P the magnetic 
potential of the field. The expression on the right with sign changed represents the 
couple on a small magnet whose magnetic moment is dv. As this can be expressed as 
a line integral round a circuit whose directed area is dv, the equation suggests the 
equivalence of the magnetic action due to a unit current in the circuit and that due to 
the magnet. It shows moreover that the couple acting on the circuit is the negative 
of the integral of its elements multiplied by the corresponding potentials P. 


* There can be no possible objection to placing v after the operand o in an equation of this kind 
(lviii) as no confusion is likely to arise. 


ft Clerk Maxwell, Licctricity and Magnetism, Art. 490. 
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(27.) We shall now consider the linear vector function and its conjugate 
¢da=-SaV.o and d/a=- VSac (1xiv) 


of which an auxiliary function has occurred in (25.). It is only necessary to find 
expressions for its invariants and for the second auxiliary function y in terms of V 
for its meaning has been fully investigated. In fact if o is the strain-displacement 
of the extremity of p, the displacement of a near point (p + dp) is o + ddp, so that 
dp is the displacement of this near point with respect to the point (p). The strain 
being supposed small we have seen* that the molecular rotation of the element at (p) 
is e=3VVo; also the dilatation is given by the first invariant m’=-SVo. The pure 
part of the strain is due to 


Pa = — 38aV.a0 — $VSac = 3(¢ + ¢’)a. (Ixv) 


Of course now, in contrast to the case treated in the Note cited, the strain is not 
homogeneous. 

On account of the great importance of this function we shall prove these expres- 
sions for m’ and «. For three arbitrary vectors 


VBy.gat+ Vya.¢B + VaB. dy =—- (VBySaV + VyaSBV + VaBSyV)c. 
Hence by (xiii) and the well-known expression for the invariant of 
m' —2e€=- Vo. (1xvi) 


(28.) In forming the function y it is necessary to use temporary marks to 
distinguish the corresponding operator and operand. 
We write therefore 


WVaB = Vd'ad’B = VVSac . V'SBo’ = VVV'Sac8Bo". 
Now we may write equally well 
WVaB = VV'Sao’. VSBa = — VVV'Sao’SBo. 


So that treating V, V’, o, and o’ as four distinct vectors we obtain on addition of 
these two forms 


wy =- 4VVV'SVoo"y. (lxvi1) 


* Note on Strain, sections (16.) and (17.), p. 372. 
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The accents may be removed when but not till when the operations indicated have ° 
been performed.* Just as in (lxvi) 


m' — 2d€ =-43VVV'. Voo’ (Ixviii) 


and this result should be compared with the former and the expressions for the 
vectors verified. It is also a useful exercise to verify that the third invariant is 


= 48VV'V"Sco'a”. (xix) 


(29.) Instead of retaining only the first term in the expansion we may, for the 
particular case in which g is a function of p, write Hamilton’s expression for Taylor’s 
series in the form} 


Ya = C4g = e- Sevg = g ~ SaV.9¢ + 4(SaV)*¢ — &e. (xx) 


Here as there is no danger of confusion we need not accent or distinguish ie several 
operators there being but one operand. 
If the quaternion q, is associated with each element of mass dm of a body 


f@adm = qM-S8aV.gM-4(3(4 + B+ C)\V? -SVOV).¢+ &e.  (1xxi) 


where ay is the vector to the centre of mass; A, B, and C the principal moments and 
® the momentum function of the body with respect to the origin.{ To prove this it 
is only necessary to observe that (SaV)? = o’V? + (VaV)? and to employ the notation 
explained in the note on page 291. 

In like manner 


faq,dm =agM+3(4+B+C)Vq-O8V.¢. (xxii) 


From (lxxi) we obtain Clerk Maxwell’s expression for the mean value of g throughout 
a sphere when we put ® = 4 = B=Canda,=0. 


* A device precisely similar is used in Aronhold’s symbolic method of denoting a quantic by 
ax" = 0, b2%= 0, &c. The Hessian of a quantic is represented by 


A = n®(n — 1)2a1b2(ab)a_"-2b,"-2 = 4n2(n — 1)2(ab)2a,"-2bgn-? 


where (ab) = @b2 — a2bi. (Compare Clebsch, Vorlesungen tiber Geometrie, p. 191, Leipzig, 1876.) 

t See p. 473, vol. i., and the second Note to p. 20 in the present volume. It is undoubtedly 
strange that Hamilton has deliberately avoided the employment of the symbol v in the Elements. 
We have seen several times in the course of this Note that our results are merely translations into 
this notation of investigations in which y was not explicitly employed (comp. sections (2.), (5.), (27.)). 
He even introduces a new notation (see p. 294 and section (5.)) when v was ready to his hand. The 
key to this neglect of yv seems to be contained in Art. 422, (92.), p. 351. 

{ + @w is the angular momentum of the body (comp. p. 291) spinning with angular velocity w. 
Hamilton uses a negative sign. 
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If the body is subject to the attraction of matter having a potential P we find for 
the force and couple at the centre of mass 


N= MVP+48VOV.VP, p=- VOV.VP. (Ixxiii) 


Hence it is not hard to deduce, using the examples in section (10.), when 
P={T(a- a’)dm' that 


N= - Uf Bram! - 3f((A + B+ O)B + 208 - 5BSBBYrtdn’ 
d 
a w= 8 f VB“BBrdm! (xxiv) 


where for brevity B=a-a’ and r=TB£. 

(30.) It is not necessary to examine in any detail the extension of the integrations 
of sections (14.) and (15.) to finite regions because the method is almost precisely the 
same as in the case of scalar integrals. If (I.) there is no discontinuity in the 
quaternion g, if (II.) it is single-valued and (III.) does not become infinite at any 
point of the region, if moreover (IV.) the region is simply-connected, we can fill it 
with small parallelepipeds in any way we please and since over an interface the 
aspects of the corresponding directed elements of the adjoining parallelepipeds are 
opposed the interfaces contribute nothing. In the limit therefore when the conditions 
I., IL., I11., and IV. are satisfied, the volume integral equals the surface integral or 


{ Vado = f dvg. ; (xxv) 


(31.) I. When there is a surface of discontinuity suppose the region divided into 
two by that surface and apply the equation (lxxv) separately to each region and add. 
Then 

{ Vado =f dvg + fdr2(q. - ge) (1xxvi) 


when over the surface of discontinuity an element affords the parts 
dy and dv2192 or dny2( 9) oat 2). 


(32.) IL. If q is not single-valued by reasoning almost precisely similar to that of 
Clerk Maxwell* we can see when infinite values of Vq are excluded from the region 
that assuming the value of g at any one point its value at every other point is 
determinate. In fact starting from a point a with a given value of g we can return 
to it with a different value only if we thread some circuit along which q is indeter- 
minate ; and if g is indeterminate anywhere in the region its corresponding deriveds 
must be infinite. In the case in which a circuit locus of indeterminate values 
of g exists in the region, we may enclose it in a tube but the region then becomes 
multiply-connected (IV.). . 


* Electricity and Magnetism, Art. 96 (6). 
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(33.) ITI. If g becomes infinite at any point, we exclude that point by a small 
sphere and include the surface integral over the sphere in the result. Taking for the 
moment the origin at the point and writing Tp = 7 let 


, Ave ne , ave : = ee 


Ue 


(1xxvii) 


= J 
Then if dQ is an element of solid angle the integral over the sphere is 


— fdvg = fdQ.Upr (a4 ae _ we.) 
This in general is ultimately infinite or indeterminate if f,Up, &c. are not zero. 
Excluding these cases, in the limit 


~ f{dvg = {f dQUpf2Up. 


We need only consider the case in which /,Up is a linear function* of Up, and we 
may take it to be 


S,Up = Sy'Up + SASuLUp = Sn'Up + hUp. ( ete 
It is easy to see in various ways (compare for instance (29.)) that 
fdQUpSaUp =- gma and fdOQUpf,Up = — $x(n’ + Spd). 
Hence (lxxv) becomes modified by the infinite point into 
J Vqdu = {dug + $a(y’' + m” — 2e) (Ixxix) 


if a term r?f Up occurs in g, the part of fUp linear in Up being S7Up + hUp. 

(34.) IV. If the region is multiply-connected we render it simply connected by 
drawing diaphragms when we fall back on case I. if gis many valued. <A diaphragm 
corresponds to a surface of discontinuity and q, — ¢, = mp where p is the cyclic incre- 
ment of ¢g and n an integer. 

(35.) In order to extend the integrations of section (22.) to any closed curve 
directly we must be able to connect all points of the curve by a continuous net of 
small parallelograms for each of which g must be (I.) continuous, (II.) single-valued 
and (III.) without infinite differentials. Then because a common side is traversed in 


opposite directions 
fdpg ={VdvvV .¢ (Ixxx) 


where the line integral is over the curve and ibe surface with which the net 
ultimately coincides. Under these conditions the surface integral extended to a 
closed surface is always zero. 


* By an application of a well-known theorem in spherical harmonics (72.). 
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(1.) In the case of discontinuity as in (31.) we take an arbitrary curve on the 
surface of discontinuity and when this curve is specified we have on adding the 
results for the two circuits 


{dog + [dpw(q — 92) =f Vdv . ¢ (1xxx1) 


where the second integral on the left is taken over the specified curve on the surface 
of discontinuity. Let this curve be acs terminating on the given circuit at a and B. 
Draw any other curve avs, then letting the accented line integral refer to this curve 
and the second surface integral to the portion pgca of the surface of discontinuity 


deg + I dpi” — 92) =f Vdvv .g +f Vdry2(91 — ge) (1xxxii) 


provided the portion of the surface of discontinuity can be covered with a continuous 
net. Applying (xxx) to the surface of discontinuity it is evident we get the same 
value for { dpg in both cases. 

(II.) If ¢g is not single-valued over the continuous net, its value is definite if a 
definite value is chosen at some one point of the net, or else g is indeterminate at a 
point of the net and as a consequence its differential may become infinite (III.). This 
point may be surrounded by a small curve joined by a barrier to the given circuit, 
and the barrier must then be treated as a line of discontinuity and the value of the 
integral round the closed curve must be taken account of. 

(36.) We shall not delay to prove the more general relations 


{fdv=[fvVdo; {#dp ={FVdvv (lxxxiil) 


where f and / are linear functions and where V operates on them 7 svtu in the two 
expressions fV and /’VdvV. They may be proved exactly as in the simpler case 
when we have to do only with a quaternion multiplier; in fact fVd'pd’p at the 
extremity of p becomes 


(1 —38dpv)fVd'pdp or (1 — 4S8dpV). Va’pdp 


at the extremity of p+ 4dp it being understood that V operates on the constituents 
of f alone. We may remark that the symbol of taking the conjugate K may be 
applied to the integrals (lxxx) or (xxv). 

(37.) Let the quaternion p or p, be the value of the integral 


p= ? T(p - w)"gdv (Ixxxiv) 


at the extremity of the vector w, p being now the vector variable in the integration 
which is extended throughout all space or at least everywhere that ¢ is not zero. 
We suppose ¢g is never infinite and has never infinite differentials corresponding to 
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finite differentials of p. Considering separately the parts of the integral inside and 
outside a small sphere, centre w, we have on operating by V.,? 


Voy = Va" f’ T(p - w)¢do (lxxxv) 


where the accent denotes that the integration is confined to the interior of the sphere 
for by 9(f), Vu*I'(p - w)'=0 wherever w does not coincide with p. The sphere 
may be taken so small that ¢ is sensibly constant within it. g may thus be removed 
outside the sign of integration and 


Vap = Vu? fT (p — 0) do . dy = 4G (Ixxxv1) 
because by Poisson’s theorem (compare (xx) ) 
Vu’ f T(p — w) do = 4. 


(38.) From these results we infer conversely if two quaternions p and gq are 
connected by the equation 
q = V*p (Ixxxvii) 
that 3 
P = Du = (4)? f” T(p -— w)¢dv (1xxxviii) 


the integration being extended throughout all space or wherever ¢ is not zero, and 
we may regard this expression as the equivalent of the inverse operation in the 
equation 

p=V¢. (lxxxix) 


On this supposition the operator V~* presents no ambiguity. 

(39.) The difference between V~g or the integral (1xxxviii) taken over an unlimited 
field and the same integral taken throughout a circumscribed region may by Green’s 
theorem be expressed as a surface integral over the boundary of the region. The 
extremity of w being within this region we have by (33.) when the volume integral 
is taken in the limited region outside the small sphere, the first surface integral over 
the boundary and the accented integral over the surface of the sphere, 


fV.(T(p - o)?Vp)do = fdvT(p — w)?. Vp + f' dvT(p - w)". Vp (xc) 
and also by (36.) 
f VI(p — w)1(V)pdo = f VI(p - wy. dvp + f VT (p — w)?. dvp. (xc1) 


In the volume integral (xc) the first operator V operates on all that follows it 
(except dv) and in the second the bracketed (V) operates 7 situ upon p and also 
upon VI(p — w)". 

3M 2 
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The surface integral over the sphere in (xc) vanishes ; that in (xci) (comp. (8. (g)) 
and (33.)) becomes* 


—{' dQp=—4rp because dv = —- U(p—w)r'dQ and VI(p-w)t =—-U(p—) T(p— )”. 
Also the term in the first volume integral is 

V.(T(p - 0) Vp) =VT(p-o)?.Vp + T(p- oy. vip (xeii) 
and that in the second is 

VI(p — 0)? (V)p= VI(p-)1. Vp + V*T(p - ow)! .p, (xclil) 


for it is easy to provet that V'I'(p—w) 'V = V*I(p-—w)7. Moreover this part 
vanishes since w is not included in the limited field. 
By these considerations (xc) and (xci) reduce to 


J VI (p — ow)! . Vp + T(p - w). V*p) dv = fdvT(p — w)*. Vp (xciv) 
J VT(p -— w)?. Vode = {VI (p — w)!. dup — 4xp (xcv) 

so that on subtraction 
JT(p - wo)". V’pdw — dap = fdvT(p — wy". Vp -f VI(p - o)*.dyp.  (xevi) 


Or if we suppose py and g connected by the equation (1xxxvii) or (lxxxix) 

Z i 

rr J T(p - o)"gdv = V9 + _- JavT(p -w)1.V.V2%¢ —[VT(p-w)?. dv. Vg. (xevii) 
T 


Thus the difference of the integral over a limited and unlimited field (Ixxxvii) has 
been expressed as a surface integral over the boundary of the former. 

(40.) We have seen (Ixxxv) that when we operate with V,,? on a potential 
function it is only necessary to take account of the element at which p and o 
coincide. Provided therefore we introduce surface integrals wherever necessary 
we may limit the field of integration and write generally for all points within that 
field 


oo qdv (xeviil) 
r= Ve | apse) 
By the associative principle we deduce 


4irg = Va - Vu f T(p—w)gdv = V,.8V,, {T(p — w)“gdv + VaVVes { T(p -— o)"gde. (xcix) 


Hence any quaternion may be expressed as the result of operating by V on another — 


* Hence another proof of (1xxxvi). + In fact py = Vp =— 3- 
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quaternion (Q) or as the sum of the results of operating by V on a scalar and on a 
vector; or generally 


q=VQ. (c) 


(41.) We shall transform this new quaternion Q so as to exhibit more clearly its 
relation to g. Integrating through the limited field and excluding the small sphere 
round (w), 


[VT(p—w)7. gdo + fT(p- w). Vgdv =[V.T(p—w)*gdo = fdvT(p—w)y (ci) 


the surface integral being taken over the boundary of the field (40.) and the surface 
integral over the small sphere being omitted as it ultimately vanishes (33.). Now 
(V + Va) T(p—-)7 = 0, 


sO 4rQ = V,, [ T(p-)"¢dv = f T(p—w)?. Vadu — f T(p — w) rg. (cil) 


The surface integral here disappears when the field of integration is unlimited. 
(42.) This transformation is of importance in vortex motion for example. 
Considering more particularly the vector part of the volume integral (cil), we 
have by section (20.) (xlii), 


ea d log (d4 . TVVq) 


Aro Mm. (ciil) 
TVVq di 


V*8¢ = SVVV¢g=- 


dd being the small area of a cross-section of a tube formed by the vectors VVq and 
d/ an element of the length of the tube. Using the relation 


Té.d4=dm where €= VVV¢ (civ) 
and where dm is the strength* of the tube of vectors € we have 
JT(p-o)?. édv = T(p—w)! . UEdldm = [ T(p - w)1dpdm (cv) 


if dp = UE . dl is a directed element along the tube because dv = d Adi. 

(43.) For the case in which the tubes (€) are re-entrant and included within the 
limits of integration the integral on the right may be regarded as the sum of a 
number of integrals taken round closed curves. If then we describe any surface 


through one of these curves so that it does not pass through the extremity of o, 
by (lxxxiii) 


[VT (p-0)?. dp =fVT(p—w). Vavv =f VSdvVT(p-0)? — (evi) 


* Lamb, Hydrodynamics, p. 223, Cambridge, 1895. 
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because as V?I'(p—w)!=0, the term involving V’ in the expansion V.VdvV 
= VSdvvV — dvV? disappears. Again we may replace the equation (cvi) by 


Vo {T(p - 0)1. dp =— [ VSdrVT(p - w)1 =— Ve f SdvU(p - w) T(p - w)? (evil) 


and if we suppose the surface built up of elementary cones through the extremity of 
the vector w, it is evident that the cross-sections of these cones alone contribute so 
that we may replace dv by U(p — w) T(p — w)’dQ and finally* 


V, {T(p- wo)". dp = V, { dQ = Vv, (cviii) 


where Q is the solid angle subtended by the re-entrant tube at the extremity of o. 
Thus if none of the circuits pass through the extremity of w 


Vo f T(p — w)"). dv = Vy f Qdm. (cix) 


(44.) To illustrate the use of the operator we shall briefly consider tke equations 
of motion of a continuous distribution of matter. Directing the attention to any 
selected portion its momentum is 


Mo = { pdm ex, 


o being the velocity of the centre of mass, dm an element moving with velocity 
p and Jf the mass of the portion. If A is the resultant force acting on the mass 
it is equal to the rate of change of momentum, or 


Do = U2. (cxi) 


We may evidently suppose the selected portion of such a size that the velocity of its 
centre of mass approaches indefinitely the velocity of the matter about that point. 
Again taking moments about the centre of mass we may write 


D, J V(p — po) (P — Pod = w+ J V(p — pyar (cxil) 


where p is the resultant couple arising from other causes than the force-couple 
J V(p — po) da. 
(45.) We shall now consider the transformations of the vector of acceleration 


Do (cxi). If we regard} o as a function of p and ¢ we have (xi) its total differential 
expressed by 


Do = dt — SdpV.o (cxiil) 


* Hence the result of operating by v on a vector of a certain kind is equivalent to the result of 
operating on a scalar. 


¢ Of course on the supposition made in the last section the vectors o and 9 are identical. 
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: fee : 0 
the partial derived with respect to the time being = , or in other words = being the 


rate at which the vector o corresponding to a point fixed in space is changing. But 
D,o is the rate at which the vector o as corresponding to a definite portion of the 
matter is changing. So when we follow the motion of the matter, dp = odé¢ and 

0 


= -SoV.c0= 22 (cxiv) 


Dio = = 


in which V of course operates only on the o to the right. In this case the appro- 
priate form of the equation of continuity is (xl) if ¢ is the density 


0 
= = $V(0o). (cxv) 


(46.) On the other hand if in Lagrange’s method we suppose p to be a function 
of ¢ and of three parameters uw, v, and w which individualize any element of matter 
the velocity and acceleration of the centre of mass may be represented simply by 
p and p, the partial deriveds of p with respect to the time, and the equation of 
motion is 

p= ix. (exvi) 
Also the appropriate form of the equation of continuity is 


cSpipeps = const. = — C (cxvil) 


which expresses that the mass + cSp.p.p,dudvdw of a small definite parallelepiped 
of the matter does not vary, pi, pz, and p; being the deriveds of p with respect to 
u, v, and w. 

(47.) It is easy to derive (exvii) from (cxv) for remembering the meaning of the 


fluxional notation* 
0 a 
é= = — SoV.¢ = cSVo = cSVp. (exviil) 
But exactly as in section (12.), when p is expressed in terms of three parameters 


u, v, and w, the appropriate form of V derived from (xiii) by taking 


dp=p.du, d’p=p.dv, and dp = p;dw (cxix) 
: 1 0 0 0 
ie me aliee =e Maley ) 
18 | Heme [Vow an + Vpsp, ap + Vpips sa) (cxx) 
Hence evidently 
d . d : 
.F log c= SVp =- i log Spipeps (cxxi) 


* As an exercise one may verify that Swp = — Sv@. 
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where the differentiations have the same meaning as the fluxional notation which is 
not here convenient for printing. 

(48.) As regards the forces acting on the element, we have in the first place 
bodily or external forces € acting at each point and generally specified with respect 
to unit of volume. These contribute the volume integral { c&dv. 

In the second place there are the forces due to the interaction of the parts of the 
substance. Their resultant is suitably represented by a surface integral {@dv where 
dv + 6(—dv) = 0 because the interaction across a directed element from one side is 
balanced by that on the other, and where @dvy = ®Udv.Tdy because the force is 
ultimately proportional to the area. Thus (cxi) becomes 


Do = "| cédv + UM | bdv = Uf cédv + Mf Ody - Uf SV. dv (cxxii) 


®, being what the function ® becomes at the origin of the small vectors 7 (16.) which 
may for convenience be taken centrally within the element. The integral { ®,dv must 
vanish as it is only of the second order in the linear dimensions of the element while 
the others are of the third order. Hence © (or ,) must bea linear and distributive 
function for S,dv = 0 whenever Sdv=0.* And therefore by an application of the 
integration theorem (lxxxiii) because ® is distributive and linear 


f @dv = f ®V. de. (exxiil) 
From this (cxxii) gives when the element is very small 
Deo =§+¢1.8V (exxiv) 


(where V operates on ® 7m situ) for ultimately UU = edv. 
(49.) Again we may write the couple equation (cxii) in the form 


J Vrrdm =f Vrédm + f ydm + f Vrbdv eae, 


where the origin of vectors 7 is at the centre of mass and where 7 is the voluminal 
distribution of impressed couple. By the principle of linear dimensions employed in 
the last section we must have separately 


{ ndm + [ Vr®dv = 0 (exxvi) 


or ultimately if we take the element to be a small parallelepiped whose sides are 
parallel to a, B, y, 
ncSaBy + Va®,VBy + VB®,Vya + Vy®,VaB = 0 (cxxvil} 
or simply 
ne = e (exxvill) 
if « is the spin-vector of ®,. 
Thus if there is no impressed couple y the function @ (or ®,) must be self-conjugate. 


* For example take a small tetrahedron whose directed faces are a, 8, y, and 5. Then 
o(a+ B+ y)=ha+ B+ Soy because a+ B+y=—-5, 
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(50.) Neglecting small terms of the second order in (cxxiv) and elsewhere the 
motion of the substance is completely given by 


0 : 
S —-SoV.c=€&+6'.8V; - = §V(co) (CXX1x) 


when we employ Euler’s method (compare (exiv), (exv), (exxiv)); or by 


: 0 0 0 
p= é mF Ca fe ® . Vpzps ar a ® . Vpspi oF oe p> Vous) (cxxx) 


when we employ Lagrange’s (compare (cxvii), (cxx)), the function ® being linear, 
vector and self-conjugate, and this function, not the vectors Vpsp;, &c., being differen- 
tiated with respect to u, v, and w. 

(51.) We shall now apply Lord Kelvin’s great conception of the flow along a 
finite curve drawn in the medium and moving with it so that it always threads the 
same elements. The flow is the integral of the component velocities of the various 
points of the curve along the corresponding tangents and is given by 


F = — { Sodp = — f{ Spdp. (oxxex)) 


It is convenient to suppose p and o or its equal p expressed in terms of the time and 
the necessary parameters as in Lagrange’s method. ‘The time rate of change is thus 


Fi =~ © f Sidp = — | Spdp ~ | Spa. (exxxii) 


The second integral on the right is simply half the difference of the squares of the 
velocities of the extremities of the curve. The first integral depends generally on 
the nature of the curve connecting these extremities. It is however quite indepen- 
dent of the curve if (compare section (24.)) 


VV p02 06 ¥ Vio 0 (CXXXii1) 


for then the expression under the sign of integration is integrable without a factor.* 
By (cxxiv) we have in this case 


VVE+ VV.e!.®V = 0 (CXxxiv) 


and when this is satisfied we may speak of the rate of change of flow from one point 
to another without mentioning a connecting curve. 


* The vectors p and Dz are identical in as much as they represent the same acceleration. 
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(52.) For a perfect fluid @dv = —- pdv and ®V = - pV =- Vp s0 (cxxxiv) 


reduces to 
VVE+ V.Ve! Vp = 0 (CXxXxv) 


and is satisfied if the density (¢) is a function of the pressure (y) and if the forces (£€) 
have a force function (P). 
Under these conditions we find without trouble 


ee ES aay | =] (CXxxXV1) 
: ¢ 


where the square brackets indicate that the difference is to be taken of the values of 
the enclosed expression at the extremities of the curve. 

In general when we integrate round a closed curve the flow or circulation changes 
at the rate (lxxx) 


i _ J Spdp = — f Spdp = — [ SdvVV5. (CXXXV11) 


This vanishes under the supposed conditions (cxxxili) so whenever the density of a 
perfect fluid is a function of the pressure conservative forces are powerless to alter 
the circulation in any circuit moving with the fluid. 

(58.) It appears from (cxxxvii) that the component of VVp or VVD,o normal to 
any small unit circuit measures the rate of change of circulation in that circuit ; and 
VVD,o determines the aspect and the rate of change of circulation of the unit circuit 
in which this rate of change is a maximum. 

On the other hand VVo determines the aspect and the circulation of the unit 
circuit* in which the circulation is a maximum, and D;VVo measures the rate of 
change (following the motion of the fluid) from one principal unit circuit to another. 
A principal unit circuit obviously does not remain fixed in the fluid. 

The difference between these vectors is easily seen to be 


VvDo - D,VVo =- VV80,V.c=-VVV.cNVo — (cxxxviii) 


0 
for V and = are commutative in order of operation so that as a first step the 


difference ist 
— VV(ScV.o) + ScV.VVo. 


It vanishes as it ought if VVo = 0. In Lagrange’s method the equivalent equation is 


VVp - = VVp =— VVp. (exxxix) 


* This has been called the principal circuit (23.). 


t+ It is useful to observe that a term such as Vvv,Soc, vanishes for it should remain unchanged 
when the suffixes are transposed but it apparently changes sign, 
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(54.) As an additional example on the application of the operator V, we shall 
consider the nature of the stress in a viscous fluid. We assume as usual that the 
stress consists of a hydrostatic pressure y and a part linear in the rate of distortion or 
in the constituents of the strain function ¢) = 4(¢ + ¢’) of section (27.), and that the 
principal planes of the stress-function (®) and the strain function ¢, coincide. These 
considerations lead to the equation 


Da = — pa + 2nd a + n'm!"'a (exl) 


where oa is an arbitrary vector, where » and 7’ are scalars independent of the rate 
of distortion and where m’(=-SVo) is the first invariant of ¢,. For this is the 
most general linear function involving py in the manner specified and linear in the 
constituents of ¢, and having the same principal planes. 

(55.) Defining py more particularly by the condition that the hydrostatic pressure 
is equal to the mean of the magnitudes of the principal stresses, we have, for 7,7, and & 
along the principal axes, 


— 3Srbe = UM” = - 3p + (2n + 8n')m’; (exli) 


and the condition requires 


2n + 8n' = 0. (exh) 
Therefore when we replace n’ in terms of m and ¢, in terms of V and o (section (27.)) 
Pa = — pa-n(SaV.o+ V.Sac) + 2naSVo. (exliii) 
If n is constant, the equation of motion (cxxiv) becomes 
Dio = € -— Vp - 6 'n(V’o + V8Vo). (exliv) 


(56.) In like manner for an isotropic elastic solid if o is the displacement, the 
stress is given by (cxl) when p is put equal to zero, and the equation analogous to 
(cxliv) is 


Dio = € -— C'nV’o — (n+ n')V8Veo. (exlv) 


(57.) The rate of change of the kinetic energy of the substance in any region 
fixed in space is evidently 


a : 
x / seTo*de. (exlvi) 
This is due to the activity of the forces acting on the substance and to the trans- 


ference of portions of the substance through the walls of the fixed enclosure. 
3.N 2 
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Transforming and utilizing the equations of continuity and of motion (cxxix), so 
as to remove the differentials with respect to the time* 


s [ deTo*dv = f (4To2SV(eo) — cSo,VSo,0 — So,6V — cSc€)do, 
where o, is free from the operation of V. Or again this is 
2 { dcTo?do = f (28V(co'T'o?) — Sc®(V) + So®,V - cSoé)dv, 


where (V) operates both on o and ® and where ®, is free from V. 
Finally on integrating by parts 


2 { seTo*do = f dcTo*Sodv — J So@dy + { So®,Vdv - { cScédv. (exlvii) 


The first integral on the right is the rate of increase of kinetic energy due to the 
influx of fresh matter; the second is the activity of the surface stress; the fourth 
that of the external forces; and the third with sign changed measures the rate at 
which energy is stored in the substance and dissipated (see section (59.)). 

(58.) On the other hand for a definite portion of the substance the rate of change 
of kinetic energy is 


D, { seTo*dv = D, { $To’dm = - { SoDodm = — { So(eE + ®V)dv. (exlviil) 


This reduces as in the last section the only difference being that there is no contribu- 
tion due to influx across the boundary. 
(59.) When ® is given by the equation (cxliii), 


— So®V = + pSVo + n(SVV Soo + SVaSV,c) -— §n(SVo)? (exlix) © 


is the rate of storage and waste of energy per unit volume. 
The term in y may be modified as follows. By the equation of continuity 


SVo = D, log c = — D, log 6 (cl) 


if 6 is the reciprocal of the density (c) or the budkiness of the fluid. Hence as p is a 
function of ¢ and therefore of 4 


pSVo =-— D,{ pode. (cli) 
Also we have} for the rate of change of the intrinsic energy of a given mass 


{ pSVodo = — { pDcdm = — D, [ dm [ pdb. (clii) 


* Namely from (a8 To? — eSo =r) dv. 


t+ Compare Lamb’s Hydrodynamics, Art. 287. 
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(60.) The part of (exlix) quadratic in o has been called by Lord Rayleigh the 
Dissipation Function. It measures the rate at which energy is wasted by the 
viscosity and it admits of many transformations which may serve as exercises. 

It is essentially positive, for if we write the invariant m’ of section (28.) in the 
form 

m' = 4(SVo)? — 48Vo SV,o (clii1) 
and 
SVV Soo, = SVaScV, - SVVoVV,c, (cliv) 
we have in the notation of the section cited 


2F = n(SVV Sao, + SVoSV,o — 3(SVa)*) = $n(m' — 3m’ — 32) (clv) 


when we utilize (cliii) and (cliv) to eliminate SVV Soo, and SVoSV,c. 
But (p. 520, vol. i.) m’ + é& is the sum of the products of the roots of the self- 
conjugate function do) = 4+(¢ + ¢’), so if these roots are ¢, ¢,, and és, 


2K = 2n ((é2 — ¢3)* + (@3 — @1)® + (¢, — €2)*). (clvi) 


If then the dissipation function vanishes every spherical element must remain 
spherical, for the condition is 


C1 = 2, = by (elvii) 
Again as Vo? = 2VSo,o if o, is free from V, we have 
V?o" = 2V*8a,0 + 2V,VSe,co = 280,V’o + 28V,VSoc. (elviil) 
Hence by (cliv), we obtain the relation 
2F = n(V’o* — 28c,V?o + (VVo)? — 3(SVo)*) 


in which the operator is contiguous to the operand. 
Integrating and supposing ” constant we may transform as follows :* 


2 { Fdv =n f SdvV. o? — 2n J SodvVo +n J (8Vo} - (VVoe)’)dv  (clix) 
because 


J So,V?odv = f Sa,dvVo - | 80,V,Vodv 
and 


So,V Vo = (SVo)? - (VVo)’. 


(61.) Before passing on to other matters, we shall consider the expression of 
stress in terms of strain.t By Hooke’s law stress is a linear function of strain and 


* Compare Lamb, Joc. cit. 


+ Here, as elsewhere in this Appendix, my object is to provide suggestive illustrations of 
quaternion methods rather than short solutions of special problems. 
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therefore of the space variations of the displacement. Consequently the stress across 
any small plane area (w) is a linear function of w, of V, and of the displacement o, 
the operand of V. Thus we may write 


dw = O(a, V, o) (elx) 


and we shall investigate in the first place the nature of this trilinear vector function 6. 
We have seen that #w is a self-conjugate function of w. Therefore for any pair of 
vectors w and @, 


SwO(w, V, 7) = SwO(a, V, o). (clxi) 
Again we know when a potential function exists that the expression (comp. (cxlix)) 
S®V,c, = Sa,6(V,, V, o) (clxii) 


is symmetrical in the strain arising from the displacement o and in that arising from 
the displacement o,, it being understood that V operates on o alone and VY, on g,. 
Therefore identically 


So,6(V,, V, «) = So0(V, V, c,). (clxiii) 


The two properties expressed by the equations (clxi) and (clxiii) furnish us with 
sufficient data to determine the nature of the function 6, or in other words to express 
stress in terms of strain. 

(62.) On account of the arbitrariness of the vectors o and o, we may replace the 
equations just referred to by 


Saf(B, y, 8) = SBG(a, y, 8) = S36(y, B, a) (clxiv) 


where a, £, y, and 6 are four arbitrary vectors. Using as a matter of convenience 
the symbol ‘a, 8, y, 6) defined by the equation 


(a, B, Y 0) =—- Sad (B, Y 8), (clxv) 


we see by (clxiv) that it is permissible to reverse the order of the vectors and to 
transpose the first and second vectors. Hence ringing the changes on these allowable 
alterations we have 


(a, B, y, 6) = (B, a, y, 8) = (8, y, 2, B) =(y, 8, a, B) 
= (B, a, 8, y) = (a, B, 8, y) = (y, 8, B, 4) = (8, y» B; a), (clxvi) 
and the laws of the symbols (a, 8, y, 8) may be summed up in the statement, the 


pair composed of the first and second vectors is interchangeable with the pair composed 
of the third and fourth and the members of each pair are likewise interchangeable. 
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(63.) Since (8, a, B, y) = (8, a, y, B) we have generally as the vectors are 


arbitrary, 
O(a, B, y) = O(a, y, B). (clxvit) 


®w = O(w, V, «) = O(a, o, V); (elxviii) 


In particular 


or more fully for any mutually rectangular system 2, 7, & 
Bw = F4(, 2, 7) SiVS2o + BO (o, 7, &) (S/VSko + SEVS jo) (clxix) 
because 6(w, 7, £) = 6(w, /, 7), or again in a usual notation for the strains, 
Dw = 3O(a, 4, 1)a+ BO(w, 7, &). Af (elxx) 


The constituents of the six vector functions @(w, 7,7), 6(w, 7, &), &c. are the elastic 
constants. They are all of the type (a, B, y, 5) (comp. (clxv)) where a, B, y, and 8 
stand for 7, 7, and &; and they fall into the following groups :—three of the type 
(t, 4, #, #); six (¢, 2, 2,9); three (2, 2, 7,7); three (4, 7, 2,7) ; three (Jj, &, #, 7); and 
three (7, 7, 4, 7); twenty-one in all bearing in mind the laws of the symbol 
(a, B, y, 8) (clxvi). 

(64.) We saw at the beginning of the last section that the second and third 
vectors are interchangeable in O(a, B, y). We shall now investigate the effect of 
interchanging the first and second vectors and we shall prove that 


6(a, B. y) - 6(B, a, y) = 2VOVaB .y (clxxi) 


where © is a linear and self-conjugate vector function of the ordinary kind. The 
left-hand member obviously vanishes if a and £ are parallel. We are therefore 
entitled to assume 


O(a, B, y) - O(B, a, y) = x(Vaf, y) (clxxil) 


where x is a bi-linear function of Va and of y. Operating by Sy and referring 
again to (clxvi) we find Syxy(Vaf8, y) =0 for all vectors y. The form of the right- 
hand member of (clxxi) is therefore justified and it only remains to prove that © is 
self-conjugate. To do so we operate by Sd; and the law of interchanges again shows 
us that 


S80(a, B, vy) — S80(B, a, y) = Sa0(d, y, 8) - Sa6(y, 8, B) 
when we find almost immediately 
SVyd@VaB = SVaBOVy8, (clxxiii) 


and ® is self-conjugate as asserted. 
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(65.) We have now at our disposal two distinct geometrical methods of investi- 
gating the arrangement of the elastic properties of a body with respect to certain 
natural directions of reference. The first and the most obvious method consists in 
the study of the quartic surface 


(P; Ps Ps P) = — SpO(p, p; p) = const. (clxxiv) 


whose radii vectors are inversely proportional to the fourth roots of the elastic 
constants depending on a single direction—that of the corresponding radius vector. 

When the body has a plane of symmetry normal to 7, the elastic constants which 
involve ¢ an odd number of times must vanish. Perhaps the most instructive way 
of seeing the truth of this is to equate the reflection, with respect to the plane of 
symmetry, of the stress across any small area to the stress due to the reflection of the 
strain across the reflection of the area. In this case the quartic surface has also a 
plane of symmetry. The converse is not generally true for the quartic depends on 
but fifteen constants, for example 2 (yak) + (gtk). 

The surface must evidently be closed and finite; otherwise the potential energy 
might vanish for an actual strain. To discover the planes of symmetry, when they 
exist, we may calculate the positions of the summits of the surface,* or the points at 
which a concentric sphere can touch it. The vectors to these points have the 
directions of the solutions of 


Vp9(p, p, p) = 9 (elxxv) 
for by the rule of interchanges 


dSp6(p, p, p) = 48dp6(p, p, p). 


The normal to a plane of symmetry obviously cuts the surface at a pair of summits. 
The radius of a touching sphere may be obtained by equating to zero the discriminant 
of the cone through its intersection with the surface, the centre being the vertex.f 
It is easy to see geometrically that three at least of the vector solutions of (clxxv) 
must be real. 

(66.) When the potential energy involves the strains only in the combinations 
a+6+c and the minors be - f?, &c., gh — af, &c. of the well-known determinant of 
a conic, that is when 


2W =m(a+ 64+) + Sm(be - f*) + Sh(gh - af), (clxxvi) 
the equation of the quartic reduces to 


mp* = const. (clxxvii) 


* A more convenient process will be found in section (67.). 


+ When the surface has three planes of symmetry the equation has thirteen roots, one quadruple 
and three double. 
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The surface is spherical and fails to afford special directions of reference. In this 
case the second method to which we now proceed must be selected. 

(67.) This method depends on the self-conjugate function © of section (64.), 
The coefficients of the quadric 


SpOp = const. (elxxviil) 
are easily calculated in terms of the elastic constants by means of equations such as 
O(7, k, y) - O(4, J, y) = 2VOry (clxxix) 
which is merely a modification of (clxxi). We find 
28702 = (gykk) — (ghjk) ; = 28j@k = (yk) — (vyk) (clxxx) 


and the remaining coefficients may be written down from symmetry. 

If the body has a plane of symmetry it must be a principal plane of this quadric, 
for if ¢ is normal to a plane of symmetry SjOz=S/@;=0 or Vi@i=0. The 
converse of course is not true. But (compare (65.)) when the quartic has a principal 
plane of the quadric for a plane of symmetry, we have from the equation of the 
quartic 2(yyk) + (gk) =0 and from that of the quadric (yh) - (yjtk) = 0, &e. 
The elastic constants vanish separately and the plane is a plane of symmetry of 
the body. 

Thus provided the quadric has determinate axes they form a natural system of 
lines of reference, and planes of symmetry may be at once detected by expressing the 
equation of the quartic in terms of these vectors. In the most general case having 
selected this system of axes we have only eighteen constants to deal with, the last 
group of (63.) being then merged in the preceding group. As an example for the 
case noticed in (66.) 


(10t) =m; (gkk) =m + 2n,; (ykkj) =-m; (yk) =—- 2h; (yuk)=1, (clxxxi) 


but when 2, y, and & are along the axes of the quadric the constants /,, 7,, and 7, vanish. 

(68.) It is only when the quadric is of revolution that the body can have two 
planes of symmetry not at right angles to one another; and moreover when the 
quadric is of revolution and when the quartic has a plane of symmetry through the 
axes of revolution it must be a plane of symmetry of the body, for every plane 
through the axis is a principal plane of the quadric. Taking the axis of revolution 
as axis of cylindrical coordinates z, p, uv the equation of the quartic becomes 


PiU, + ep>U, + 2p? U, + 8p U, + 3! Uy = const. (clxxx1l) 


where the suffixes denote the order in which cos uw and sin u enter in the functions UV. 
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If u = 0 is a plane of symmetry of the quartic the angle w must enter only in cosines 
and we may write 


U,=a+a' cos 2u+a’cos4u; U,=bcosut J’ cos 3u; 


2=e+e¢ cos2u; U,=dcosu. (clxxxiii) 


If uw =v isa second plane of symmetry, substitution of » + w and of v — w for u must 
lead to the same results. Hence 


bsinv=dsinv=a' sin 2v=¢' sin 2v = 6 sin 8v = a" sin 4v=0. (clxxxiv) 


If the quartic is not a surface of revolution, the only admissible values of v are 
evidently 47, }7, and 37. Thus the planes of symmetry of the body must intersect 
at angles of 90°, 60°, or 45° if every plane through their intersection is not a plane 
of symmetry. 

(69.) When the quadric is a sphere it fails of course to afford a natural system of 
lines of reference. This want may be supplied by the axes of the new quadric 


V? . (pppp) = const. (elxxxv) 


for it is easy to see that a plane of symmetry of the quartic must be a principal plane 
of the quadric. In case this quadric is a sphere we can derive a third quadric by 
means of the operator V to take its place. If for brevity (pppp) =f, the equation of 
this quadric is 

(SV,V2)*. A fe = const., (clxxxvl) 


the suffixes being omitted after operation. 
Even when this is a sphere, the quadric* 


(SV,V3)? (SV2V3)* SViV2-ASeJ/s = const. (clxxxvii) 


is available and must of necessity determine a natural system of axes if such exists. 
For when any one quadric becomes a sphere five conditions are established 
connecting the elastic constants. If the four quadrics are spheres but one constant 
remains in the equation of the quartic as in the case noticed in section (66.). 


* The equations of these third and fourth quadric may be obtained by operating by v6 and y!° 
on f* and f* respectively and rejecting terms in Tp”. In Cartesians (clxxxvi) becomes 


=(D2f)*? + 83(D22D,f)? + 6(DzD yD. f)? = const. 
In Aronhold’s notation if f = a;4 = bz, the equation is 


(a1) + agb2 + a3b3)3azbz = const. 
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(70.) Although the subject is foreign to this Note on Hamilton’s operator, it may 
be useful to offer here a few remarks on functions linear and distributive in several 
vectors as such functions have occurred in the treatment of stress. Though the 
process is general we take the case of a trilinear function and write in analogy with 
the notation for conjugates 


Sa6(B, y, 8) = SBO(y, 8, a) = Sy6"(8, a, B) = 880’"(a, B, y). — (elxxxviii) 


If the function is self-conjugate in the first vector so that a and 8 may be interchanged 
in these equations, we must have in general 


O(a, B, y)=O(B, y, 4); O(a, B, y) = Oa, ¥ B); 
g(a, B, y) = 9B, a, y). — (clxxxix) 
If it is self-conjugate in the second vector 


O(a, B, y) =O"(y, B, a); O(a, B, y) =O(y, B, @); 
O(a, B, y) = Oy, B, a) (exe) 


and if it is self-conjugate in both of these 


O(a, B; Y) vr) OB, a, Y) (cxcel) 


If finally it is self-conjugate in all three they may be interchanged in all possible ways. 

There is the closest analogy between these completely self-conjugate functions 
and Aronhold’s notation 4,a,a,a, (j= 1, 2, or 3). We may imitate his notation by 
writing 

O(a, B, y) = (A)SA)aS(A)BSA)y (cxcit) 

where (A) is a symbolic vector devoid of interpretation unless it occurs in a term 
involving three other vectors (A). We may extend this notation to the case of 
non-conjugate functions by writing 


A(a, B, 7) = (A)S(w)aS(v)yS(a)3 (cxciii) 


where (A), (), (v), and (#) are symbolic and uninterpretable unless they occur 
together in a term. 

Reference to Aronhold’s notation is sufficient to suggest a number of interpre- 
tations of quaternion forms. For example* if 


O(a, 8) = (exciv) 


where generally 6(p, w) = O(a, p), the vectors a and B are corresponding edges of 
the Hessian of a cubic cone Sp6(p, p) = 0. The equation of the Hessian is 
S6(p, €) O(p, 7) O(p, )=0, €, yn, and ¢ being arbitrary constant vectors. 


* This vector equation may be compared with the scalar f(a, 8)=0, where generally /(p, aw) 
= f(@, p), which expresses that a and 8 are conjugate with respect to the cone f(p, p) = 0. 
302 
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(71.) The operations performed in deducing the quadrics of section (69.) are 
related to the application of V to the theory of Spherical Harmonics.* If /,(V) is 
any integral and rational function of V of degree » and with constant coefficients, 
JnV. Tp is obviously a solid harmonic of order — (m+ 1). In fact this function is of 
the degree — (2 + 1) in Tp and it vanishes under the operator V’. 

It is always possible to determine a function fp so that 


Tap + p*fy2p = SaipSap .. . Sa,p, (excv) 


For draw planes through distinct pairs of the 2m common edges of the cones 
fp = 9, p?=0; and through } (7-2) (~—2+ 8) of the remaining intersections of the 
planes with the cone f,p = 0 draw a cone f, 29 =0, The complex cone p?f, 2p = 0 
passes through 2” + 4(m — 2) (w+ 1) or 4n(m + 3) — 1 of the intersections of f,p = 0 
with the planes; it must consequently pass through all the remaining intersections 
as 3 (n + 8) — 1 is one less than the number of edges requisite to determine a cone 
of the n” degree. The relation (cxcy) is therefore justified. Again the common 
edges of the cones f,p = 0, p* = 0, group themselves into pairs a’, + a”; / — 1 and each 
group lies in a real plane. The reduction may therefore be uniquely effected in such 
a manner that the planes shall be all real. But in operating on T'p™!, any function 
V?f,.2V may be added to f,V without altering the result. Thus we may always 


supposet 
ive tae Sa, VSa,V Jt heev pes (exevl) 


This enables us to expand any homogeneous function of p in a series of spherical 
harmonics. When we effect the operations indicated and multiply across by Tp", 
we have, (/,_,9 being a determinate function of degree n — 2), 


Tp*f,V . Tp} =([)SapSap .. . Sa,o + Tp’L_2p. (excvil) 
where for the sake of brevity 
[2)=(-)*.1-8.5 ... .. (20 —1). (cxeviil) 
Comparing (excv) and (cxevii) we see that 


. Tp 1 : 
ey hah a Pa ae done (cic) 


where g,,2p is a homogeneous function of p. Treating this new function 9,2p in the 
same manner we obtain the second harmonic in the series and the process may be 
repeated. 


* Much of the following is adapted from Clerk Maxwell’s most interesting and instructive 
chapter on Spherical Harmonics, Electricity and Magnetism. 
+ The extremities of the vectors Uai, Uaz, &c. are the poles of the spherical harmonic. 
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(72.) The potential due to any distribution of matter at any point (p) external to a 
sphere which encloses all the matter may be expressed by a relation of the form 


P=fvV.T(p-a)y' (cc) 


SV being a function of V expansible in ascending powers and the centre of the sphere 
being at the extremity of a. For if dm is the element of matter at the extremity 


of a, 
1 1 


dm 
= — = f[dmeSle-ov,__ = fy, —_—__.. 
| Tip-«) 7" Te) 


T(p-w) 


If Q,= | dm’T(p — a)} is the potential at the extremity of a of a second distribu- 
tion of matter wholly exterior to the sphere enclosing the first, the mutual potential 
energy is 


W = [dm P =[am'f(V) Tp - a)? =f dm'f-Va)T(p — a)? = f(—Ve)- Qa (cei) 
Or more conveniently if we take the origin at the centre of the sphere 
W=f(-V).Q (ccii) 


provided we put p = 0 after the operations have been performed as indicated by the 
suffix. 
If Q is due to a surface distribution of density s over the sphere 


W = PsdS = f(-V). Q. (ceiil) 


When Q=7"Y,, Y,, being a spherical harmonic so that 4as = (2n + 1)a"'Y,, if a is the 
radius of the sphere, this equation becomes 


4nf(— V)r"Y,, = (2n + 1a" | PY,dQ (eciv) 


if dQ is an element of solid angle. It is manifest that the terms in f((- V) of the 
n‘* order in V alone contribute to the left-hand member. For the operation of terms 
of higher order destroys 7"Y,, and the results of operation of terms of lower order 
vanish when 7 is put equal zero. Hence in particular 


4nf,(— V)r"Y, =(2n+1){Z,V,dQ; f Z,Y¥,dQ = 0 (ccv) 
if Z, and Z,, are spherical harmonics and if 
Tht Note Te See 


(73.) Up to the present we have scarcely considered the analytical structure of 
the operator V. In section (7.) we obtained an expression (xiii) depending on three 
arbitrary differentials and the corresponding differentiating symbols. In section (12.) 
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we employed the well-known Cartesian form (xviii) for purposes of illustration, and 
a third form (exx) depending like (xvii1) on the highly artificial method of determining 
a vector by means of those systems of surfaces occurred in section (47.) in connexion 
with Lagrange’s method in fluid motion. Of all these forms (xiii) is the most accor- 
dant with the spirit of the Hlements because there is perfect freedom in the choice of 
differentials most suitable for special purposes and because the conception of a vector 
as an entity is not obscured by any system of coordinates. 

(74.) To leave as little obscurity as possible about the method of arbitrary diffe- 
rentials we shall consider the square of the operator (xiii) which we write for brevity 


in the form 
V = 8d + Sd’ + 8a" (ccv1) 


where the vectors 6, 6’, and 8” are determined by the equations 


Vd'pd’p 
Sdpd’pd”p’ 


/ 


: ~ — Sdpd’pdp’ 


Vd" pdp ; Vdpd'p re 
67 = - Sdpd’pdp (cevil) 

It must be observed however that any advantage that may arise from the use of 

this form is concealed when the operator is separated from the operand; and owing to 

the generality of the expression the result is apparently cumbrous. Squaring we find 


V2 = 38d? + 3 (8'8"d'd" + 8’8'0"d’) + SVS. A. (ceviii) 


In the third sum V operates on the vectors 6 alone and not on the operand of V?. 

Remembering that V* is a scalar operator this equation breaks up into two, a 
scalar and a vector, | 
V? = 36'd? + 388’0” (d’d” + dd’) + S8V8.d (ccix) 


and 
0 = 3Vd's" (d’d” — dd’) + SVV8.d. (ccx) 


It is only when the differentials are independent that the order in which the 
differentiations are performed is indifferent and in this case only is it generally lawful 
to suppress the terms involving d’d” — dd’ and similar expressions. 

(75.) When independent differentials are employed, we may fall back on the 
equation (cxx) or 


Sppspi 0 ~~ Spspip2v — Spip.p;" dw 


V=- Vpsps. o Vpspi é Vpipz ri) 
which we shall write for brevity in the form 
Ate (cexi) 


where v, v’, v’” are normals to the surfaces determined by constant values of wu, v and w 


XIII. | THE OPERATOR V. 471 


respectively. The following equations among others are satisfied by these normal 


vectors 
Sop 0) Spr Okay (cexii) 


Also when we consider u, v and w to be functions of p we have 


V-V 0 V 0 V 0 eee 
Rare ac ne (cexiil) 


So the vectors v may be expressed by the equations 
v=Vu, v=Vv, vv =Vo (cex1v) 
whence we find 


VV = 0, NV Vv = Oro Vy = 0. (cexv) 


(76.) These equations may be deduced from (ccx) as a particular case. In fact 


0? 0? 0 
PaO te eae nyt — ; 
V2 = Sv a + 238v'y aa + SSVv 7 (cexvi) 
and 
0=VV eww e+ ve (cexvil) 
PP ” Ov ” Bw fs 


The vector equation furnishes the three equations (ccxv) as appears by operating 
for example on u, v and w respectively. 
(77.) But there is still another form for V, namely 


0 0 0 cc 
Ngee Spipeps li (Vp2ps-q) + a (Vpspi- 7) + Sep (Vpips. a| (cexviil) 
in which for greater clearness the operand is inserted. On expansion this obviously 


reduces to (cxx). Hence we have 


Wee ois fs c (See =| _ o [eee be a 
Spip2ps Ou Spip2ps Ou Ou Spipeps Ov 


} (cex1x) 


where the second sum includes six terms and to this the sign S may be prefixed. 
This may also be written in the more compact form 


V2 =+4+ Sp'y” Is d (or 0 \ A = ( Sy’ = . (cexx) 


du \Svv'y’” du / du \Svv’v” dv 


(78.) The analytical expression for V? becomes immensely simplified in two 
important cases ; (I.) whenever the parameters are Cartesian coordinates, rectangular 
or otherwise, for then the vectors v, v’, v’ are constant instead of being as in general 


variable with p; and (II.) whenever the three families of surfaces are mutually 
rectangular, 
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In the second case, which includes the most important application of the first, 
we may remove at once the superfluous symbols S and V from (cxx) or the first 
expression of (75.) we then have 


bd ho eden 


Nia a a 
pi OU pe OV pg Ow ore) 


Forming the square of this directly or replacing Sp.pop; by — Tp,p.p3 and (Vpsp3)* by 
— Tp2"ps* in (ccxix) we obtain 
1 0 


0 
> [oro =) (cexxil) 


ie ee 
Tpipeps Ou 


which is equivalent to the usual expression for V? in orthogonal curvilinear coordinates. 
(79.) If the family of surfaces u constant is isothermal or equipotential, we must 


have 
V?f(u) = 0 (cexxliil) 


where /(w) is the potential. Operating by V’ as given by (cexxii) on f(w) we obtain 


Cay. of’ 0 

ay (Ter pop Z 0) 0b Loe, Z = a (cCxxiv) 
If the parameter wu is the potential, so that V’w = 0, the product Tp,p.'p;7 is a 

function of » and w. If moreover the three families are equipotential (ccxxi1) 

reduces to 


oe ee (case 


Se a ee ee 
pi2 Ou? px? dv? ps? Owe? 


when w, v, and w are the corresponding potentials. 
(80.) More generally we shall find the condition that the family of surfaces 


f(pu)=0 (coxxvi) 


should be isothermal. If we suppose the parameter (w) of the family to be found by 
solution as a function of p we may treat’ (ccxxvi) as an identity and may equate to 
zero the results of operating by V and V? on f(p, w) when we operate both on u 
and on p. Hence 


Vf+ Vu. of 0 (eexxvil) 
U 


where p alone is operated on in Vf. Again 


ove of | of ON & is 
Vv? = =. 1. iw tel XVI 
f+ Vu even! ae Vu + Vu aa (Vu) af (eexxviil) 


XIII. | THE OPERATOR V. 473 


Se 
But evidently V as operating on p is commutative with a? 80 we have the simpler 


expression ; , 
vf 0 
wf 49 pete yes een , : 
Vf + 28Vu a de (Vu) a 0 (cexxix) 
Now if P is a function of « which satisfies V?P=0, as a particular case of this 


equation 
a) lo OP 
Ae l pan (vuy = (ccxxx) 
Eliminating Vw and V’« between (ccxxvii), (ccxxix) and (ccxxx) we obtain 


without difficulty 


ree af 3 vf af . 
—e ] a ee ee eee oe 2 ~———- ,-—— * 
a ca ne da ee ca Sauer 


When the operations* indicated have been performed on the right-hand member 
of this equation, it must be possible to reduce it by means of the equation (ccxxvi) of 
the family of surfaces to a function of u alone if the family is isothermal. This con- 
dition being satisfied, two integrations afford P, the temperature (or the potential) 
appropriate to the surfaces. The condition may be obtained explicitly, for if ’(p, «) 
can thus be reduced to a function of wu, 


oF : 
V. i+ VE ewe or VVf/VF=0. (ccxxxil) 
Hence the condition may be written as a partial differential equation in the form 


() pope La ey Ne fe| ee 
Ws. v he 108 | 5, (vp?) + da aay = 0. (cexxxiil) 


(81.) As an example take the system of confocals 


I (p, u) = Sp(®+ uy 'p -— 1 = 0. (ccxxxiv) 
For this 


Vf=-2(@+uy'p; Vf=2((e@+u)+ (P+uy' + (P+ uy); oT —- (Vf). 


(ccxxxv) 
The differential equation for P is simply 


0 oP 2 2 rad | 2 a | 2 -l\. 
Ae ae ea ae +uyt+ (P+ uy? + (e+ u)); 


* The fact that these operations are partial must be borne in mind. This may be illustrated for 
the cases f=p?+u*, f= pu? +1. 
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the condition (ccxxxiii) is obviously satisfied and 


du ; 
aan | ((a? + u) (B+ u)(o? + 0))" ee 


a second arbitrary constant being understood to accompany the sign of integration. 
(82.) It is also easy to find in terms of V the condition that the family of surfaces 


fp=u (cexxxvii) 


should compose one of three mutually orthogonal systems.* 
The vectors pi, p2, p3 being the deriveds of p with respect to three parameters 
u, v, and w, the corresponding surfaces will be mutually orthogonal if the equations 


Sp2ps = Spspi = Spip2 = 0 (CCxxxXvViil) 


are true for all values of uv, v, and w. Under these conditions we may differentiate 
and equate the results to zero. Thus we obtain 


S (pisps + Popa) = S(p2spi + pspiz) = 8 (psipe + pipes) = 9, 


or what is equivalent 
Spe3pi = Spsipe = Spi2p3 = 0 (cCxxxix) 


or again by the conditions of perpendicularity, 
Sposp2ps = Spsipsp1 = Spispipe = 0. (ecxl) 


These equations show that the surfaces intersect along their lines of curvature 


for they are of the form 
Svdrvdp = 0 (cexl1) 


which is the well-known equation of the lines of curvature. They may be replaced 
by vector equations, one of which is | 


P23 = YP2 + ZPs (cexlii) 


where y and s are certain scalars. Differentiating with respect to u, we may write 
the result in the form 


Op, Op, Op, oy 0% wre 
a — + => — ecxliti 
avdw 7 Be dm au * SyPs ( ) 

and this implies 
8 aa a = 0 (cexliv) 
fi Ce ar aia PP a 
Now 
E Ss ‘ 0 / o U ’ ! 
ov ee grote 2V, Ow ae Sp 3V, apow = Sp 2VSp 3V = Sp 93V (ecxlv) 


* Compare Salmon’s Geometry of Three Dimensions, fourth edition, pages 436-450. 
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in which the accents signify that the marked vectors are free from the operation of V. 
Hence we see immediately by (cexlii) that generally and symbolically 


oe ) . : 
oa y ne % ae Sp2VSp'sV, (cexlvi) 


while the condition (ccxliv) may be replaced by 
Sp’2VSp’sVSp' pi = 0 (ecxlvii) 


in which V operates solely upon the unaccented vector p). 

It only remains to replace p,, p,, and p; in terms of V and Jp in order to obtain 
the differential equation which the equation of the family of surfaces /p = u must 
satisfy. 

In the first place (cexxi) 


VNU py Ol (ecxlviii) 
and again if we put v = VF and write 
dv = ddp = - SdpV.VF (cexlix) 
in the equation of the lines of curvature (ccxli), we find 
Pn || (B+ tay ty || (We + tax + tn?) (cel) 
where the suffix » = 2 or 3 and where ¢, and ¢; are the roots of the farce 


Sv(P+t,)7v=0 or Sv(W + tix + ¢,?)v = 0. (ecli) 


We may also write 
Pn || vIVi(h + tax)v |] A+ bape, (ecli1) 


the vectors A and » being introduced for the sake of brevity and being known in 
terms of V and /’ by the results of sections (27.) and (28.). Substituting in (cexlvii) 


we obtain 
S(A,p + foo) VS (Aq + ts) VS(VE") (VE), = 0; (ecliii) 


and finally by the aid of the quadratic (ccli) we arrive at the equivalent of Cayley’s 
differential equation of the third order in the form 
{(SA,V)? — (Sv xv), SA,VSy,V + (Sv ty), (Su,V)?} S(VF)I (VF), = 0. (ccliv) 


In this the suffixes are intended to indicate that the quantities distinguished by them 
are exempt from the operation of V. 
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[ The Roman Numerals i, ii, refer to the First and Second Volumes respectively ; the Arabic figures to the pages. | 


Ablatitious force, 322 ii. 
Abstraction of symbol from subject of operation, T, 
ROG; Ver OU: ty aoe ey Ny BU te, 
494i; V, 434 ii. 
Academy, Royal Irish, first communication on quater- 
nions, note, 160 i, 316 i, 380 i. 
construction of ellipsoid, note, 230 i. 
spherical quadrilaterals, note, 392 1. 
lines of curvature, note, 239 ii. 
hodograph, notes, 300 ii, 310 ii, 318 ii, 319 11. 
rotation of a solid, note, 290 ii. 
development of disturbing force on planet, note, 
321 ii. 
Third Supplement on Systems of Rays, notes, 
330 ii, 341 ii. 
Conical Refraction, note, 341 ii. 
Operator V, note, 548 i. 
Acceleration, vector of, 100 i. 
with respect to moving axes, 289 ii, 408 ii. 
Action of a dynamical system, 296 ii. 
Actual vector, 3 i, 110i. 
Addition, extended meaning of, 5 i. 
of vector and point, 5i. 
of vectors, 51; is commutative and associative, 7 i. 
of quaternions, 1161; is commutative and asso- 
ciative, 176 i, 204 i, 207 i. 
of vector-arcs, is not commutative, 156 i; is 
associative, 304 i, 408 i. 
of vector-angles, 406 i. 
of amplitudes, 264 i. 
spherical, 406 i. 


Algebra, imaginary symbol of, 133 i, 224 i, 253 i, 
258 i, 289 i, 316 i. 
paradox in, 149 i. 
principles adopted from, 108 i. 
extended use of signs in, 5i, 6 i, 108 i, 123i, 2561. 
Algebraic form, equations of, 77 i. 
Alternation and inversion, equidifference of points, 4 1. 
equality of geometric quotients, 118 1. 
of vector-arcs, 144 i. 
Am, symbol for amplitude, 262 i. 
Amn or /n, 2631; Amo, principal amplitude, 263 1. 
Amplitude of quaternion, 2621; note, 120i. 
of a twist, 390 ii. 
Amplitudes, addition of, 264 i. 
Analytical expressions for V, 469 ii. 
Angle of quaternion, 120 i, 111 i. 
differential of, 458 i, 277 ii. 
Euclidean, 120 i. 
representative, 151 i. 
vector-, 151 i, 406 i. 
for curves, auxiliary, H, 89 ii, P, 89 ii, C, 91 ii, 
D, 98 ii, J, 116 ii, 7, 118 ii. 
of contact, 403 ii, of torsion, 403 ii. 
Angular acceleration, note, 289 ii. 
momentum, 289 ii. 
velocity, 288 ii, of emanent, 84 ii, 119 ii. 
Anharmonic coordinates, 23 i, 378 ii; in space, 55 i, 
388 il. 
construction of cubic curve, 38 i. 
equations of curves, 32 i; of surfaces, 87 i. 
function or quotient, 15 i. 
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Anharmonic coordinates of four points on a line, 15 i; 
in space, 2941; ona circle, 297 i. 
properties of ruled surface, 40 il. 
of triangle, 21 i. 
quaternion, 294 i, 350 i. 
Anti-parallel sections of a cone, 183 i. 
Apollonius of Perga, locus, 130i, 165 i, 191 i, 182 ii. 
cyclic cone, 181 i. 
Applicable surfaces, 264 ii, 402 ii. 
Arc, vector-, 143 i. 
representative, 143 i. 
cyclic, 185 i, 308 i. 
of curve, element of, 32 ii, 87 ii; of surface, 
263. i, 411 ii. 
on surface, variation of, notes, 48 ii, 271 ii. 
affections of curve involving the third power of, 
88 ii; fourth power of, 112 ii; fifth power of, 
156 ii. 
of cusp-edge of polar developable, 120 ii; of 
rectifying developable, 123 ii. 
of evolute, 169 ii. 
Arch, oblique, 283 ii. 
Arcual sum, 156 i, 3031, 369 i. 
Area, sign of, 18 i. 
directed, 482 i. 
of parallelogram, 246 i. 
of spherical triangle, 364 i. 
of spherical polygon or curve, 368 i, 370 i. 
of spherical cap, 482 i. 
Areal velocity, 299 ii. 
Arithmetic, illustration of differential from, 434 i. 
Aronhold’s notation, 467 ii. 
Arrangement of axes of a function and its conjugate, 
512 i, 384 ii. 
of rays of complex and congruency, 419 ii. 
Aspect of plane, 1121; note, 207 i. 
Associative law for addition of vectors, 7i; of qua- 
ternions, 207 i; of vector-arcs, 304 i. 
for multiplication of i, 7, 4,159 i; of quaternions, 
308 i, 2451; of vectors, 337 i. 
for multiplication, enunciations of, 301 i. 
Assumption as to equality of a right quaternion with 
its index-vector, 334i; note, 175 i. 
Asymptote of hyperbola, 341i; 9 ii; of twisted cubic, 
131 ii, 162 ii. 
Asymptotic cones, 189 ii, 186 ii. 
Attracting bodies, system of, 298 ii. 
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Atwood’s machine, 100 i. 
Auxiliary functions, linear vector, 486 i, 4951; quater- 
nion, 560 i. 
spherical curves, 28 ii, 51 ii, 110 ii. 
angles for curves, H, 89 ii; P, 8911; C, 91 ii; 
D, 9831+ J, VIG ths 7.116 ai. 
vector function for confocals, 199 ii. 
Ax., symbol for axis of quaternion, 120 i. 
examples on, 121i. 
equals IUV, 203 i. 
replaced by UV, 384 i. 
Axes or directions of linear vector function, 508 i. 
arrangement of, and of its conjugate, 512 i, 
384 il. 
coincidence of two, 503 i, 379 il. 
of three, 505 i, 379 ii. 
determination of, note, 512 i. 
imaginary, 514i. 
indeterminate, 501i, 525i, 369ii, 379 ii, 
385 il. 
rectangularity of two, note, 513 i. 
of three, note, 513 i, 514i, 5171. 
of system of functions, 384 il. 
of ellipsoid, principal, 288i; of quadric, 586 i, 
187 ii, 272 ii. 
of section of quadric, 238 i, 525 i, 231 ii, 253 il. 
of sphero-conic, 192 ii. 
of confocals, 199 ii; of touched confocal, 228 ii. 
of inertia, 291 ii. 
of crystal, optic, 348 ii. 
moving, 403 ii, 404 ii, 410 ii ; note, 289 il. 
Axis of quaternion, 119i, 1121, 203 i; differential 
of, 458 i. 
of parabola, 34 i. 
of screw rotation, 84 ii, 95 ii. See Screw. 
of system of applied forces, central, 2865 i. 
of instantaneous rotation, 288 ii. 
polar, 57 ii. 


Ball, Sir R. S., Theory of Screws, Note VIII., 390 ii; 
notes, 285 ii, 287 ii; 374 ii. 

Barycentres, 86 i. 

Barycentric Calculus, referred to in notes, 22 i, 501, 
61 i, 62 i, 85 i, 162 ii. 

Bertrand, geodetics on cylinder, note, 111 ii. 

Biaxal crystal, 323 ii. 

Biconcyclic surfaces, 527 i, 187 ii, 272 ii. 
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Bicouple, 289 1. 
Bifocal form of linear vector function, 545 i, 195 i. 
Binet’s theorem on principal axes, note, 292 ii. 
Binomial form of quaternion, 264 i. 
of linear vector function, 498 i. 
Binormal, 28 ii, 82 in. 
Biquadratic equation of linear quaternion function, 
560 i. 
of united points, 387 ii. 
Biquaternion, 133 i, 225 i, 289 i, 316i. 
Biscalar, 225 i, 289 i. 
Bisecting sides of spherical triangle, triangle, 358 i. 
Bisectors of a triangle, 18 i. 
Bivector, 2251; note, 171 ii. 
Bonnet on geodetic torsion, 416 ii. 
Booth, tangential coordinates, notes, 40 i, 255 ii. 


Calculus, Barycentric, notes, 22 i, 50i, 611i, 62i, 851i, 
162 ii. 
of finite differences, 83 i. 
of functions, 202i, 205i. See Abstraction. 
of partial differentials, 48 ii. 
of variations, notes, 48 ii, 271 ii. 
Cambrure, note, 81 ii. 
Cap, area of spherical, 482 i. 
Carnot on transversals, notes, 65 i, 377 i. 
Cartesian coordinates and quaternions, note, 248 i, 
351 ii. 
expressions for functions of a quaternion, 242 i. 
Cassinian oval, 281 i, 285 i. 
Cauchy on the wave-surface, note, 324 ii. 
Cayley on the theorem of the polar plane, note, 357 ii. 
on quaternion determinants, 361 ii. 
on orthogonal surfaces, 474 ii. 
Central sections of quadric, 238 i, 525 i, 231 ii, 253 ii. 
surfaces, 186 ii. See Quadric. 
axis of system of applied forces, 286 ii. 
of finite displacement, 398 ii. 
orbit, 298 ii. 
Centre of involution, 16 i, 409 ii. 
of homology, 60 i. 
of conic inscribed to triangle, 36 i. 
of ruled hyperboloid, 921; vector to, 96 i. 
of osculating circle, vector to, 50 ii, 57 ii, 
of spherical curvature, 74 ii, 134 ii, 155 ii, 168 ii. 
of quadric, 280 ii. 
of applied forces, 286 ii. 
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Centres of curvature of a surface, 246 ii. 
quadric, 260 ii. 
surface of, 254 ii. 
reciprocal of surface of, for a quadric, 255 ii. 
Centro-focal ellipses, 203 ii. 
Characteristic function, 297 ii; for central orbit, 314 ii. 
of operation. See Symbol. 
Chasles, referred to in notes, 16 i, 31 i, 721i, 89 i, 
183 i, 300i, 308i, 340i, 227 di, 236 ii. 
Chiastic homography of screws, 394 ii. 
Circle, inscribed or exscribed to triangle, 33 i; to 
spherical triangle, 401 i. 
quaternion equation of, 133 1. 
expressed by square of right radial, 134 i. 
examples on, 174 1. 
inverse of line, 296 i, 349 i. 
through three points, vector equation of, 354 i. 
exponential equation of, 417 1, 462 i, 4 ii. 
touching three small circles on a sphere, 427 i. 
osculating a curve, 50 ii, 86 ii, 174 ii. 
vector equation of, 58 ii. 
and intersecting, 60 ii. 
deviation of, from curve, 97 ii, 133 ii, 138 ii, 
404 ii. 
locus of, 140 ii. 
geodetic, or Didonia, 271 ii. 
of excentricity, 306 il. 
Circular sections of cyclic cone, 184 1. 
of ellipsoid, 232 i, 239 1. 
of index surface, 234 ii. 
of Fresnel’s wave surface, 332 1i. 
group of four points, 297 i. 
successions, 297 i, 305i, 311i. 
logarithmic spiral, 419 i. 
points at infinity, note, 516 i. 
hodograph, 300 i. 
ridges on Fresnel’s wave-surface, 337 ii, 344 ii. 
Circumscribed developable of curve, 116 ii. 
to confocals, 222 ii. 
to surfaces, 232 ii. 
Cis (symbol), 260 i. 
Class of a curve, 42 i, 93 i. 
surface, 88 i. 
congruency, 431 ii. 
Classification of points of construction, 55 i, 75 i, 
of quadrics by roots of function, 187 ii. 
by centres, 280 ii. 
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Clifford, note, 289 ii. 
Co-axial quaternions, 250 i. 
linear functions, 364 ii. 
Coefficient of non-sphericity, 80 ii, 120 ii, 135 ii, 138 ii. 
Coefficients of vectors, 9 i. 
differential, 99 i, 444 i. 
Coincidence of axes of linear function, 378 ii. 
of cusp-edges of envelope, 146 ii. 
Collinear, condition that three points should be, 14 i, 
49 i, 562i, 57 i. 
three right quaternions, 247 i. 
quaternions, 210 i. 
termino-, vectors, 14 i, 343 i. 
Comet, distance from earth of, 320 ii. 
Commutative law for addition of vectors, 6 i. 
of quaternions, 176 i, 207 i. 
not valid for addition of vector arcs, 156 i. 
multiplication of quaternions, 147 i, 156i. 
of linear functions, 364 ii. 
Complanar points, 14 i, 451, 56 i. 
vectors, 141, 3401; proportion of, 250 i, 256 i. 
termino-, 45 i, 344 1. 
quaternions, 116 i, 211i, 250 i. 
Complanarity, sign of, 117 i. 
condition of, of points, 14 i, 45 i, 52i. 
of vectors, 14 i, 3381. 
of quaternions, 148 i. 
Complex mean of » vectors, 85 i. 
of lines, note, 211 ii ; Note XII., 417 ii. 
Composition of two quadrantal rotations, 149 i. 
of rotations, 415 i. 
of wrenches and twists, 390 ii. 
Concircularity, condition of, of four points, 297 i, 
355 i, 177 ii. 
Concurrence of three lines, 18 i. 
of four planes, 57 i, 342 i. 
of three circles, 311 i. 
Concyclic quadrics, 527 i, 187 ii, 272 ii. 
Condition of collinearity of three points, 14 i, 49 i, 
52 i, 57 i. 
right quaternions, 247 i. 
commutation of quaternions, 148 i. 
linear vector functions, 364 ii. 
complanarity of points, 14 i, 45 i, 52 i. 
of vectors, 14 i, 338 i, 345 i. 
of quaternions, 148 i. 
of versors, 148 i, 
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Condition of concircularity, 297 i, 177 ii. 
concurrence of lines, 18 i. 
of planes, 57 i, 342 i. 
of contact of line and sphere, 224 i, 427 i, 428 i. 
and quadric, 209 ii. 
homoconicism, 376 ii. 
homosphericity, 352 i, 354 i. 
indeterminateness of axes, 379 ii. 
integrability of Sydp, 276 ii. 
parallelism, 10 i, 194 i, 325i. 
perpendicularity, 180 i, 3251, 345i. 
planarity of curve, 26 ii. 
rectangularity of axes of function, note, 513 i. 
sphericity of curve, 80 ii, 120 ii, 185 ii, 188 ii, 
406 ii. 
termino-collinearity of vectors, 14 i, 343 i. 
complanarity, 45 i, 344 i. 
Cone, asymptotic, 186 ii, 189 ii. 
of axes of system @ + 40, 384 ii. 
of complex, 430 ii. 
confocal, 213 ii. 
cubic, vector expression for, 951; monomial 
equation of, 281 ii, 384 11. 
on curve, 27 ii, 34 ii. 
cyclic or quadric, 95 i, 181 i, 309 i, 189 ii. 
expressed by S, 1811. 
vector expression for, 95 i, 101 i. 
differential equation of, 46 ii. 
focal, 202 ii, 216 ii. 
geodetics on, 31 ii. 
motion of body about fixed point represented by 
rolling, 290 ii, 291 ii. 
of normals, 243 ii. 
osculating, related to curves, 91 ii, 99 ii, 126 ii» 
129 ii, 163 ii. 
of parallels to tangents, 6 ii, 27 ii, 29 ii. 
Pascal’s theorem deduced from equation of, 
$75 ii. 
of revolution, 1831; note, 184 ii. 
expressed by Z, 121i, by S, 180i. 
equation of one sheet of, 121 i. 
tangent to sphere, 225 i; 
217 ii. 
tangent, to sphere, 225i; to quadric, 209 ii. 
to confocals, 213 ii; note, 224 ii. 
right, 217 ii. 
at wave-cusp, 336 ii, 341 il. 


to quadric, 


INDEX TO VOLUMES I. AND IU. 


Confocal quadrics, 196 ii. 
tangent cones, 213 ii; note, 224 ii. 
right, 217 ii. 
equation of, 207 ii. 
a line touches two, 214 ii. 
developable circumscribing, 222 ii. 
corresponding points on, note, 226 ii. 
vector equation of, note, 225 ii. 
axes of inertia related to, note, 293 ii. 
wave-surface and, 346 ii. 
as isothermal surfaces, 473 ii. 
Congruence for quinary symbols, formula of, 51. 
Congruency of lines, 417 ii. 
Conic, anharmonic equation of, 32 i. 
asymptotes of, 341, 9 ii. 
circumscribed to triangle, 36 i. 
conjugate diameters of, 94 i. 
curvature of, 52 ii, 54 ii. 
evolute of, 53 ii, note, 168 ii. 
excentric anomaly of, 417i, 5 ii. 
exponential equation of, 417i, 462i, 5ii, 25 ii. 
exscribed to triangle, 33i, 36i. 
focal, 202 ii, 219 ii. 
index-, 231 ii. 
intersection of cone and plane, 181 i. 
cylinder and plane, 196i, 199i. 
invariants, 380 ii. 
quaternion equation of, 9 ii. 
spherical, intersection of cone and sphere, 182i. 
of ellipsoid and sphere, 239 i. 
associative principle illustrated by, 302i, 
308 i. 
curvature of, 63 ii. 
axes and foci of, 192 ii. 
on wave surface, 345 ii. 
vector equation of general, note, 10 ii. 
Conical points on wave-surface, 332 ii, 335 ii, 341 ii. 
refractions, 341 ii. 
rotation, 154i, 172i, 359 i, 398i, 429i, 397 ii. 
linear function of, 367 ii. 
surfaces, family of, 45 ii. 
Conjugate diameters of ellipse, 941; ellipsoid, 94 i. 
of quadric, mutually, 211ii, note, 250 ii, 
374 i. 
directions to two quadrics, mutually, note, 250 ii, 
364 ii. 
harmonic, 16 i. 


HAMILTON’S ELEMENTS OF QUATERNIONS, VoL. II. 


481 


Conjugate of linear vector function, 485 i. 
quaternion function, 555i. 
transformation function, 388 ii. 
point of cubic, 41, 
points to quadric 229i, 428 i, 209 ii. 
quadrics, note 188 ii. 
quaternions, 115i, 123i. 
screws of potential, 395 ii. 
tangents, 231 ii. 
of vector, 346 i. 
Conjugation, characteristic of, K, 124i. 
equation of (linear vector function), 485 i. 
(linear quaternion function), 555i. 
(pole and polar), 229i, 428i, 209 ii. 
Connected region, multiply, 449 ii. 
Constants determining a linear vector function, 486 i, 
530i, 374 ii. 
quaternion function, 556i. 
dynamical, of a body, 396 ii. 
elastic, 463 ii. 
or invariants of linear vector function, 491 i, 376 ii. 
vector-, of ellipsoid, 201 i, 236i. 
Constituents of a quaternion, 242i. 
Construction for centre of curvature of hyperbola, 
541i; of sphero-conic, 665 ii. 
of spherical curvature, 77 ii. 
for cubic curve, 38 i. 
for ellipsoid by diacentric spheres, 234i, 241i, 
184 ii. 
by variable ellipses 201 i, 204 ii. 
modular and umbilicar, 279 ii. 
of fourth proportional to three diplanar vectors, 
3621. 
points of, for plane net, 17 i, 224; for net in 
space, 61i. See Points. 
for potential in orbit, 307 ii 
of rays of congruency, 419 ii. 
of series of spherical parallelograms, 390 i. 
for wave-surface, 327 ii, 253 ii. 
Contact of line with sphere, 225i. 
quadric 209 ii. 
See Tangent, Osculating. 
Continued proportion of complanar vectors, 256 i, 
251i. 
Continuity, equation of, 4565 ii. 
Convention respecting sign of area, 18i. 
of volume, 48 i. 
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Convention respecting sense of rotation, 119 i, notes, 
111i, 1624, 369 i. 
position of operator and operand, 110i, 147i. 
expansion of quaternion determinants, 361 ii. 
Convergency of series, 269i, 4241. 
Coordinates, anharmonic, 23 i, 55i. 
of a plane, 601. 
Cartesian, 2481. 
of a couple, 254i. 
curvilinear, 471 ii. 
elliptic, note, 225 ii. 
geodetic, 264 ii.; 
idea of, foreign to quaternions, note, 112i, 404 i, 
361 ii. 
of a line, note, 211 ii; 426 ii. 
screw, 392 ii. 
tangential, 401, 255 ii. 
Co-reciprocal screws, 392 ii. 
Co-residuals on cubic, 3865 ii. 
Corresponding points on confocals, note, 224 ii. 
Cosine of quaternion, 275i, 4241. 
Couple (quaternion in given plane), 254i. 
or moment, 284 ii. 
Criterion as to nature of conic inscribed to triangle, 34 i. 
Crystal, propagation of light in biaxal, 323 ii. 
incidence of light on, 352 ii. 
Cube-root of quaternion, 2561; principal, 257 i. 
Cube-roots of unity, nine, 291i. 
Cubic, anharmonic construction of plane, 38 i. 
equation of, 41 i. 
cone, 954, 281 ii, 384 ii. 
surface, general equation of, 281 ii. 
related to curve, 164 ii. 
symbolic, of linear function, 494i. 
depressed, 5011, 505i, 379 ii. 
twisted, having contact of third order with a 
curve, 92ii, 104ii; of fourth order, 125 ii, 
128 ii; of fifth order, 129 ii, 167 ii, 404 ii. 
vector equation of, 131 ii, note, 5621. 
Curl of vector, 444 ii. 
Curvature of curve, absolute, 50 i1. 
second, or torsion, 88 ii, 81 ii, 9211, 108 ii, 109i. 
spherical, 74 ii. 
vector of, 52 ii, 56 ii. 
of hodograph, 302 ii. 
of surfaces, 246 ii. 
geodetic, 267 il. 
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Curvature of surfaces, lines of, 280 ii, 235 ii, 236 ii. 
through umbilic, 242 ii. 
measure of, 261 ii, 412 ii, 415 ii. 
of section, 267 ii. 
total, 264 ii, 416 ii. 
Curvatures, constant ratio of, 111 1, 405 ii. 
difference of, of surface, 249 ii. 
Curve, affections of, depending on third power of arc, 


88 ii. 
on fourth power, 112 ii. 


on fifth power, 156 ii. 
auxiliary angles fora. See Angle. 
See Cubic. 

See Deviation. 


cubic. 
deviation of. 
element of arc of, 32 il. 
emanating line and planes, 83ii, 85 ii, 109i» 
114 ii, 408 ii. 
osculating planes and absolute normals to, 24 ii. 
reciprocal of, 41 ii, 111 ii, 193 il. 
spherical, 62 ii. See Spherical. 
tangents and normal planes to, 4 ii. 
unicursal, note, 10 ii. 
vector equation of, 94 i. 
Curvilinear coordinates, 471 ii. 
Cusp or conical point on wave-surface, 33211, 336 il, 
341 ii. 
-cones of wave-surface, 343 ii. 
-edge of developable, 931, 100i, 36 ii. 
(polar), 120 ii. 
(rectifying), 122 ii. 
of envelope of sphere, 144 ii. 
-rays, 332 il. 
Cyclic arcs, 185i, 308i. 
cones, 95i, 181i, 309i, 189 ii. | 
form of linear vector function, 520i, 5281, 4351, 
5381. 
applied to quadric, 535i, 187 i1. 
to wave-surface, 332 ii. 
to strain, 369 ii, 37311. 
planes, normals, of cone, 183i, 549i. 
of ellipsoid, 2321, 235i. 
of quadric, 18 ii. 
quadrilateral, 2961, 3471. 
Cyclical law of i, j, #, 1581. 
permutation under S of vectors, 3501; of quater- 
nions, 248i. 
of linear vector functions, .363 il. 
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Cylinder of revolution expressed by TV, 195i. 
by V, 199i. 

centre indeterminate, 280 ii. 

geodetic on, 301i, 405 11. 

osculating curve, right, 95 ii. 

tangent, to sphere, 2011; spheroid, 201i; ellip- 

soid, 202i. 
right, 201i, 202i, 236i, 241i, 220ii. 

Cylindrical surfaces, equation of, 44 ii, 46 ii. 
Cylindroid, 391 ii, 419 ii, 422 ii. 


D’Alembert’s principle, 288 ii. 
Darboux, referred to in notes, 401 ii, 415 ii. 
Decomposition of quaternion g = Tg. Ug, 1691; 
qg=Sq+Vq, 1931; in terms of four quater- 
nions, 2421, 564i. 
of vector along and perpendicular to a given direc- 
tion, 193 i. 
along three given directions, 338 i. 
at right angles to three planes, 3391. 
into tensor and versor, 1641. 
of strain, 366 ii, 370 li, 375 ii. 
Definite integral, analogue of, 368 i. 
over sphere, 482i, 483 i. 
total curvature, 265 ii, 416i1. 
principal function, 294 ii, 314 ii. 
characteristic function, 296 li, 314 ii, 317 ii. 
time in orbit, 310 ii, 317 ii. 
Definition of addition, 5i, 109i, 1161. 
of differential, 971, 4301, 438 i. 
of multiplication, 108i, 101i. 
of power of a vector, 396i. 
of a quaternion, 421 i. 
of reciprocal of vector, 293 i. 
of subtraction of vectors, 51; of quaternions, 
109i, 116i. 
of a sum of vectors, 7 i. 
of a vector, 3i. 
Deformation of sphere, 232i. 
theorem of geometrical, 525 i. 
of surfaces, 264 ii, 402 ii, 416 ii. 
strain, 366 ii. 
Degenerate quaternions, 120i, 178i, 333i. 
Degree of plane curve, 32i. 
of twisted curve, 93i, 10 ii. 
of surface, 87 i. 
Delaunay on isoprometrical problem, note, 271 ii. 
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De Moivre’s theorem, 264i. 
De Morgan, Double Algebra, note, 278i. 
on geodetics on surfaces of revolution, 49 ii. 
on evolutes, 169 ii. 
Denominator, reduction of two quaternions to a com- 
mon, 116i. 
Depressed equation of linear vector functions, 501 i, 
505 i, 379 ii. 
Derivative of a vector, 99 i. 
partial, 294 ii. 
Derived from scalar, vector (v), 548 i, 13 ii, 482 ii. 
Descartes on powers of lines, notes, 394 i, 404 i. 
Desk, illustration of quaternion by, 113 i. 
Determinants, quaternion, 361 ii, 382 ii, 393 ii. 
Developable surface, 100 i, 36 ii, 409 ii. 
circumscribed, 116 ii. 
to surface (conjugate tangents), 232 ii. 
circumscribing confocals, 222 ii. 
cusp-edge of, 93 i, 100 i, 36 il. 
differential equation of, 45 il. 
as envelope, 42 ii. 
generated by emanants, 86 ii, 409 ii. 
geodetic on, 37 ii, 272 ii. 
normal surface, 256 ii. 
polar, 58 ii. 
reciprocal of, 41 ii. 
rectifying, 81 11, 122 ii. 
Development of a vector, 102 1. 
of functions of quaternions, 465 i, 476 i. 
of vector to point on curve, 112 ii, 156 11, 404 ii. 
of disturbing force, 320 ii. 
Deviation of curve from osculating sphere, 79 i, 
132 ii, 138 ii. 
circle, 87 i, 97 ii, 133 ii, 138 ii; helix, 96 ii. 
parabola, 96 ii. 
of helix from twisted cubic, 161 ii. 
in general, 404 ii. 
Diacentric sphere, 234 i, 2411; note, 204 ii. 
Diameters, conjugate, of ellipse, 951i; ellipsoid, 951; 
quadric, 211 i1; note, 250 ii. 
Didonia, note, 271 ii. 
Difference of two points, 3 i; of two vectors, 5 i. 
of two quaternions, 176 i. 
of curvatures of a surface, 249 ii. 
Differenced equation of quadric, 21 ii. 
Differences and differentials, 102 i, 431 i, 434 i, 469 i, 
174 ii, 179 ii. 
3Q2 
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Differences and differentials, successive, 479 i. 
finite, equation in, 84 i. 
Differential coefficient, 99 i, 444i. 
definition of, 97 i, 431 i, 440 i. 
s and differences, 102i, 431 i, 434 i, 469i, 174 ii, 
179 ii. 
distributive property of, 441 i. 
elimination of, 4481. 
equation of families of surfaces, 44 ii, 47 ii. 
of geodetics, 29 ii, 34 ii, 226 ii, 414 il. 
of lines of curvature, 230 ii, 412 ii. 
for principal function, 296 ii, 314 ii. 
for characteristic function, 297 ii, 315 ii. 
exact, 275 ii, 554 1. 
with multiplier, 276 ii. 
finite, 99 i, 103 i, 432 i, note, 179 ii. 
fluxion compared with, 431i. 
illustrations of, 432 i, 485 i, 469 i. 
Lacroix on, 473 i. 
Lagrange on, 441 i. 
Maxwell on, 102 i. 
Newton on, 431 i. 
partial, 101 i, 446 i, 479 i, 48 ii. 
of quaternion function, 438 i, 440 i, 445 i; 
of g*, 4881; of g-1, 439i, 4471; of gm, 451i; 
of q}, 4521, 560i; of e%, 453i; of Kg, Sg, Va, 
4551; of Tg and Ug, 456i; of Ax g, 458i; 
of /q, 459 i. 
of function of function, 449i. 
of implicit quaternion function, 484 i. 
quotient, 443 i, 98 1. 
of a scalar function of vectors, 459 i. 
s simultaneous, 431 i. 
s successive, 100 i, 465 i, 479 i. 
of a vector, 96 i, 462 i. 
Differentiation formula of, 98 i, 438i. 
examples of quaternion, 451i. 
symbol q = (S.dp)"!d, note, 5481. 
with respect to moving axes, note, 289ii, 40311. 
See also Differential. 
Dilatation, 372 ii. . 
Dimensions, principle of, applied to linear function of 
a vector, 488 i. 
Diplanar quaternions, 116i. 
Direct and inverse similitude, 115i, 366 ii. 
circular succession, 297 i. 
Directed area, 482 i. 
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Direction, relative, 110i, 138i. 
unchanged by strain, 368 ii. 
Directions of linear vector function, 508 i. See 
Linear vector function or Axes. 
Displacement, axis of, 95 ii. 
finite, 397 ii. 
Dissipation function, 461 ii. 
Distance of comet from earth, 320 ii. 
Distribution, parameter of, 408 ii. 
Distributive property of multiplication of vectors by | 
co-efficients, 9 i. 
of quaternions, 212i, 219 i. 
of sign I, 206i; K, 176i, 207i; S, 185i; 
V, 204i. 
of differential, 441 i. 
Disturbing force on planet, 320 ii. 
Division of vector by parallel vector, 10i. 
of quaternions, defined, 109i, 116i. 
homographic, 16 i. 
Double algebra, note, 278 i. 
Duality, 388 ii, 427 ii. 
Dupin, indicatrix, 231 ii. 
conjugate tangents, 232 ii. 
lines of curvature on confocals, 236 ii. 
focal conics, note, 236 ii. 
Dynamical constants of a body, 396 ii. 
Dynamics, general equation of, 287 ii. 
general method in, note, 296 ii. 


See Reciprocity. 


Edge of regression, 93 i, 100i, 36 ii. 
Effective vector, 31. 
Eight square roots of linear vector function, note, 
225 ii, 367 ii. 
umbilicar generators, 222ii, 236 ii. 
Elastic constants, 463 ii. 
force, Fresnel’s, 324 ii. 
Electro-magnetic force, 446 ii. 
wave surface, note, 326 ii. 
Elimination of arbitrary functions, 48 ii. 
of differential, 448i. 
of a vector 342i, 355i. 
Ellipse, centro-focal, 203 ii. 
curvature of, 52 ii. 
evolute of, 53 ii, note, 168 ii. 
focal, 202 ii, 219 ii. 
section of cylinder, 196 i, 199i, 4181. 
vector expression for, 95 i, 4171. 
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Ellipsoid, axes of, 2381. 
of section, 238i. 
circular sections of, 2321, 235i. 
construction by diacentric sphere, 2341, notes, 
184 ii, 204 ii, 351 ii. 
cyclic normals, 235i. 
cylinder (right) tangent to, 202i. 
equation of, focal, 201 i, 2301. 
cyclic, 527 i. 
T(ip + pk) =x? — 07, note, 2411, 3141, 3251, 
328i, 537i, 15 di, 185 ii, 274i, 350i. 
homologous deformation of mean sphere, 2321, 
314i. 
strain-, 366 ii. 
vector-constants of, 201i, 236i, 5371. 
vector expression for, 95 i. 
Ellipsoidal linear function, 366 ii. 
Elliptic coordinates, note, 225 ii. 
functions, 386 ii. 
logarithmic spiral, 419 i. 
Elongation in strain, 372 ii. 
Emanant lines and planes, 83 ii, 85 ii, 109 ii, 114 ii, 
408 il. 
Energy equation, dynamics, 288 ii, 294 ii. 
for light, 354 ii. 
hydrodynamics, 460 ii. 
Enunciation of the associative principle, 301 i. 
Taylor’s theorem, 22 ii 
Envelope of confocals, 222 ii. 
involute as limit of, 171 ii. 
lines of curvature on quadric, 235 ii. 
planes, developable as, 42 ii. 
osculating sphere, 141 ii. 
sphere with varying radius, 143 ii, 171 ii. 
wave-surface as, note, 326 ii. 
Equality of points, 3 i, 13 i. 
quaternions, 109 i, 115 i, 243 i, 408 i. 
vectors, 3 i. 
vector-arcs, 144 i, 
versors, 409 i. 
Equation of algebraic form in quaternions, 277i; 
n* roots of, 292 i. 
anharmonic of curye, 32 i; local and tangential, 
391i; of surface, 87 i. 
of confocals, 207 ii. 
of conjugation (poles and polars), 229 i, 186 ii. 
(linear functions), 485i, 555i. 
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Equation of continuity, 456 ii. 
depressed, of linear function, 501 i, 505 i, 379 ii. 
differential. See Differential. 
of dynamics, 287 ii, 289 ii, 295 ii, 396 ii. 
of equilibrium, 284 ii. 
exponential, for spherical triangle, 404 i, 409 i., 
in finite differences, 84 i. 
functional, of families of surfaces, 45 ii. 
of loci involving signs Ax. and /Z, 121i; K, 127i; 
S, 180 i, 190 i; V, 195 i, 199 i; T, 165 i, 
167i, 190i; U, 142i. 
powers of a vector, 417 i. 
of second degree, homogeneous and vector, 508 i. 
of six segments, 21i, 18 i. 
symbolic, for K, 8, T, U, V, 142 i, 205 i. 
for linear functions, 494 i, 560 i. 
vector for curve, 941; surface, 94 i. 
Equi-difference of points, 4 i. 
Equilibrium, equation of, 284 ii. 
Euclidean angle, 120i, 262i. 
Euler, identity, law of the norms, 244 i. 
theorem on curvature, 268 ii. 
equations of motion, 289 il. 
fluid motion, 457 ii. 
Evyolute, 167 ii. 
of ellipse, 53 ii, note, 168 ii. 
of spherical curve, 169 ii. 
Evolutionary quaternion, 296 i. 
Exact differential, 275 ii. 
Examples, geometrical, on signs 2, Ax, 121 ; K, 127i; 
R, 296 i; S, 180i, 190i; 'T, 165i, 1674, 190i; 
U, 142i; V, 195i, 199i. 
depending on powers of vectors, 417 i. 
of quaternion differentiation, 451 i. 
Excentric anomaly, 5 ii. 
Excess, spherical, 364 i. 
spheroidal (total curvature), 266 ii. 
Expansion. See Development. 
Exponential of quaternion, 421 i. 
form for sine and cosine, 266 i, 274 i, 424 i. 
equation for spherical triangle, 404 i, 409 i. 
of quadric, 206 ii. 
transformation of Taylor’s series, 468 i, 473 i, 
561 i. 
Exponents, scalar, 264 i. 
quaternion, 274 i, 421 i. 


Exscribed or circumscribed conic, 36 i. 
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Extensions of algebraic notation, 5 i, 6 i, 108i, 1231, 
256 i. 
Extreme points of congruency, 420 il. 


Factor or operator, 108 i, 135 i. 
integrating, 276 ii. 

Factorials, notation of, 476 i. 

Families of surfaces, 45 ii. 

isothermal, 472 ii. 
orthogonal, 474 11. 

Finite differences, equation in, 84 i. 
differentials, 99 i, 103 i, 432 i, note, 179 ii. 
displacements, 397 ii. 

Five quaternions, identical relation connecting, 563 i. 
vectors, 47 i; terminating on a sphere, 354i. 
system of screws, 392 ii, 394 ii. 

Flexion, note, 81 ii. 

Flow, Lord Kelvin on, 457 ii. 

Fluid motion, 454 ii. 

Fluxions, note, 431 1. 

Focal conics, 202 ii, 219 ii. 
ellipses, centro-, 208 ili. 
equation of quadrics, 536 i. 
generations of quadrics, 278 ii. 
lines of cones, 545 i, 549 i, 213 ii, 243 i1. 
notation for, relations, 310 i. 
properties of sphero-conics, 310i, 393 1, 72 ii. 
surface of congruency, 431 ii. 

Foci of involution, 16 i. 
modular, 278 ii. 
principal, 420 ii. 
by projection, 423 i1. 
umbilicar, 278 ii. 
virtual, 419 ii, 420 ii. 

Force, Fresnel’s elastic, 324 ii. 
conservative, 444 ii. 
disturbing, on planet, 320 ii. 
function, 293 ii. 

Formula (A), 160i, 243i, 344i, 182 ii, 351 ii. 
of addition, 5i. 
of.association, 71, 245i, 302i. 
of collinearity of three right quaternions, 247 i. 
of commutation, 7 i. 
of complanarity of three vectors, 338i, 341i, 

2471. 
of congruence for quinary symbols, 51 i. 
of differentials, 98 i, 438i. 
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Formula of inversion of linear function, 486 i. 
of parallelism of two vectors, 3251. 
of perpendicularity of two vectors, 325i. 
of relation between + and -, 5i. 
Formule of spherical trigonometry, fundamental, 400i. 
Four constituents of quaternion, 114i, 242i. 
identical rows, determinant with, 363 ii. 
points, group of, linear, 151; circular, 297i. 
complanarity of, 141, 451, 344i. 
concircularity of, 3551. 
system of screws, 39211, 394 ii. 
vectors, linear relations between 441, 338 i. 
proportion of, 250i. 
Fourth proportional to three vectors, complanar, 250i, 
2931; diplanar, 356i: rectangular, 377i. 
unit in space, 394i, 380i. 
power of arc, affections of curve depending on, 
112 ii. 
Fraction or quotient, geometric, 107i. 
Fresnel, wave-surface, 323 ii, note, 258 ii. 
Function, anharmonic quaternion, 294 i. 
s, calculus of, 205i, 202i. See Abstraction of 
symbol. 
characteristic, 297 ii. 
dissipation, 461 ii. 
elimination of arbitrary, 48 ii. 
elliptic, 385 ii. 
force, 293 ii, 394 ii. 
implicit, differential of, 484i. 
linear. See Linear. 
principal, in dynamics, 294 ii, 314 ii. 
strain, 366 ii. 
transcendental, of quaternions, 421i, 453i. 
trigonometrical, of quaternions, 424i. 
of vectors, a quaternion, 332i, 394i. 
Functional notation, 205i, 202i. 
equations of families of surfaces, 45 ii. 
Fundamental formule of trigonometry, plane 2141; 
spherical, 400i. 


Gauche curve. See Cubic, etc. 
hexagon inscribed to sphere, 305i, 354i. 
polygons inscribed to sphere, 347i. 
quadrilateral, 82 i. 
on quadric, 881, 95i. 
Gauss on measure of curvature, 253ii, 261 ii, 264 ii, 
412 ii, 416 ii. 
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Generation of ellipsoid, 241i, notes, 184ii, 204 ii, 
351 ii. 
of quadric, modular and umbilicar, 278 ii. 
of ruled hyperboloid, 90i. 
of wave surface, 327 ii, 253 ii. 
Generatrix of ruled hyperboloid, 891i, 213 ii. 
umbilicar, 221 ii, note, 225 ii. 
Geocentric distance of comet, 320 ii. 
Geodetic lines, 29ii1, 225 ii, 264ii, 415 ii. 
circles, 271 ii. 
coordinates, 264 ii. 
curvature, 267 ii. 
on cylinder, 111 ii, 405 ii. 
on developable, 37 ii, 272 ii. 
Didonia, 271 ii. 
on quadric, 225ii; P - D = const. 226ii. 
on surface of revolution, 48 ii. 
torsion, 416 ii. 
triangle, curvature of, 266 ii. 
Geometric quotient, 107 i. 
inversion aud alternation of, 118i. 
Geometrical examples on V, 195i, 199i; S, 180i; 
Ax. and Z, 1211; K, 127i; R, 2961; U, 142i; 
S and T, 190i. 
deformation, theorem of, 525i. 
Geometrical illustration of differential, 436i. 
of ratio of vanishing quantities, 470 i. 
nets, plane, 201, 291; in space, 61i. 
‘¢ Géométrie de position ”’ of Carnot, note, 377 i. 
‘*Géométrie supérieure,” of Chasles, notes, 16i; 
721i, 89i, 300i. 
Geometry of Three Dimensions. 
Grammarithm, note, 335i. 
Graves, C., note, 308i. 
Graves, J. T., note, 276i. 
Gravitation, Newton’s law of, 99i, 302 ii. 
Group of four points on a line, 151i; in space, 294i; 
on a circle, 297i. 


See Salmon. 


of six points, evolutionary of, 295i. 
Guide-points, 239i. 
Guiding curve, 35 ii. 


Half-line or ray, equation of, 121i, 142i. 
Handle, versor compared to a, 336 i, note, 345 i. 
Harmonic mean of two vectors, 231 i, 298 i; of x», 
300 i. 
polar of point to triangle, 21 i. 
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Harmonic{property of quadrilateral, 20 i. 
of pole and polar, 229i. 
spherical, 468 ii. 
Helicoid or screw-surface, 419i, 12 ii, 28 ii, 83 ii, 
281 ii. | 
Helix, 419 i, 5 ii, 24 ii, 28 ii, 51 ii, 77 ii, 92 ii, 95 ii, 
112 ii, 157 ii. 
as curve of constant curvatures, 112 ii. 
osculating curve, 95 ii. 
related to complex, 428 ii. 
Heptagon, inscribed to sphere, 354 i. 
Herschel, Sir John F. W., Treatise on Light, note, 
327 ii. 
Hexagon, spherical, 303 i. 
inscribed to sphere, 305 i, 354 i. 
evolutionary of, 296 i. 
‘* Higher Plane Curves,’’ Salmon’s, notes, 37 i, 40 i, 
41 i, 42i. 
Historical notes on quaternions, 206i, 258i, 262 i, 
278 i, 351 ii. 
Hodograph, 300 ii, 99 i, 29 ii, note, 112 ii. 
curvature of, 302 ii. 
of evolute, 173 ii. 
Hodographic isochronism, 310 ii. 
geometrical proof, 319 ii. 
relation to Lambert’s theorem, 314 ii. 
Homographic division, 16 i. 
nets (plane), 311; (in space), 79 i. 
property of ruled hyperboloid, 89 i. 
surfaces, 408 il. 
screw-systems, 396 ii. 
Homologies of ellipsoid and sphere, 315 i, 282 i. 
Homology, centre of, 601; plane of, 60 i. 
Homospheric property of cyclic sections, 18 ii. 
Homosphericity, equation of, 354 i. 
Huyghens, note, 353 ii. 
Hydrodynamics, 454 ii. 
Hydrostatics, 483 i. 
Hyperbola, 33 i, 9 ii, 54 ii, 60 i. 
curvature of, 54 ii. 
focal, 201 ii, 219 ii. 
Hyperbolic paraboloid, 93 i, 96 i. 
orbit, note, 303 ii. 
Hyperboloid, ruled, anharmonic equation of, 88 i. 
generators of, 89 i, 213 ii. 
vector equation of, 94 i. 
Hypotenuse, proof of theorem of square on, 212 i. 
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I, symbol for index of right quotient, 187 1. 
is distribution, 206 i. 
Ax, = IUV, 2031; IV = V, 386i. 
i, J, &, laws of, 157i, 344 i. 
early use of, notes, 160 i, 316 i, 345 i, 351 ii. 
formula (A), 160i, 243 i, 344 i, 182 ii, 351 ii. 
links between quaternions and coordinates, 351 ii. 
quaternion in terms of, 242 i. 
vector in terms of, 344 i. 
Ideal or imaginary intersections, 223 i. 
Identical rows, determinant with, 362 ii, 383 ii, 393 ii. 
Identification of a right quaternion with its index, 
3311, note, 193 i. 
Identity connecting three vectors, 337 i, 344 i, 375 i, 
426 1. 
four vectors, 338 i, 339 i, 376 i. 
five quaternions, 563 i. 
six spherical arcs, 377 i. 
seven screws, 398 ii. 
on square root of quaternion, 319 i. 
Illustration of differential and difference, 434 i, 436i. 
of ratio of vanishing quantities, 470 i. 
of a quaternion by a desk, 113i. 
Imaginary* of algebra, 224 i, 289 i. 
geometrically real, notes, 133 i, 253 i. 
as mark of geometrical impossibility, note, 
404 i. 
axes and roots of linear vector function, 514 i. 
i, j, k formerly called, note, 316 i. 
part, or vector part, note, 316 i. 
quaternion. See Biquaternion. 
Imponential, 274i. 
Independent differentials, 553i. 
variable, change of, 24 ii, 33 ii. 
Indeterminateness of axis of linear vector function, 
501i, 525i, 364 ii, 369 ii, 379 ii, 385i. 
of interpretation of \/— 1, 133i. 
of versor of null quaternion, note, 120i, 139i. 
of construction for fourth proportional, 379 i. 
Index of right quotient, 122i. 
symbol of, 187 i. 
equals right quotient, 331i, note, 193i. 
curve (indicatrix), 231 ii. 
surface, 233 ii, 237 ii. 
surface or surface of wave-slowness, 324 ii. 
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Index of vector, 323 ii. 
connexion with ray, 328 ii. 
Indicatrix, 231 ii. 
Indices of right quotients, quotient of, 175i. 
sum of, 206i. 
product of, 329i. 
Inertia, axis of, 287 ii, 291 ii. 
linear function of, 289 ii. 
principal screws of, 395 ii. 
Infinitesimals, 170 ii, note 230 ii. 
osculating circles treated by, 174 ii. 
Infinity, line at, 27 i. 
circular points at, note, 516i. 
circle at, 222 ii. 
Inflexion points of, note, 25 ii. 
Inflexional tangents to cubic, 37 i. 
Inscription of polygons in sphere, 354 i. 
Integrability, condition of, 277 ii. 
Integral us limit of a sum, 482i, 170 ii. 
definite, analogue of, 368i. 
over sphere, 482i, 483 i. 
total curvature, 265 ii, 416 ii. 
principal function, 294 ii, 314 ii. 
characteristic function, 296ii, 314ii, 317 il. 
time in orbit, 310 ii, 317 ii. 
of differential equation of family of surfaces, 
45 ii, 48 ii. 
of geodetics, 35 ii, 37 ii, 48 ii, 226 ii. 
intermediate, of general equations of dynamics, 
296 ii, 297 ii. 
s, volume and surface, 448 ii. 
s, line and surface, 449 ii. 
Integration of differential equations, examples on, 
30ii, 52ii, 277 il. 
See Integral. 
Intensity of a wrench, 390 ii. 
Intermediate integrals of dynamics, 295ii, 297 il. 
Interpretation of a product of vectors as a quaternion, 
821i, 337i, 394 1. 
of «/—1, 138i, 2631. 
Intersection, ideal or imaginary, 223i, note, 87 i. 
real, 2201. 
of line and plane, 471. 
of two planes, 338 1. 
of confocals, 198 ii, 236 ii. 


* The words ideal and symbolical are occasionally used by Hamilton as synonymous with imaginary. 
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Intersection of normals, 230 ii, 239 ii. 
of osculating circle and curve, 60 ii; and sphero- 
conic, 67 ii. 
surfaces, 103 ii, 160 ii. 
Invariants, 491i, 506i, 876 ii, 364 li, 386 ii. 
screw, 393 ii. 
Inverse or reciprocal of a vector, 293i, 3221. 
symbol for, R, 141i, 2931, 3281. 
called vector of proximity, 20ii, 4611. 
of a quaternion, 1221; differential of, 4391. 
of line, 2961; of circle, 296 i, 3491; of sphere, 3531. 
similitude, 115i, 1291, 365 i1. 
Inversion and alternation, equidifference of points, 4 i. 
equality of geometric quotients, 118 i. 
of vector-axes, 1441. 
geometrical, 2931. See Inverse. 
of linear vector function, 4851, 280 ii. 
of linear quaternion function, 557 i. 
Inversor, 135 1. 
semi-, 135i. 
Involute, 167 ii. 
as limit of envelope, 17111. 
Involution, 161i. 
double, 721. 
in space, 295i, 300i. 
Irish Academy, Royal. See Academy. 
Isochronism, hodographic, 310 ii. 
Isothermal surfaces, 472 ii. 


See Hodographic. 


Jacobi, generators of confocal, note, 213 ii. 
Jamin, experiments on light, 358 ii. 
Joachimstal, first integral for geodetics, note, 226 ii. 


K introduced, 124i. 
examples on, 127i. 
differential of Kg, 4551. 
Kelvin, Lord, on flow, 457 ii. 
Kinematical treatment of curves, 83 ii, 92ii, 114 ii, 
118 ii, 403 ii. 
of surfaces, 410 ii. 
Kummer surface of complex, 480 ii. 


Lacroix, on Taylor’s theorem, note, 473 i. 


Lagrange, definition of a derived function, note, 441 i. 


ratio of vanishing quantities, note, 472i. 
virtual velocities, 288 ii. 
motion of fluid, 457 ii. 
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Lambert’s theorem, 314 ii, 316 ii. 
Lancret, angle H for curves, note, 90 ii. 
on evolutes, note, 172 11. 
Laplace, rule of heliocentric distances, note, 320 ii. 
Latent roots of linear function, 517i, 508i, 500i, 
562i, 369 ii, 376 il. 

Law of the Norms, 173i, 2441. 

Lectures on Quaternions referred to in notes, 160i, 
206i, 219i, 304i, 311i, 315i, 345i, 354i, 380i, 
479i, 625i, 384i, 48 ii, 129 ii, 203 ii, 204 ii, 219i, 
226 ii, 264 ii, 269ii, 270ii, Q71ii, 279ii, 283 ii, 
321 ii, 351 ii. 

Left-handed, 111i. 

Lemniscata, 286 i. 

Length of line. See Tensor. 

relative of two lines, 1111. 

<¢ Letters on Quaternions,’’ note, 311i. 

Light, Fresnel’s theory of, 323 ii. 

Limit, of sum, integral as, 482i, 170 ii. 

Limiting ratios, 4691. 

Line, expressed by Z and Ax., 1211; K, 1271; 

U, 14245 V2 196%. 
anharmonic equation of, 261; coordinates of, 27 i. 
s, complex of, 417 ii, 427 ii. 


See Rotation. 


concurrent 18 i. 

congruency of, 417 ii. 

contact of, with sphere, 225i. 

with confocals, 214 ii. 

of curvature, 280 ii, 235 ii, 236 11. 

emanant, 83 ii, 408 il. 

focal, 545i, 549i, 213 ii, 243 ii. 

geodetic, 29 ii, 225 ii, 264 ii. 

group of points on, 151, 72 i. 

half, 121i, 142i. 

at infinity, 27 1. 

integral, 449 ii. 

intersection of, and plane, 471; 
2201; 223i. 

of intersection of two planes, 338 1. 


and sphere, 


inverse of, 2961. 
number added to line, 3351. 
parullel, 10i, 194i, 325i. 
perpendicular to line, 179i, 1941, 427i. 
to plane, 180i, 342i, 353i. 
to two lines, 83 ii. 
to itself, note, 236 ii. 
point added to, 5i. 
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Line, projection of, 179 i. 
rational, 29i, 541, 791. 
reflexion of, 129i, 3581. 
regulus of, 408 ii, 417 ii. 
relative length and direction of two, 111 i. 
shortest, 83 ii. 
singular on envelope of sphere, 144 ii. 
six coordinates of, note, 211 ii; 426 ii, 
of striction, 408 ii. 
symbol of, ternary, 56i; 
quinary, 63 i. 
tangent, 991i, 4ii, 7ii. See Tangent. 
vector expression for, 151, 941; equation of, 195i. 
Linear complex, 427 ii. 
Linear equation between two vectors, 12 i. 
three vectors, 13 i. 
four vectors, 441, 338 i. 
five quaternions, 563 i. 
seven screws, 393 ii. 
function of several vectors, 467 ii. 
transformation, 387 ii. 
Linear quaternion function, 485i, 555i. 
number of constants in, 556 i. 
standard quadrinominal form of, 565 i. 
symbolic biquadratic of, 560i. 
Linear vector function, 484 i. 
auxiliary (W), 4851; (x), 495i. 
axes or directions of, 508 i. 


- 


anharmonic, 457i; 


arrangement of, and of its conjugate, 5121. 
coincidence of two, 503i, 379 ii. 
of three, 505i, 379 ii. 
determination of, note, 512i. 
imaginary, 514i. 


indeterminate, 501i, 525i, 369 ii, 379 ii, 
386 ii. 
rectangularity of two, note, 513i. 
of three, note, 513i, 514i, 517i. 

of system of, 384 ii. 
bifocal, 545i, 196 ii. 
binomial, 498 i. 
conjugate, 485 i. 
constants in, number of, 486 i, 530i. 
cyclic (pp = gp + VApu), 520i, 528i, 535i, 


549i, 187 ii, 193 ii, 233 ii, 240 ii, 33241, 369 ii, 
373 ii. 
with depressed equation, 501i, 505i, 379 ii. 
derived, 551i. 
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Linear vector function—continued. 
dimensions of, 488 i. 
focal (pp = aaVap + bBSBp) 531i, 583i, 535i, 
538i, 373 ii. 
invariants of, 491i, 376 ii, 364 ii, 386 ii. 
inversion of, 485 i. 
monomial, 501i, 505i. 
non-conjugate, part of, 492i. 
powers of, 491i. 
principal planes of, 512i, 384 ii. 
reduction of two, 363 ii. 
roots of, 517i, 508i. 
equal, 5001. 
imaginary, 515i. 
self-conjugate, 513i, 519i, 525i, 272 ii. 
specification of, 374 ii. 
square-root of, 225 ii, 367 ii. 
standard trinomial form of, 4861. 
strain represented by, 366 ii. 
symbolic cubic of, 49 i. 
of self-conjugate part, 5201. 
See Focal. 
Liouville on confocals, 228 ii. 
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on geodetic curvature, 267 ii. 
Liouville’s Monge referred in notes, 9211, 11111, 
145ii, 15341, 235ii, 239ii, 261ii, 264 ii, 
266 ii, 267 ii, 271 ii. 
Lloyd, experiments on conical refraction, note, 341 ii. 
Local equations, 39 i. 
Loci, equations of, involving, Z, Ax., 1211; K, 1271; 
R, 296i; S, 180i, 190i; T, 165i, 167i; 
U, 142i; V, 195i, 199i. 
powers of a vector, 4171. 
Locus, Apollonian, 130i, 165i, 191i, 182 ii. 
of centres of curvature of curve, 77 ii, 106 ii, 168 ii. 
of spherical curvature, 120 ii. 
of osculating circle, 140 ii. 
of vertices of right cones tangent to confocals, 
228 ii. 
Logarithm of quaternion, 268i, 2751, 4211, 83 ii. 
Logarithmic spiral, 4181, 54 ii. 


Mac Cullagh, modular generation of quadrics, note, 
279 ii. 
motion about a fixed point, 291 ii. 
theorem of the polar plane, 352 ii. 
referred to in notes, 323 ii, 324 il. 
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Magnetic analogies for v, 446 ii. 

Maxwell, on differentials, note, 102i. 
on sense of rotation, note, 111i. 
electro-magnetic equations, note, 326 ii. 

Mean point, projection of, 19i, 811i. 

of gauche quadrilateral, $2 i. 

of partial systems, 831. 
proportional between two vectors, 2511. 
of two vectors, harmonic, 2981; of z, 300i. 
of vectors, simple, 811i; complex, 841. 

Measure of curvature, 261 ii, 412 ii, 415 ii. 

Mécanique Céléste, note 320 ii. 

Meusnier’s theorem, note, 257 ii, 413 il. 

Mixed transformations of functions, 5451, 278 ii. 

Mobius referred to in notes, 22i, 31i, 61i, 621, 641, 

66i, 77i, 794, 162 ii, 236 ii. 

Modular generation of quadric, 278 ii. 

Moment, central, 285 ii. 
of inertia, 292 i1. 
total, 286 ii. 

Monge, families of surfaces, 48 il. 
envelope of sphere, 144 ii, 15311. 
evolutes, 167 ii. 
lines of curvature, 235 ii. 
referred to in notes, 53ii, 90ii. See Liouville’s 

Monge. 

Monomial form of linear vector function, 5011, 595i. 

equations of circle and sphere, 3551. 
of cubic cone, 281 ii, 384 ii, 467 ii. 

Motion on surface of revolution, 49 ii. 
about fixed point, 290 ii. 
screw-, 83 ii, 84 ii, 285 ii. 
fluid, 454 ii. 

Mourey, note, 278 ii. 

Moving axes, note, 289 ii, 403 ii, 404 ii, 410 il. 

Multiplicand, 147i, 110i, 159i. 

Multiplication of 4, 7, &, 159i. 
of quaternions, definition of, 116i. 

is not commutative, 147i. 

is doubly distributive, 219i, 2121. 

is associative, 2451, 308i. 

reduced to multiplication of versors, 172i. 

by coefficients, 119i. 
of vectors is associative, 337 i. 

by coefficients, 9 i. 

-arcs by scalars is not distributive, 1561. 
of versors illustrated by vector arcs, 147i. 


See Screw. 
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Multiplier, 147i, 110i, 159i. 
or integrating factor, 276 ii. 


N, symbol for norm, 130i. 
Ng, differential of, 455i. 
Negative unity, square of right radial, 132i. 
square root of, has geometrically real value, 
notes, 1331, 2531. 
as an uninterpreted symbol, 224i, 289i. 
square of vector, 203i, 345i, 
Net, plane geometrical, 20i, 291i; in space, 61i. 
Nets are homographic figures, 31i, 79i. 
Newton on fluxions, note, 97i; 431i, 471i. 
Non-commutative multiplication, 147i. 
addition, 156i. 
Non-conjugate part of linear vector function, 492i. 
Non-distributive multiplication, 156 i. 
Non-scalar, 110i. 
Non-sphericity, coefficient of, 80 ii, 120 ii, 134 ii, 138 ii. 
Norm, 180i, note, 128i. 
of sum, 189i, 219i, 476i. 
differential of, 455 i. 
s, law of the, 173i, 244i. 
Normal, absolute, 24 ii, 38 ii. 
bi-, 27 ii. 
to confocals, 199 ii. 
cyclic of cone, 183i; of ellipsoid, 232i, 2351. 
developable, surface, 256 ii, 259 ii. 
emanants, 109 ii, 117 ii. 
s, intersection of, 230 ii, 239 ii. 
planes to curves, 411, 8 ii. 
to quadric, 16 ii, 199 ii, 239 ii. 
to surfaces, 11 ii. 
at umbilic, 241 ii. 
Notation, extended meaning of algebraic, 51, 61, 1081, 
123i, 256i. 
of factorials, 4761. 
for focal relations, 310i. 
functional, 205i, 202i. 
simplification of, 3341. 
See Symbol. 
Null quaternion, 125i, 1391. 
vector, 3i; vector-arc, 146i. 
Number added to line, 3385 i. 
of constants in linear vector function, 486 i, 530i. 
in linear quaternion function, 556 i. 
in equation of twisted cubic, 131 ii. 
3R 


492 


Number of points of construction, 22 i, 731. 
signless, 111 i, 170i. 


Numbers, norm borrowed from theory of, note, 130 i. 


Oblique cone, 183 i, note, 181 i. 
quotient, 321i, 337 i. 
Ohm on logarithms, note, 276 i. 
Olivier, note, 91 ii. 
Opening, spherical, 366 i. 
Operation, characteristic of. See Symbol. 
Operations, Calculus of, 202 i, 205i. 
Operator or factor, 108 i, 135 i. 
Vv, 482 ii; notes, 548 i, 554 i, 251 ii. 
disguised as -Dg, 294 ii. 
Opposite quaternions, 126 i, 
vectors, 3i. 
Optic axes of crystal, 348 ii. 
Orbit, central, 298 i. 
Order of curve (plane), 321i; (twisted), 931; 10 ii. 
of surface, 87 i. 
of congruency, 431 i. 
of complex, 430 ii. 
of factors, indifferent when one is scalar, 119 1. 
generally vital, 147 i, 153 i, 158 1. 
Origin of vectors, 12 1. 
Orthogonal axes of self-conjugate function, 513 i, 
519 i, 524 i, 272 ii. 
vectors for curve, 82 ii. 
section of confocals, 198 ii. 
surfaces, 474 ii. 
Osculating circles, 58 ii, 86 ii, 174 ii. 
intersections with curve, 60 il. 
deviation from curve, 97 ii, 133 ii, 138 ii, 
404 il. 
cone (right), 99 ii; to cone of chords, 102 11; 
(oblique), 99 ii. 
cylinder, 126 ii, 128 ii. 
helix, 95 ii, 494 ii. 
parabola, 96 ii. 
plane, 24 ii. 
quadric, to surface, note, 249 ii. 
screw-surface, 85 ii. 
sphere, 50 ii, 74 ii, 178 ii; to surface, 269 i. 
surfaces, 103 11. 
twisted cubic, 129 ii, 156 ii, 404 ii. 
Oval, 279 i. 
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P, symbol for ponential, 268 i. 
Pairs of vectors, note, 398 ii. 
Parabola inscribed to triangle, 34 i. 
osculating curve, 96 ii. 
Parabolic time in orbit, 311 ii. 
Paraboloid, centre at infinity, 280 ii. 
ruled, anharmonic equation of, 93 i. 
vector expression for, 96 i. 
normal to, 11 ii. 
Paradox, apparent, 149 i. 
Parallelepiped, volume of, 247 i, 338 i. 
Parallelism, condition of, 325 i. 
Parallelogram, area of, 246 i. 
spherical, 388 i. 
Parameters in vector equations, 94 i. 
of confocal system, 196 ii, note, 224 ii. 
of distribution, 408 ii. 
Part, right or vector, of a quaternion, 193 i, 204 i. 
Partial differentials, 101 i, 446 i, 479 i, 48 ii. 
equations for dynamical functions, 296 ii, 297 ii. 
Pencil of lines, 23 i, 3071; planes, 57 i. 
of a congruency, 424 ii. 
Pentagon inscribed to a sphere, 351i. 
Permanent screws, 396 ii. 
Permutation, cyclical, of i, 7, A, 158 i. 
of quaternions under 8, 248 i, 350 i. 
of linear vector functions, 363 ii. 
Perpendicular from point on line, 179 i, 194 i, 427 1. 
on plane, 180 i, 342 i, 353 1. 
to two lines, 83 ii. 
to itself, line, note, 236 ii. 
of spherical triangle, 217 i. 
of tetrahedron, note, 568 i. 
Perpendicularity, condition of, 325 i, 345 1. 
Perturbing force, 320 ii. 
Pitch of a screw, 285 ii, 390 ii. 
Plane, expressed by Z, 121i; Ax., 121i; K, 1271; 
T, 165 i, 167i; U, 143i; 8, 180i. 
anharmonic equation of, 56 i. 
concurrence of four, 57 i, 342 i. 
cyclic, of cone, 183 i; of ellipsoid, 282 1. 
equation of, scalar, 1801; vector, 24 i, 94 i. 
geometrical nets, 20 i, 29 i. 
intersection of and line, 47 i. 
s, intersection of two, 338 i. 
inverse of, 363 i. 
normal, 4 ii, 8 ii. 
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Planes, pencil of, 57 i. 
polar, to sphere, 228i; to quadric, 210 ii. 
polar, Mac Cullagh’s theorem of, 352 ii. 
rational, 54 i. 
of quaternion, 111 i. 
quinary symbol of, 53 i. 
strain, 370 ii. 
of symmetry, elastic, 464 ii, 466 ii. 
s, system of, related to linear vector function, 512i. 
quaternion function, 568 i. 
through three points, 344 i. 
Planet, distance of, from earth, 320 ii. 
Pliicker’s six coordinates of a line, note, 211 li, 426 ii. 
Poinsot, representation of motion about fixed point, 
290 ii. 
Point, addition of, to vector, 5 i. 
s, circular, note, 516 i. 
s, condition of three on a line, 141i, 49i, 523i, 
57 i. 
four in a plane, 14i, 45i. 
five on a sphere, 354 i. 
s of construction in plane, 17 i, 22i. 
in space, (first) 611; (second) 62i: table of 
types, 751; diagram of, 78 i. 
s, corresponding, on confocals, note, 225 ii. 
s, difference of two, 3i. 
s, equality of, 3i, 131. 
s, equidifference of, 4 i. 
s, extreme, 420 ii. 
s, group of, on line, 151; in space, 294i; on 
circle, 297 i. 
guide, 239 i. 
mean, of triangle, 191i; of gauche quadrilateral, 
821i; in general, 81 i. 
s rational, in a plane, 291i; in space, 54i, 79i; 
types of, 55 i, 75i. 
symbol of, ternary, 251i; quinary, 511i; qua- 
ternary, 55 i. 
of transformation, united, 387 ii. 
Polar axis, 57 ii. 
developable, 58 ii; cusp-edge of, 120 ii. 
plane to quadric, 210 ii. 
to sphere, 228 i. 
Mac Cullagh’s theorem of, 352 ii. 
reciprocals, 547i, 20 ii, 41 ii. 
Pole and polar of a sphere, 228 i. 
of plane curve, 35i. 


Poles of a plane with respect to confocals, note, 224 ii. 
s of a spherical harmonic, 468 ii. 
Polygon, area for spherical, 368 i. 
exponential equation for spherical, 404 i. 
geodetic, 266 ii, 416 ii. 
inscribed to sphere, 347 i, note, 129 ii. 
spherical sum of angles of, 415 i. 
Polynomial equations, 277 i. 
Poncelet, plane of homology, note, 60 i. 
Ponential of a quaternion, 268 i. 
Position, vector of, 100i. 
function of, 432 ii. 
Positive or signless number, 170 i, note, 111i. 
Potential of attracting system, 293 ii, 306 ii. 
function, 469 ii. 
Power of a vector, a quaternion, 396 i, 399 i. 
development of a, 476i. 
differential of a, 451i. 
equation of loci involving a, 417 i. 
transformations of a, 420i. 
of a quaternion, 264i, 274i, 421i. 
of a linear vector function, 491 i. 
Pressure, hydrostatic, 483 i, 440 ii, 459 ii. 
Principal amplitude, amo, 263 i. 
axes of a body, 292 ii. 
of ellipsoid, 238 i. 
of quadric, 536 i, 187 ii, 272 ii. 
of a section of, 238 i, 525 i, 231 ii, 258 ii. 
foci of congruency, 420 ii. 
function in dynamics, 294 ii. 
for central orbit, 314 ii. 
root, 2591. 
screws of inertia, 3965 ii. 
Principia, Newton’s, 97 i, 4311, 471i. 
Principles adopted from algebra, 108i. 
Prism showing properties of curve, 100 ii. 
Product of quaternions defined, 90 li. 
conjugate of, 173i. 
differential of, 451 i. 
reciprocal of, 173i. 
scalar of, 187i, 245i. 
tensor of, 171i. 
vector of, 245i. 
versor of, 171 i. 
of two quaternions, 109i, 116i, 171i. 
of two vectors, interpreted, 321i, 329 i. 
rectangular vectors, 333 i. 
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Product of vectors, 337 i, 3461, 394i. 
of indices, 329 i. 
of linear vector functions, 368 ii. 
of sides of a triangle, 348 i. 
of an inscribed polygon, 347 i. 
Projection of closed figure, 8 i. 
of line, 179i. 
of mean point, 19 i, 81 i. 
stereographic, 311 i. 
foci by, 423 ii. 
Property, associative, of addition, 71, 2071, 304i. 


of multiplication, 1591, 245i, 308i, 337i. 


commutative, of addition, 7 i, 176i, 207i. 
distributive, 9 i, 212i, 219i. 
harmonic, of quadrilateral, 20 i. 
homographic, of ruled surface, 408 ii. 
Proportion of vectors, 118i, 175i, 250i. 
continued, 2511, 256i. 
mean, 251 i. 


Proportional to three vectors, fourth (complanar), 250 i; 


(diplanar), 356 i, 3621; rectangular, 377 i. 
Provector, 3i, 146i. 
Proximity, vector of, 461i, 20 ii. 
Pure strain, 366 ii. 
Pyramid, volume of, 247i, 338i; sign of, 48 i. 


Quadrantal rotations, 149i, 157 i. 
triangle, 377i. 
Quadratic equation in quaternions, 281 i. 
vector equation, 508 i. 
Quadric, anharmonic equation of, 88 i. 
axes of, 536i, 187 ii, 272 ii. 
of section of, 238 i, 5251, 231 ii, 258 ii. 
biconcyclic, 527i, 187 ii, 272 ii. 
bifocal equation of, 545i, 196 ii. 
centre of, 280 ii. 
s, confocal, 196 ii. 
s, classification of, 187 ii, 280 ii. 
conjugate radii, 211 ii, note, 250 ii, 374 ii. 
curvature of, 249 ii. 
cyclic equation of, 535 i, 187 ii. 
elongation, 372 ii. 
exponential equation of, 206 ii. 
focal equation of, 535 i. 
generation of, modular and umbilicar, 278 ii. 
generators of, 891i, 213 ii. 
geodetics on, 226 ii. 


Quadratic, normals to, 16 ii, 199 ii, 239 ii. 


osculating surface, note, 249 ii. 

8, reciprocal, 389 ii. 

species of, 187 ii, 280 ii. 

sub-contrary circular sections are ona sphere, 18 ii. 
tetrahedron self-conjugate to, 389 ii. 

zero pitch, 392 ii. 


Quadrilateral, cyclic, 296 i, 347i. 


ga:che, 82i, 88 i, 95 i. 
harmonic property of, 20i. 
of a plane net, 31i. 
product of sides of, 347i. 
spherical, area of, 368 i. 


Quadrinomial form for quaternion, 242 i. 


for linear quaternion function, 565 i. 


Qualitative element of a quaternion, note, 167 i. 
Quantitative element of a quaternion, notes, 138 i, 167i. 
Quantities, ratio of vanishing, 470 i. 

Quartic, Steiner’s, 392 ii. 

Quaternary symbols, 56 i. 

Quaternion addition, 116 i, 176i, 207i. 


amplitude of, 262 i. 

angle of, 119i. 

anharmonic, 294 i, 296i, 350i. 

axis of, 119i, 203 i. 

binomial, 254 i. 

s, collinear, 116i, 210i. 

s, complanar, 116i, 148i, 211i, 250i. 

conjugate of, 123i; of product, 173i. 

s, conjugate, 115i, 123i. 

convergence of, series, 269 i, 4241. 

cosine of, 275i, 4241. 

cube-root of, 256 i. 

cyclical permutation under S, 248 i. 

decomposition of, TgUg, 169i, 8¢+ Vq, 193i. 

determinants, 361 ii, 382 ii, 398 ii. 

development, 473 i, 465i, 320 ii. 

differentials, 438 i. 

s, diplanar, 116 i. 

division, 109i, 116i. 

elements of, 112i, 113i, note, 167 i. 

equality of, 109i, 115i, 243i, 408i. 

equations, 2431; algebraic, 2921; (complanar), 
277 1. 

evolutionary, 2951. 

exponent, 274i, 421i. 

exponential, 421 i. 
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Quaternion, as a factor or operator, 135i. 

as a fourth proportional, 357i, 3621. 

functions of vectors a, 332i, 3941. 

s, historical notes on, 206 i, 258 i, 262 i, 278 i, 
351 ii. 

identities, 426 i, 563i. 

imaginary. See Biquaternion. 

imponential of, 274 i. 

index of right, 122i. 

integration, 482 i, 170 ii. 

invariants, 491i, 506i, 382 ii. 

inverse of, 122i. 

inversion, 557 i. 

Lectures on. See Lectures. 

Letters on, note, 311i. 

linear function, 485 i, 555i. 

logarithm of, 275i, 4211, 83 ii. 

moment, 286 ii. 

multiplication, 116i, 1721, 219i, 245i, 301i, 308i. 

null, 125i, 139i. 

as number added to line, 335 i. 

oblique quotient, 321 i, 337 i. 

opposite of, 126i. 

plane of, 111i. 

ponential of, 268 i. 

as power of a vector, 396i, 3991. 

power of, 268i, 274i, 421i. 

s product of two, 109i, 116i, 171i. 

product of vectors a, 321i, 337 i. 

quadrinomial form of, 242 i. 

as quotient of two vectors, 110i. 

8, quotient of two, 109i, 116i, 171i. 

radial, 131i. 

reciprocal of, 122 i. 

s reciprocal of product of two, 173 i. 

right part, 192 i. 

quotient, 121 i. 

root of, 259 i. 

scalar, 120i. 

scalar of, 177 i. 

as scalar plus vector, 111, 335i. 

sine of, 275i, 424i. 

square of, 132i, 141i, 170i, 187i. 

square-root of, 188 i, 315i, 3671; differential of, 
4521, 560 i. 

as square-root of a positive plus square-root of a 
negative, 203 i. 
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Quaternion, subtraction of, 116i. 
s, sum of, 176i, 207 i. 
Taylor’s series adapted to, 478 i, 7 ii, 22 ii. 
tensor of, 167i. 
transcendental functions of a, 421i, 453i. 
and trigonometry (plane), 178 i, 197 i, 214i, 208 i. 
(spherical), 216 i, 209 i. 
vector of a,"192 i. 
vector as a, 335i. 
versor of, 137 i. 
versor as a, 143i. 
Quinary symbols, 501; types, 55i. 
Quotients, differential, 443 i. 
geometric, 107 i. 
inversion and alternation of, 118i. 
two with common denominator, 109i, 116i. 
oblique, 321i, 337 i. 
of quaternions, 109i, 116i, 171i; scalar of, 187i. 
radial, 131 i. 
right, 121i. 
index of, 122i, 331i. 
quotient of, 175 i. 
sum of, 206 i. 
of vectors, 107 i. 


R, symbol for reciprocal, 141 1, 2931, 328i. 
Radial quotient, 131 i. 
right, 132i. 
Radical plane, 328 i. 
Radius of absolute curvature of curve, 51 ii. 
second curvature, 88 ii, 108 ii. 
spherical curvature, 79 ii. 
Ratio of vanishing quantities, 470i. 
Rational points, lines and planes, 291, 541, 79i. 
Ray or half-line, equation of, 1211, 142 i. 
s, systems of, 417 ii. 
Third supplement on Systems of, notes, 330 ii, 
341 ii. 

-velocity, 323 ii; lines of single, 332 ii. 
Rayleigh, Lord, on the dissipation function, 461 ii. 
Reality of roots of self-conjugate function, 513i, 5191, 

526 i, 272 ii. 
of principal screws of inertia, 396 ii. 
Reals, 1] i, 258 i. 
Reciprocal of quaternion, 122i; development of, 
475i. 
versor of, 1381. 
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Reciprocal of vector, 293i. 
curves, 41 ii; on sphere, 111, ii. 
of sphero-conic, 198 ii. 
surfaces, 20 ii, 275 ii, 389 ii. 
of surface of centres, 255 ii. 
of system of confocals, 198 ii. 
of wave-surface, 326 ii, 
screws, 390 ii. 
Reciprocity of forms, 547 i, 41 ii, 328 ii, 388 ii, 427 ii. 
Rectangle, spherical, note, 388 i, 
Rectangular system for confocals, 199 ii. 
curves, 82 ii, 403 ii, 
surfaces, 410 ii. 
self-conjugate function, 513 i, 519i, 5251, 
272 ii. 
transformations of linear vector function 5281. 
vectors, fourth proportional to three, 377 i. 
versors, multiplication of, 149 i, 1571; vectors, 
333 1. 
Rectifying vector, 89 ii. 
developable, cusp-edge, 122 ii. 
Reduced wrench, 394 ii. 
Reduction of two geometric quotients to a common 
denominator, 116i. 
two linear vector functions, 368 ii. 
quaternion to a power of a vector, 399 i. 
multiplication, 171i. 
Reflexion of a line, 129i, 358 i. 
successive, 361 i. 
at surface of crystal, 352 ii. 
strain accompanied by, 365 ii. 
Refraction, conical, 341 ii. 
crystalline, 352 ii. 
Regression, edge of, 931, 100i, 36 ii. 
of polar developable, 120 ii. 
of rectifying developable, 122 ii. 
of envelope of sphere, 144 ii. 
Relation connecting three vectors, 337i, 344i, 375i, 
426i, 
four vectors, 441, 338 i, 376i. 
five vectors, 471. 
five quaternions, 563 i. 
six spherical arcs, 377 i. 
seven screws, 393 il. 
Relative length and direction, 111i, 188i. 
Remainder of a series, 474i. 
Representative angle, 151i; arc, 143i; point, 143i. 
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Resolution of vector along and at right angles to line, 
193i. 
along three lines, 338i, 
normal to three planes, 339 i, 
of quaternion TgUq, 1691; Sg + Vg, 193i. 
Resultant of forces, condition for unique, 284 ii. 
wrenches, 390 ii. 
Revector, 3 i. 
Reversor, 139i. 
Revolution, cone of, 183i; tangent to confocals, 217 ii. 
cylinder of, 1951, 199i. 
spheroid of, 201i. 
surfaces of, 47 ii. 
Ribaucour, 402 ii. 
Ridges on wave-surface, 337 ii, 344 ii. 
Right-hand rotation, 119i. 
part of quaternion, 193i. 
quotient or quaternion, 121i. 
index of, 122i. 
identification of, with index, 3311, note, 193i. 
quotients, quotient of, 175i. 
index of sum of, 206i. 
radial, 132i. 
versor as unit vector, 335i. 
Roberts, Michael, note, 235 ii. 
Root, cube, of quaternion, 2561; of unity (nine), 2911. 
of equation of algebraic form, 2771. 
of linear vector function or latent, 5171, 500i, 
508i, 562i, 369 ii, 376 ii. 
of negative unity, imaginary symbol, 224i, 289i. 
geometrically real values of, notes, 1331, 
253i. 
principal, 259 1. 
square, of quaternion, 188i, 2521, 3151, 3671, 
452i, 560i. 
of linear vector function, note, 225 ii, 367 ii. 
of unity ‘*, geometrically real, 2591; imaginary, 
290i. 
of zero, 316i, 291i. 
Rotations, composition of, 4151. . 
convention of sense of, 111i, 1191, notes, 493, 
369 i. fon 
conical, 154 i, 172i, 359i, 3981, 429i, 397 ii. 
of emanant, 85 ii, 
finite, 397 ii. 
instantaneous, 288 ii, 
linear function for, 367 ii. 
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Rotation, molecular, 446 ii. 
quadrantal, 149i, 157i. 
of radius of spherical curvature, 114 ii. 
of solid, 361i, 398 ii 
Royal Irish Academy, see Academy. 
Ruled hyperboloid, 88 i, 951. 
paraboloid, 96 i, 93 i. 
surface, 408 ii. 
helicoid osculating, 83 ii. 


_S, symbol for scalar, 177i; =3(1+ K) 1771, =1-V, 


193i; S7}, 202i. 
cyclical permutation under, 248 i, 350i. 
distributive, 1851. 
examples on, 180i, 1901. 
Sadleir, Rev. W. D., note, 3751. 
Saint Venant, de, notes, 27ii, 81 ii, 91ii, 94 ii, 111 ii, 
124 ii. . 
Salmon, Geometry of Three Dimensions, notes, 27 ii, 
42 ii, 924i, 104 di, 129 ii, 213 ii, 223ii, 228 ii, 
235 ii, 236 ii, 259 ii, 260 ii, 261 11. 
Higher Plane Curves, notes, 371, 411i, 421. 
on centres of curvature of quadric, 
260 ii. 
Scalar, differential of, 455i. 
exponents, 264i. 
integration, 482i. 
origin of term, 111i. 
plus vector equals quaternion, 11 i, 335 i re 
of a product, 2451. 
of a quaternion, 177i, 186i. 
of a sum, 185i. 
symbol of, 177i. See 8. 
unit in space, 394i, 380i. 
Screw, axis, 83ii, 285ii, 390 ii, 430 ii. 
coordinates of a, 392 ii. 
s, chiastic, 39 ii. 
eylindroid of, 391 ii, 419 ii, 422 ii. 
homography, 396 ii. 
invariants, 393 ii. 
motion, 83 ii, 84 ii, 285 ii. 
pitch of, 285 ii, 390 ii. 
surface, 419i, 12ii, 28 ii, 83 ii. 2811 il. 
osculating, 85 ii. 
system, 391 ii, 393 ii. 
translation, 85 ii. 
Second curvature, 88 ii, 81 ii, 92ii, 108 ii, 109 ii. 


Hamitton’s ELEMENTS OF QuaTERNIONS, VoL. II. 


note, 


497 


Section of cone, 181i. : 
cyclic of cone, 183i. 
of ellipsoid, 232i. 
of cylinder, 196i, 199i. 
of ellipsoid, 238 i. 
harmonic, 16i. 
homographic, 16i. 
normal, curvature of, 247 ii. 
component of curvature of, 267 ii, 413 ii. 
of quadric, axes of, 523i, 253 ii. 
sub-contrary of cone, 1831. 
of quadric, 18 ii. 
of wave-surface, 332 il. 
Segments, equation of six, 18i, 21i. 
Self-conjugate function, 492i. 
reality of roots of, 5131, 519i, 525i, 272 ii. 
of linear fransformation, 389 ii. 
tetrahedron, 389 ii. 
Semi-inversor, 1351. 
Sense of rotation, 1111, 1191, notes, 491, 369i. 
Series, convergance of, 269 i, 4241. 
exponential, 2741, 421i. 
ponential, 268 i. 
remainder of, 4741. 
of spherical parallelograms, 388 . 
Taylor’s, 1021, 473i, 7 ii, 22 il. 
Serret, referred to in notes, 92ii, 108 ii. 
Sexiant of screws, 393 ii. 
Shortest distance between two lines, 83 ii. 
Sign of area of plane triangle, 181. 
of spherical area, 3701. 
of volume of a pyramid, 481, 342i. 
Signless number, tensor a, 170i, 1111. 
Similitude, direct and inverse, 115i, 365 ii. 
Simplification of notation, 334 i. 
Simultaneous differentials, 431 i. 
Sine, exponential form for, 266i, 2741. 
of a quaternion, 424 i. 
Six planes, arrangements of, to illustrate the associa- 
tive principle, 3021, 3041, 3051. 
points, evolutionary of, 295i. 
co-reciprocal screws, 392 ii. 
Skew, centre of arch, 283 ii. 
surface of emanants, 86 ii. 
Solution of exponential equation, 409i. 
Space, scalar unit in, 380i. 
symmetry of, 394 1. 
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Space, transformation, linear, 387 ii. 
Species of quadrics, 187 ii, 280 ii. 
Sphere equation of, in terms of K, 130i; 8, 180i; 
V, 199i; N, T, 165i, 167i; 82 — V2, 200i. 
Apollonian locus, 130i, 1651, 1911. 
monomial, 355i. 
square of vector, 327i. 
various, 180 ii. 
diacentric, 2341, 2411. 
envelope of, 143 ii, 171 ii. 
geodetic on, 30 ii. 
homologies of ellipsoid and, 3151, 232 i. 
intersection of right line and, 220i, 2231. 
of cone and, 181i. 
of ellipsoid and, 240i. 
inverse of, 3531. 
osculating curve, 50 ii, 74 ii, 178 ii; surface, 
269 ii. 
poles and polars of, 228 i. 
tangent cone to, 225i. 
cylinder to, 201i. 
Spherical addition, 406 i. 
area, 364i, 368i, 482i. 
cap, 482i. 
conic, intersection of cone and sphere, 182i. 
of ellipsoid and, 239i. 
associative principle illustrated by, 302 i, 308 i. 
curvature of, 63 ii. 
axis and foci of, 192 ii. 
on wave-surtface, 345 ii. 
cubic, 281 ii. 
curvature, 74 ii. 
curve of absolute normals, 28 ii. 
osculating circle of, 62 ii. 
defect, 266 ii. 
excess, 364 i. 
total curvature, 266 ii. 
harmonics, 468 ii. 
hexagon, 303i. 
inscription of polygons in, 347i, note, 129 ii. 
opening, 366 i. 
parallelogram, 388 i. 
polygon, 414i. 
sum, 156i, 406i, 415i. 
tetragonometry, 417 i. 
triangle, area of, 364 i. 
exponential equation for, 404 i. 
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Spherical trigonometry, 209 i, 216i, 325i, 358i, 400i 
fundamental formula, 400i. 
Sphericity, coefficient of non-, 80ii, 120ii, 135 ii, 
138 ii. 
Spheroid of revolution, 201 i. 
Spin-vector, 4921, 373 ii, 382 ii. 
Spiral, 418i. 
Square of quaternion, 132i, 141i, 170i, 187i. 
of right radial, 132i. 
of vector, 327i, 345 i. 
root of — 1, geometrically real values, notes, 133i, 
263i. 
as uninterpreted symbol, 224 i, 289 i. 
of linear vector function, note, 225 ii, 367 il. 
of quaternion, 188i, 252i, 315i, 367i. 
differential of, 452i, 560i. . 
of zero, 316i, 291i. 
theorem of, on hypotenuse, 212i. 
Standard form, quaternion, quadrinomial, 242i. 
binomial, 2541. 
vectors, 344i. 
linear function, vector, 486 i. 
quaternion, 565i. 
Statics, 283 ii. 
Steiner’s quartic, 392 ii. 
Stereographic projection 311i. 
Stokes’s theorem, 44 ii, 449 ii, 416 ii. 
Strain, 366 ii. 
Stress, 456 ii. 
in terms of strain, 461 ii. 
Striction, line of, 408 ii. 
Sub-contrary sections of cone, 183i. 
of quadric, circular, are homospherical, 18 ii. 
Subtraction of vectors, 5 i. 
of quaternions, 116i. 
of amplitudes, 264 i. 
Succession, direct or indirect, 297i. 
Successive differentiation, 100i, 465i, 4791. 
Sum, arcual, 156i, 3691. 
of quaternions, 176i. 
scalar of, 185i. 
spherical, 156i, 406i, 415i. 
tensor and norm of a, 189 i, 219 i, 476i. 
of vectors, 7i. 
Summand, 5i. 
Supplementary triangle, 217i. 
s, formed by axis of } and ¢’, note, 6121. 
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Surface, anharmonic equation of, 871. 
properties of ruled, 408 ii. 
of centres, 254 ii; vector equation of, 26011. 
s, confocal, 196 ii. 
curvature of, 246 ii. 
deformation of, 264 ii, 402 ii. 
developable, 100i, 36ii, 232.ii, 409 i. 
emanant, 85 ii, 408i. 
s, families of, 45 ii. 
focal, of congruency, 431 ii. 
geodetics on, 29 ii, 225ii, 264 ii, 415 ii. 
integral, line and, 449 ii. 
volume and, 448 ii. 
kinematical treatment. of, 410 ii. 
Kummer, of complex, 430 ii. 
normals to, 11 ii. 
order of, 87 i. 
osculating, related to curve, 103.ii. 
quadric osculating, note, 249 ii. 
of revolution, 47 ii. 
ruled, 408 ii. 
screw, 419i, 12ii, 28ii, 83 ii, 281 ii. 
of second order, 179ii. See Quadric. 
vector equation of, 94 i. 
wave-, 326 ii. 
Symbol,* Am, 2621; Amo, Amp., 263i. 
Z 120i, Zn 2631, 
Ax. 1201; replaced by UV, 334i, 
cis, 260i, 
Vv, note, 548i. See Operator. 
I, 1871; suppressed, 334 i. 
4, J, k, note, 160i. 
K, 124i, 
1, 276 i. 
N, 130i, note, 128i. 
P, 268i. 
R, 141i. 
S, 1771, 166 i, note, 1271; S-10, 202i. 
T, 163i, note, 181i. 
U, 1361; U0, note 140i, 
V, 193i, note, 124i; V-10, 202i. 
of complanarity (|||), 117i. 
of focal relation (. .), 393i. 
of intersection (oa*Be), 17 i. 


Symbol of similarity, direct (« ), 115i. 
inverse (oc’), 115i. 
for spherical addition [(+)], 406i. 
Jf — 1, indeterminate, 133i; uninterpreted, 289i. 
8, equations in, 202i, 205i. 
s of algebra, extended use of, 5i, 61, 108i, 1231, 
256 i. 
+ and —, formula of relation, 5 i. 
s, notes on, 262i, 334i, 351 ii. 
of point ternary, 25i, 561; quaternary, 551; 
quinary, 50 i. 
Symbolic cubic of linear and vector function, 494 i. 
depressed, 501i, 505i, 379 ii. 
biquadratic of linear quaternion function, 560 i. 
expression for Taylor’s Series, 468 i, 473i, 5511. 
Symbolical or imaginary roots of quaternion equation, 
288 i. 
See also Imaginary. 
Symmetry of space, 394i. 
elastic, 464 ii, 466 il. 
Synchronism, hodographic, 310 ii. 
Syntypical points, 55i, 75i. 
System of linear vector functions, 384 ii. 
of lines and planes related to linear vector func- 
tion, 512i, 568i. 
of rays, 417 ii. 
of screws, 391 1i, 393 ii, 429 il. 
of six planes (association principal), 302i, 304i, 
305 i. 
of three right versors, 157 i. 


T, symbol for tensor, 163i. 
examples on, 165i, 167i, 1901. 
Tq, differential of, 456 i. 
Table of types of points of construction, 76 i. 
Tait, Prof. P. G., on electro-magnetic wave-surface, 
note, 326 ii. 
on wave-surface, note, 350 ii. 
on strain, 366 ii. 
‘Tangent cone to sphere, 225i. 
to quadric, 209 i. 
to system of confocals, 213 ii, note, 224 ii. 
right, 217 ii. 
to wave-surface at cusp, 335 ii, 342 il. 


* References are given to an early or the earliest usage of the following symbols in this work. Fuller 
particulars will be found under the letters appropriate to each symbol. 
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Tangent to curve, 971, 4 ii, 7ii. 
cylinder, right, 2011, 202i, 2361, 241i, 220 ii. 
developable, 36 ii, 91 ii, 98 ii. 
circumscribed to surface, 222 ii, 232 ii. 
to geodetic, 227 ii. 
to locus of centres of curvature of curve, 77 ii, 
106 ii, 168 ii. 
plane, 11 ii. 
Tangential co-ordinates, 40 i, 256 il. 
equations, 39 i. 
Taylor’s series, 102i, 469i, 473i, 7 ii, 22 ii. 
symbolic form of, 468 i, 473i, 5511. 
Tension, act of, 164i. 
total,* 287 ii. 
Tensor of quaternion, 167i. 
a signless number, 170i, note, 111i. 
of a scalar, 168 i. 
of a sum, 189i, 2191. 
development of, 4761. 
of a vector, 163 i. 
Term, 3i. 
Termino-collinear vector, 141i, 343 1. 
-complanar vectors, 451i, 3441. 
Ternary product of vectors, 337 i. 
symbols, 251, 561. 
types, 761. 
Tetragonometry, spherical, 417i. — 
Tetrahedron, pyramid or gauche quadrilateral, 82 i. 
self-conjugate, 389 ii. . 
Total curvature, 264 ii, 416 ii, 
differentiation, 479 i. 
moment, 286 ii. 
tension, 287 ii. 
Torsion, 88 ii, 178 ii, note, 81 ii. 
expressions for, 108 ii. 
geodetic, 415 ii. 
Transcendental equations of surfaces, 206 ii, 281 ii. 
functions of a quaternion, 421 i, 453i. 
Transformation, S and T, 190i, U, 141i. 
exponential, of Taylor’s series, 468i, 473i, 551i. 
of equation of wave-surface, 326 ii, 331 ii, 332 ii, 
342 li, 344 ii, 346 ii, 352 ii. 
linear, 387 ii. 
Translation in finite displacement, 397 ii. 
screw, 85 ii, 390 ii. 
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Transport, 4 i. 
Transvector, 3i, 147 i. 
Transversal, triangle cut by, 211. 
of spherical triangle, 362 i. 
Triangle, geodetic, 266 ii. 
plane, conics and, 32 i. 
harmonic relations, 21 i. 
product of vector sides of, 348i. 
spherical, area of, 864i. . 
exponential equation for, 404i. 
sum of angles, 406i. 
Trigonometry, plane, fundamental formula, 214 i. 
examples, 178i, 197i, 265i, 272i. 
S and V, 208i. 
spherical, fundamental formula, 216 i, 400i. 
examples, 357i, 325i, 400i. 
S and V, 209i. 
solution of exponential equation of, 409 i. 
Trigonometrical functions of quaternion, 424 1. 
Trinomial form for vectors, 242i, 344i. 
for linear vector functions, 486i. 
Tube of flow, 441 ii. 
Twist on a screw, 390 ii. : 
Twisted cubic, contact with curve of third order, 
92 ii, 104 ii. 
fourth, 125 ii, 128 ii. 
osculating curve, 129 ii, 156 ii, 404 ii. 
vector equation of, 129 ii, 131 ii. 
Two-system of screws, 391 ii, 393 ii. 
Types of points of construction, 551i, 75i. 


U, symbol for unit-vector, 136-1. 
_ versor, 137 i. 
examples on, 1421. 
Ug, differential of, 456 i. 
Ultimate ratio, 469 i. 
Umbilic, 218 ii, 249 ii. 
lines of curvature through, 242 1i. 
normals at, 241 ii. 
Umbilicar generation of quadric, 278 ii. 
generatrix, 221 ii, 236 il. 
as line of curvature, 242 ii. 
as envelope, 23511. > - 
locus of, 222 ii. 
Unicursal curves, note, 10 ii. 


* Clausius has called this the virial. 
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Unifocal or focal form of function, 531i, 533i, 535i. 
538i, 373 ii. 
equation of wave-surface, 342 ii. 

Uninterpreted symbol, / — 1, 224i, 289i. 

Unique resultant, condition for, 284 ii. 

Unit in space, scalar or fourth, 380i, 394 i. 
sphere, 120i. } 
-vector, 120i. 

conception of right versor as, 336 i. 
-vectors of curve, 82 ii, 403 ii. 
of surface, 410 ii. 
United points of transformation, 387 ii. 
Unity, cube root of, principal, 258i. 


nine, 291i. 
geometrical real n‘* roots of, 259i. 
imaginary n*h roots of, 290i. 
negative, inversor, 135i. 
square of right radial, 132i. 
square root of, geometrically real, notes, 
133i, 253i. 
uninterpreted symbol, 224i, 289i. 
views of other writers, 258i, 278i. 
particular case of radial quotient, 132i. 
of linear function, 376 ii. 


V, symbol for vector or right part, 193i; =IV, 335i. | 


=1-8=3(1-—B), 197i. 
distributive character of, 204 i. 
examples on, 195i, 197 i, 199i, 208i. 
Vq, differential of, 455 i. 
Vanishing quantities, ratio of, 470 i. 
Variable, change of independent, 24 ii, 33 ii. 
Variations, calculus of, note, 48 ii, 271 ii. 
Vection, 5i. 
Vector of acceleration, 100i, 289 ii. 
addition, commutative, 6i; associative, 7i. 
to point, 5i. 
angle, 3i, 
representative of versor, 151 i. 
associative property, 304i. 
sum of, 1561, 406i. 
arc, 3i. 
determination of, 144 i. 
addition of, 156i. 
is associative, 304 i. 
representative of versor, 143i. 
coefficients of, 9i. 
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Vectors, complanar, 340i. 
continued proportion of, 251i. 
s, complanarity of three, 3381. 
conjugate of, 346i. 
of conjugate, 197i. 
constants, 201 i, 236i, 491i. 
curl of, 442 ii. 
of curvature, 50 ii, 267 ii. 
second, 88 ii. - 
definition of, 3i. 
difference of points, 3i. 
differential of, 961. 
division of, by number, 11 i. 
by parallel vector, 10i. 
by vector, 107i. 
elimination of, 342 i, 355i. 
equation of curve, 941; of surface, 941. 
of confocals, note, 226 ii. 
of congruency, 417 11; of complex, 417 ii. 
of cylindroid, 391 u. 
of second degree, 508 i. 
of surface of centres, 260 ii. 
of twisted cubic, 129 ii, 131 ii, note, 10 ii. 
of unicursal curves, note, 10 ii. 
as factor, 335i. 
s, fourth proportional to three complanar, 250i; 
diplanar, 3571; rectangular, 377 i. 
function. See Linear. 
s harmonic mean of two, 298i; of n, 300i. 
identities. See Identity.. 
or imaginary part, note, 316i. 
imaginary or bi-vector, 2241, note, 171 ii. 
integral, 483i. See Integral. 
invariant. See Invariant. 
s, linear relations in four, 441, 3381; five, 47i. 
s, mean between two, 251i. 
multiplication, 323i. 
is associative, 337 i. 
null, 3i. 
origin and term of, 3i, 12i. 
pairs of, note, 393 ii. 
parallel, 10i, 3251; perpendicular, 325i, 345i. 
plus scalar is quaternion, 11i, 335i. 
power of, 396i, 399i, 420i, 476i. 
of product, 245i. 
product of two, a quaternion, 321i, 333i; of n, 
337 i, 346i, 394i. 
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Vectors, proportion of, 118 i, 175i, 250i. 
of proximity, 20 ii, 4611. 
quotient, 107 i. 
reciprocal of, 293 i. 
resolution of, 194i, 338 i, 339i. 
is right part of quaternion, 335i. 
scalar of, 346i. 
special case of quaternion, 335i. 
spin-, 492i, 373 ii, 382 ii. . 
square of, 327i, 345i. 
subtraction of, 5i. 
sum of, defined, 7 i. 
tensor of,-163 1. 


s, termino-collinear, 14 i, 343i; complanar, 45 i, 


344 i. 
three conditions,determine, 341i. 
trinomial form for, 344 i. 
umbilical, 218 ii. 
units of curve,"82 ii, 403 ii. 
versor of, note 137 i. 
Velocity, vector of, 99 i. 
angular, 84 ii, 119 ii, 288 ii. 
areal, 299 ii. 
single ray-, 332 ii. 
single wave-, 336 ii. 
virtual, 287 ii. 
twist, 390 ii. 
Version, 164i. 
Versor, of conjugate, 138i. 
conjugate of, 139i. 
depends on relative direction, 138. 
as factor, 1351. 
of null quaternion, 139 i. 
power of unit vector, 261 i. 
of product, 171 i. 
of quaternion, 137i, note, 124i. 
of reciprocal, 138i. 
reciprocal of, 138 i. 
right, as unit-vector, 335 i. 


| 
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Versor of scalar, 139i. 
of sum, 476i. 
development of, 476i. 
of vector, note 137i. 
Versors, condition of complanarity of, 148i. 
equation between, 409 i. 
Vibration, lines of, on wave-surface, 330 ii. 
orthogonals, to, 345 ii. 
principle of equivalent, 354 ii. 
Virial or total tension, 287 ii. 
Virtual focus, 419 ii, 
velocities, 287 ii. 
Viscous fluid, 459 ii. 
Volume, sign of a, 48i, 342i. 
of parallelepiped, 247i, 338i. 
of sphere, spheric shell, 483 i. 
and surface integrals, 448 i. 
Vortex motion, 453 ii. 


Warren, note, 278i. 

Wave-cusps, 332 ii. 
tangent cones at, 33511, 342 i. 
ridges, 337 ii, 344 li. 


-slowness, surface of, or index surface, 324 11. 


-surface, equation of, 326 li, 331 ii. 
cyclic form of, 332 ii. 
unifocal form of, 342 ii. 
bi-focal form of, 344 ii. 
confocal form of, 346 ii. 
Cartesian, 352 ii. 

electro-magnetic, note, 326 ii. 

vibrations, 347 ii. 

Wrench, 390 ii. 


Zero, square root of, 316i, 2911. 
versor of, 139i. 
null quaternion is, 125i. 
pitch quadric, 392 ii. 

Zone, area of, 4821. 


END OF VOLUME II. 
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